JOURNAL 


)F 


( 


APPLIED PHY 


SICS 








JOURNAL 
OF 


APPLIED PHYSICS 


Ex_mer Hvutcuisson, 
Editor 


Earte C. Greco, 
Assistant Editor 


Board of Editors 
Ray E. Boz 





Vol. 24, No. 5 


= : Lyte D. Borst 
MAY, 195: Watiace J. Eckert 





In This Issue 


Are Drop and Deltonization Time in Inert Gas Thyratrons 
Pore Distribution in Porous Media 
Evaporation of Germanium Films from a Carbon Crucible 


Lehovec, J. Rosen, A. MacDonald, and J. Broder 513 
Propagation of Acoustic Waves in a Liquid-Filled Cylindrical Hole, Surrounded by an 


Elastic Solid 
Subharmonic Oscillations in Nonlinear Systems 
Null Characteristics of the Rotating Adcock Antenna System 


Method for the Quantitative Determination of Preferred a ay ay 


Free Space Radiation Impedance of Rhombic Antenna 


Effect of a Soller Slit on the Diffraction of X-Rays by on 4 Crystals 
3. 


S. Pakswer and R. Meyer 501 W 


Rosert D. HEIDpENREICH 
LEONARD B. LoreB 
W. James Lyons 
Louts A. Prees 
RoMAN SMOLUCHOWSKI 
. R. SmyTHe 


Page 


H. I. Meyer 510 
Publication of the 

American 
Edward V. Somers 515 


Chihiro Hayashi 521 Institute of Physics 
James G. Holbrook 530 —————— 


. Jetter and B. S. Borie, Jr. 352 _ OFFICERS 
Jesse Gerald Chaney 536 GEORGE R. HARRISON, 
Chairman 
D. Cullity and Carl A. Julien 541 Georce B. Pecram, 
Roger F. Harrington 547 Treasurer 


Current Element Near the Edge of a Conducting Half-Piane 
Radiation Field of a Conical Helix 


Effect of Pressure on the Tensile Properties of Several Metals and Other Materials 


Field Emitter: Fabrication, eaesteen 5 we ys and Electric Field Calculations 
. P. Dyke, J. K. Trolan, W. W. Dolan, and George Barnes 570 
Elasto-Plastic Stress-Optical om. in Silver Chloride Single Crystals 
L. E. Goodman and J. G. Sutherland 577 


Gas Flow Past Slender Bodies 


Space Charge Spread of Reflected Electron Beams Studied by a Photon Method 
a. 


Metal Capillary Cathodes 
Modes in Wave Guides Containing Ferrites 
Response of Linear Time-Dependent Systems to Random Inputs 


Temperature Dependence of Low Frequency Fluctuations in Thermionic a.‘ 


X-Ray Shadow Microscope V. E. Cosslett ht we . Nixon 616 
Internal Friction and Young’s Modulus of Cold-Worked Copper Single Crystals 

J. Weertman and J. S. Koehler 624 
Double Activators in Oxide Cathode Base Alloys A. Eisenstein, H. John, and J. H. Affleck 
R. J. Thorn and O. C. Simpson 


Spectral Emissivities of Graphite and Carbon 
Axial Motion of Electrons in a Linear Accelerator with $= =1 


“James Swihart and Edward Akeley 
Electric Permittivity of a Dilute Suspension of Membrane-Covered Ellipsoids 


Radiation Resistance of a Small Circular Loop in the Presence of a Conducting Ground 


Dynamic Mechanical Properties of Polyisobutylene 


Edwin R. Fitzgerald, Lester D. Grandine, Jr., and John D. Ferry 
Calibration of Photographic Emulsions for Electron Diffraction Investigations 
L. S. Bartell and L. O. Brockway 


Letters to the Editor: 


Titanium Replica for Electron Microscopy Shigeto Yamaguchi and Tadayuki Nakayama 
Effect of Internal Strains on Linear Expansion, X-Ray Lattice Constant, and Density 


of Crystals 
Reflection Coefficients for Certain Rough Surfaces 
Growth of Cadmium Sulfide Crystals 
Comments on Louis A. Pipes’ Letter 


Correction to “*A Mathematical Analysis of Parallel-Connected Magnetic Amplifiers 


with Resistive Loads’’ 


Method of Preparing Replicas for Electron Microscopic Examinations 
W.S. Smith and W. G. Kirchgessner 662 
Fourier Representation of Buerger’s Image-Seeking Minimum Function 


R-PAC: Analog Recorder-Playback Computer for Crystal Analysis 
Ray Pepinsky and Paul Jarmotz 663 


Announcement 
Index to Advertisers 


M. E. Bishop and S. H. Liebson 


2. G, Chatteges S50 GOVERNING BOARD 


J. W. Bucuta 
Kar. K. Darrow 
G. J. DieNEs 
S. A. GoupsmitT 
GeEorGE R. Harrison 
Freperick V. Hunt 
DEANE B. Jupp 
Hvuau 8. KNow.es 
C. C. LAuRITSEN 
Wiiuiam F. Meccers 
Puitie M. Morse 
Brian O'Brien 
GeEorGE B. PEGRAM 
I. Ll. Rapi 
DuANE ROLLER 
FREDERICK SEITZ 
WILLIAM SHOCKLEY 
RicHarpD M. Sutron 
J. H. Van VieEck 
Mark W. ZEMANSKY 


Bridgman 560 


Max M. Munk 584 


. Wallmark 590 

H. Katz 597 

M. L. Kales 604 
D. B. Duncan 609 


T omlinson 611 


Hugo Fricke 


James R. Wait 
Consultant on Printing 
Metvin Loos 


ADMINISTRATIVE 

| STAFF 
Henry A. Barton, 

Director 

WALLACE WATERFALL, 
Executive Secretary 

THEODORE VORBURGER, 
Advertising Manager 
Ruts F. Bryans, 
Publication Manager 

Berry H. GooprriENpD, 
Assistant Secretary 

ErLEEN B. NEUBERGER, 
CirculationManager 

KATHRYN SETZE 


Chester R. Berry 
V. Twersky 


$3888 & = : #8 


H.S. Kirschbaum 661 


Louis A. Pipes 661 


William J. Taylor 662 


649 
xxviii 

















Assistant Treasurer 





The JouRNAL OF APPLIED Puysics, published monthly at Prince and 
Lemon Sts., Lancaster, Pa., is devoted to physics in its role as the science 
basic to other natural sciences and to the arts and industries. Previous 
to 1937 this publication was known as Puysics. The JOURNAL OF APPLIED 
Puysics publishes editorials and reviews, as well as technical papers of 
applied physics. Articles appearing in it are indexed regularly, according 
to their field, by Physics Abstracts, Chemical Abstracts, Engineering 
Index, Inc., Industrial Arts Index, etc. 


Manuscripts should be submitted to Elmer Hutchisson, Editor, Case 
Institute of Technology, Cleveland 6, Ohio. Unless otherwise stated, 
submission of a manuscript is a representation that it has been neither 
copyrighted, published, nor submitted for publication elsewhere. The 
authors’ institutions are requested to pay a publication charge of $8 per 
page which, if honored, entitles them to 100 reprints without further 
charge. Instructions will be sent with galley proofs. 


Subscriptions, renewals, and orders for back numbers should be ad- 
dressed to the American Institute of Physics, 57 East 55 Street, New 
York 22, New York. 


Subscription Price U.S. and 


Canada Elsewhere 

To members of the American Institute of 
Physics and Affiliated Societies............ $10.00 $11.00 
es 8 5.60450 550 bbb basncbaneccnews 12.00 13.00 


Back Number Prices 


Yearly back number rate when complete year is available: $14.00. 
Single copies: $1.25 each. 


Changes of address should be sent tothe American Institute of Physics; 
corrected proofs should be sent to the Publication Manager, American 
Institute of Physics. a rates supplied on request. Orders, 
te = copy, and cuts should be sent to the American Institute of 

hysics. 


Entered as second class matter January 22, 1937, at the Post Office at Lancaster, Pennsylvania, under the Act of March 3, 1879. Accepted for 
. & R. of 1948, authorized Mav 2, 1932. 


mailing at the special rate of postage provided for in paragraph (d-2), section 34.40, P. L 








Voh 


inve 
tub 
pos 
infc 
bal: 
me 
anc 
the 
wei 
obs 
dis 


tul 
tul 
tu 
sul 








Journal 
of 


Applied 


Physics 





Volume 24, Number 5 


May, 1953 





Arc Drop and Deionization Time in Inert Gas Thyratrons 


S. PAKSWER AND R. MEYER 
Research Department, The Rauland Corporation, Chicago 41, Illinois 


(Received September 5, 1952) 


The energy balance is discussed and a semi-empirical equation for recovery time is derived; the discussion is 
based on diffusion alone without consideration of cumulative ionization and metastable states. Corroborating 
the theoretical considerations, measurements were made of arc drop and recovery time in thyratrons filled 
with mixtures of Xe with Ar, Ne, and He. The spectral emission lines in these discharges were photographed 
in the visible range. It was found that the arc drop remained fairly constant down to low concentrations of Xe 
and then increased steeply. Lines of the gas other than Xe also appeared only at low concentrations of Xe. 
The recovery time is a monotone declining function of the mixture of the heavy and the light components. 


The spectral lines are tabulated. 





WO requirements received particular attention in 
the design of low voltage gas-filled thyratrons for 
inverter applications. It proved necessary to develop 
tubes with the lowest possible arc drop and the shortest 
possible deionization time. As it was felt that little 
information was available about the over-all energy 
balance in and the disintegration of a thyratron plasma, 
measurements were made of arc drop, recovery time, 
and spectral characteristics in mixtures of gases in which 
the activation and ionization potentials and the atomic 
weights of the components varied considerably. Some 
observations of such conditions had been previously 
disclosed by Edwards and Smith.? 


EXPERIMENTAL SET-UP 


Most studies of thyratrons, as described in the litera- 
ture, have been based on completely finished, sealed-off 
tubes. Such an approach has 3 drawbacks: (1) many 
tubes are necessary to obtain data, (2) the data are 
subject to variations due to variations in geometry and 
processing of individual tubes, and (3) the pressure in a 
sealed-off envelope is undeterminable because of un- 
known temperature conditions of the gas. It was decided 
therefore to make all tests on processed single tubes, 
while still attached to the pump manifold. Thus, large 
series of data could be obtained in a comparatively short 
time. The pressures were measured by means of a 
McLeod gauge included in the system, and neither 


1U.S. Patent 2,567,369. 


effects resulting from pressure difference in a tube 
running at around 200°C nor effects resulting from 
thermal diffusion were observed. 

All experiments were made on a slightly modified 
version of a C5F14 tube. This tube had an indirectly 
heated cathode, coated with a mixture of Ba and Sr 
oxides, a tantalum anode, and a single cylindrical hole in 
the control grid having a diameter of 0.312 in. and a 
height of 0.244 in. The bottom of the hole is #5 in. away 
from the hole in the cathode baffle, and the top of the 
hole is } in. distant from the bottom of the anode. 











Fic. 1. Experimental set-up. 
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Fic. 2. Outline of exhaust system. 


The experimental apparatus is shown in Fig. 1. The 
cabinet to the left contains the deionization tester. A 
schematic drawing of the glass manifold and the pump 
system is shown in Fig. 2. After some experimentation 
it was found that the best way of obtaining a mixture of 
xenon and any other gas was to fill the manifold with Xe 
at a pressure corresponding to its percentage in the 
desired mixture and then slowly add the additional gas 
to the desired total pressure. For this purpose, a small 
glass tube drawn down at one end to an opening ap- 
proximately 0.001 in. in diameter, was cemented into 
the bore of stopcock B, through which the gas confined 
in the trap at nearly atmospheric pressure could escape 
very slowly. Another special feature of the system was 
the trap A, containing metallic Na and held at dry ice 
temperature, which prevented Hg vapor from the 
McLeod gauge from diffusing into the manifold. 

For arc drop and starting voltage measurements a 
regulated dc power supply was used. The grid was con- 
nected to the anode by a 10 000-ohm resistor, the tube 
thus operating as a diode and not as a thyratron. The 
circuit of the deionization tester is shown in Fig. 3. The 
amplified sine wave signal of a Hewlett-Packard audio- 
frequency oscillator is applied to the grid of a triode 
operating in a class B circuit. The modulated output is 
transmitted to the anode of the thyratron under test, 
the grid of which is connected by means of a switch to 
either a —45-v or to a +22.5-v battery through a 10-K 
resistor. The frequency of the oscillator is raised until 
the tube continues firing upon application of —45 v. At 
this frequency the required recovery time equals the 
duration of the negative half-cycle, and, since this fre- 
quency can be read directly in cycles/sec on the 
frequency scale of the Hewlett-Packard oscillator, the 
recovery time can be expressed in microseconds using 
the formula 


recovery time (usec) = 10°/2X cycles. 


Measurements of deionization time with sine wave 
instead of square pulses have two drawbacks: (1) some 
distortion of the sine wave is effected by class B opera- 
tion, and (2) the tube starts to deionize when the sine 
wave voltage drops below the arc drop voltage, thus 
showing somewhat shorter deionization times than 
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actually occur. The advantage of the sine wave method 
is its great simplicity. 

The spectrograph used was a grating instrument 
made by the Central Scientific Company, catalog No. 
87102. All photographs were made on Eastman super- 
sensitive panchromatic plates with 10-15 minute ex- 
posure. 


ARC DROP 
(a) Energy Balance 


Basically, in a gas-filled rectifier tube, electrons are 
transported from a low work-function oxide-coated 
cathode to a high work-function electrode made, for 
example, out of tantalum. Were these two electrodes in 
direct contact and in equilibrium, a contact potential 
between the electrodes would be established corre- 
sponding to the difference of work functions. Assuming 
¢a=4.1 ev for Ta and ¢,:~ 1.0 ev for the oxide-coated 
electrode and correcting gy,’ for a field-enhanced emis- 
sivity due to a positive space charge of ~ 10 v at the 
cathode by the assumption of J./J1,~2.0 to 9.=0.93, 
it can be seen that this contact potential would be 3.17 
volts, with the tantalum electrode being charged nega- 
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Fic. 3. Circuit diagram of the deionization time tester. 


tively. The full cathode emission would only flow 
continuously into the Ta electrode if a corresponding 
positive voltage were applied to it; hence, 3.2 volts 
would be the minimum obtainable arc drop for this 
electrode combination. Using an anode of lower work 
function and a cathode of higher work function would 
reduce this voltage drop, as has been shown by G. 
Medicus and G: Wehner.? However, the actually ob- 
served arc drops in grid-controlled Xe rectifiers in 
continuous dc operation are of the order of 6.5 to 8.5 
volts. The difference is due to an increase in the kinetic 
energy of the electrons to compensate for loss of elec- 
trons and ions in the plasma by ambipolar diffusion, 
recombination, and radiative processes in the positive 
column. Also, part of the energy is transferred to the 
anode by residual kinetic energy of the electrons striking 
it and appears as anode fall. Since (V.+ ¢.) i= A-aoT*? 
(V.=anode fall, A=anode surface area, a= total emis- 
sivity of Ta=0.45, o=Stefan Boltzmann constant, 
T=temperature of the anode in °K), the anode fall can 
be roughly estimated from the anode temperature, 


2G. Medicus and G. Wehner, J. Appl. Phys. 22, 1389 (1951). 
_ * Leonard B. Loeb, Fundamental Processes of Electrical Discharge 
in Gases (John Wiley & Sons, Inc., New York, 1939), p. 615. 
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neglecting convection and conduction losses),* to 0-3 
volts. The difference between the actual arc drop and 
¢ga— ct V q is lost in the plasma. 

The cathode fall does not enter into the energy 
balance as long as dc arc drop is measured. This results 
from the fact that de arc drop voltages are observed 
which are less than the ionization potentials, a fact 
which has been satisfactorily explained.* According to 
this explanation a sheath of positive ions appears at the 
cathode which raises the space potential in the cathode 
drop beyond the ionization potential, thus providing 
enough acceleration for electrons to ionize atoms in the 
positive column. But, since this sheath is continuously 
replenished by ions from a dc discharge, the energy 
spent in its formation can be omitted. However, should 
the arc drop be measured with ac, for example, by the 
watt-meter method,® this sheath would have to be re- 
formed at each cycle with an initial starting arc drop of 
at least 12.1 volts (ionization potential of xenon). 
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Fic. 4. Deionization time (Curves 1, 2, 3) and arcdrop (Curves 
1’, 2’, 3’) in mixture of xenon with argon (Curves 1, 1’, and -), 
neon (Curves 2, 2’, and X), helium curves 3, 3’ and +). The test 
points of deionization measurements are enclosed in a circle. 
Pressure, 64 microns. Tube current, 3A. 


* Convection and conduction losses are counterbalanced by 
absorbed radiation from hot parts such as the grid and cathode, 
from radiating transitions in the gas and heat convection from the 
hot plasma. 

* See reference 3, p. 636. 
°E. K. Smith, Elec. Eng. 69, 419-422 (1950). 
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Fic. 5. Deionization time (Curves 1, 2, 3), arc drop (Curves 1’, 
2’, 3’) and starting voltage (Curves 1”, 2’’, 3’) in mixture of xenon 
with argon (Curves 1, 1’, 1”, and -), neon (Curves 2, 2’, 2”, and 
+), helium (Curves 3, 3’, 3”, and X). The test points of deioniza- 
tion measurements are enclosed in a circle. Pressure, 100 microns. 
io= 3A. 


Actually, the starting voltage of such tubes is 12-13 
volts. Thus, the watt-meter method would show higher 
arc drops than the de method, and the arc drop would 
depend on the peak forward voltage and the frequency 
of the wave. It should be mentioned at this point that 
additional complication can be expected in arcs in which 
the emission current of the cathode is higher than the 
tube current and an electronic instead of a positive ion 
space charge can be formed at the cathode.*® 

The energy losses in the plasma are the result of the 
radiation, recombination, and increase in kinetic energy 
of electrons necessary to compensate for the loss of 
electrons and ions by diffusion to sustain a constant 
current of the density j= NeV, where N is the number of 
charged particles and V their drift velocity. 

The additional voltage which must be applied to 
compensate for diffusion losses can be determined by 
considering the current density with and without a 
diffusion term. Suppose, with diffusion, 


j=neuE—Dze(dn/dx) 


*D. E. Marshall, Industrial Electronics Reference Book by 
Electronic Engineers of the Westinghouse Corporation (John 
Wiley and Sons, Inc., New York, 1948), Chapter IV, p. 52. 
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Fic. 6. Spectrogram of xenon-helium mixtures at 64-microns 
pressure, the consecutive spectrograms corresponding to: 1-10 
percent, 2-33 percent, 3-42.5 percent, 4~-62.2 percent, 5-85.3 
percent, 6-93.7 percent helium. 


(where D, is the coefficient of ambipolar diffusion, n the 
number of charged particles, u their mobility, and E the 
gradient in the positive column), and with no diffusion 


j=nepEo. 
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If an equal current is maintained in the two cases, 
nepEy=nepE— D,e(dn/dx), 


so that {\(E—E»)dx=D./ufdn/n. The expression on 
the left is the additional voltage which must be applied 
to overcome the diffusion loss, and 


V ase drop diffusion — (Da, ‘p) Inn+ const 
= 2/3U » Inn+const, 


where U is the average energy of the carriers.’ Since n, 
the number of charge carriers, increases with the cur- 
rent, the above expression is in accord with the experi- 
mentally observed fact that the arc drop increases with 
the current drawn through the tube. Also, if the supply 
of electrons from the cathode is not sufficient to carry all 
the current, additional kinetic energy must be imparted 
to the electrons and this results in a higher dc and ac arc 
drop. 


(b) Arc Drop in Gas Mixtures 


The above is true in cases of lowered tube pressure or 
dilution of gas with a gas of higher activation and 
ionization potential. The latter condition is illustrated 
in Figs. 4 and 5, showing measurements made on two 
different tubes employing mixtures of Xe with Ar, Ne, 
and He. It can be seen that with a diminishing concen- 
tration of Xe the arc drop remains just constant until, at 
still lower Xe percentages, the arc drop begins to rise 
rapidly to the arc drop of the pure additional gas. 
Spectrographic investigation of the discharge, as shown 
on a sample in Fig. 6 and in the appendix, shows that 
the main group of persistent Xe lines remains of equal 
intensity throughout the spectrum down to concentra- 
tions of 4-5 percent of Xe. Some additional Xe lines 
(mostly lines of ionized xenon) appear at higher arc 
drops in mixtures and grow progressively stronger. The 
lines of the additional gas are absent in the spectrum 
until the Xe content falls below 25 percent. The place 
where these lines first appear is marked in Figs. 4 and 5 
by arrows on the arc-drop curves. From this point on 
these lines increase rapidly in intensity. Two observa- 
tions need further explanation. (1) The spectral lines, 
especially of Ne and He, appear at arc-drop voltages 
which are well below the ionization (15.7 ; 21.5; 24.5 ev), 
excitation (11.5; 16.5; 20.91), or metastable (11.5; 16.6; 
19.7) potentials of Ar, Ne, or He, respectively. This can 
be attributed to the previously described formation of 
an ion sheath at the cathode, containing a gradually 
increasing amount of the additional ions and thus 
imparting higher and higher velocity to some electrons 
as suggested by Loeb.‘ Thus, cumulative ionization 
cannot account for the appearance of lines in the dc arc, 
but it can be present at the start of the arc. To verify 
this result, some measurements of the dc start were 
plotted in Fig. 5. Since the measurements were not 
oscilloscopic, they do not give exact initial starting 


7S. C. Brown, Elec. Eng. 71, 501-503 (1952). 
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volts, but indicate qualitatively the rapid rise of starting 
voltage with decreasing Xe content. (2) Spectrograms 
made on tube 2 (Fig. 5) showed for Ne and He that the 
spectral lines of the second element appeared at much 
lower Xe content than in tube 1 of Fig. 4 (for example, 
neon ~ 12 percent Xe against 25 percent Xe). Since tube 
2 was run at higher filling pressure (100u against 64y), 
several spectrograms were made of this tube with neon 
at both pressures. These spectrograms are shown in 
Fig. 7, and it can be seen that at lower pressure spectral 
lines appear at a higher concentration of Xe than at 
higher pressure. This must be due, not to a difference in 
arc drops, but to a variation in starting voltage, thus 
again confirming the previous considerations. 


DEIONIZATION TIME 


The deionization time, or rather the “recovery time,”’ 
of thyratrons (“‘Freiwerdezeit”’) is a function of many 
variables, such as tube geometry, negative grid voltage, 
grid resistance,} tube current prior to deionization, 
pressure, and nature of the gas: In making the tests, the 
first 3 variables were kept constant. The influence of 
tube pressure and tube current was measured in pure Xe 
and is shown in Figs. 8 and 9. In these figures, the crosses 
correspond to experimental data whereas the lines per- 
tain to data calculated according to the experimental 
equation 

t= (p+27) X0.309(In,i+ 3.00361). (1) 


In this equation ¢ is in microseconds, p in microns, and i 
in amperes. It can be seen that ¢ is a sum of ?’ and ?¢” 
where ?’ is a pressure-(diffusion) dependent and ?’’ a 
pressure-independent deionization. ¢’’ can in this pres- 
sure region, where the mean free path is of the order of 
the diffusion length, be attributed to ions leaving the 
plasma without collisions, that is, to the transit time of 
the ions. It takes a Xe ion approximately 28.5 usec to 
travel 1 cm at 700°K. 

Keeping also # and 7 constant, measurements of re- 
covery time were made on various gas mixtures. 
Edwards and Smith! observed that in xenon-argon mix- 
tures the deionization time was cut roughly to one-half 
of the deionization time of each of the components, and 
this was attributed to the presence of metastable atoms. 
The present tests, as indicated in Figs. 4 and 5, show an 
almost linear decrease of recovery times from the 
heavier to the lighter component. 

The dependence of deionization time on the atomic 
weight does not lend itself to calculation because, as 
will be shown later, several functions of m are involved, 
some of which are little known, and the balance of 
different factors can hardly be quantitatively estab- 
lished. Therefore, in Figs. 4 and 5 the drawn lines 
correspond to the most probable slopes of experimental 
data, and it can be seen that these lines unite points 
approximately in the inverse ratio of atomic weights if 

t For the effect of grid resistance and grid potential on recovery 


time see reference 10 and L. Malter and M. R. Boyd, Proc. Inst. 
Radio Engrs. 39, 636-643 (1951). 
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Fic. 7. Spectrogram of xenon-neon mixtures. 1—Neon 79 
percent, pressure 98 microns. 2—Neon 79 percent, pressure 64 
microns. 3—Neon 87 percent, pressure 103 microns. 4—Neon 87 
percent, pressure 57 microns. 


the atomic weight of a mixture is considered to be 
fmze+(1—f)m, (where f is the fraction of Xe in the 
mixture). 

An equation of the type used for the calculation of 
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Fic. 8. Deionization time vs filling pressure in xenon. X’s— 
measured points. Lines—calculated. 


the points can be derived from diffusion considerations 
to a probe in the plasma. 

The recovery time of a grid in a plasma occurs at a 
certain point at which the number of ions arriving from 
the decaying plasma is smaller than the number of ions 
flowing out from the grid sheath through the grid 
resistor to the cathode. The current density in the grid 
sheath is given by the well-known equation 

j=2.336X 10-*E}/(1.824m) *a’. (2) 
Thus, at the moment when the available supply of ions 
is depleted, the thickness of the sheath d will increase. 
This phenomenon of spreading and thickening of 
sheaths, which can be considered as a reversal of the 
process of sheath formation at the start, has been 
investigated by Koch* and Romanowitz.’ A complete 
investigation of conditions leading to recovery has been 
made by Malter and Johnson.’° 

Let it be assumed that the tube regains control always 
at a constant value of sheath thickness (which is a func- 
tion of m and the tube geometry). Then j= const; /:(m). 

The current from the decaying plasma to the grid is 
given by j-A=n-q-i-A (where m is the number of 
charges, i their drift velocity, and A the area). i can bea 
function of time because of the transition from ambi- 
polar to straight diffusion as the carrier concentration 
decreases. Disregarding this variation of drift velocity, 


nog: d-e~"!* tgoe*!* fice!" 
A = = 
4 + 4 
where igo is the grid current, io the tube current at the 


® Von W. Koch, Z. Tech. Physik 17, 446 (1936). 

* H. Alex Romanowitz, “Measurements, Analysis and Statistical 
Nature of Deionization Time in a Mercury Vapor Thyratron,” 
Engineering Experiment Station, Bulletin No. 6, University of 
Kentucky, College of Engineering, December, 1947. 


” L. Malter and E. O. Johnson, RCA Rev. 11, 165-177 and 178- 
189 (1950). 


j-A= 








; (3) 
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start of decay, f a constant factor, and 7 the ion-decay 
time constant. Ions can be lost, as has been shown, both 
by diffusion and by straight transit, therefore 


Area Av. travel length 
D é 


é the av. velocity 


T\3 
being proportional to (—) 
m 


T= 





Equating (2) and (3), 


lige? = const; X fi(m) 
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the recovery time 


t= 7(In.io—In,4 const: X f:(m)) = area -p-constsfo(m) 


av. length 

tani In4-const:X f1(m) ] 
c 

which for Xe gas alone leads to Eq. (1). 

The information obtained on arc drops and recovery 
time can be useful in the design of low voltage, short 
deionization time tubes. It can be also of value as an 
indication of some factors leading to particularly short 
deionization times. An attempt has been made to show 
that a simplified concept of the processes involved, 
omitting secondary processes such as cumulative ioniza- 
tion and formation of metastable atoms is quite satisfac- 
tory for a semiquantitative understanding of the energy 
balance and recovery phenomena in thyratrons. The in- 
troduction of diffusion independent transit times in 
plasma disintegration may have a bearing upon the 
design of ultra-short deionization time thyratrons and 
upon the understanding of ion decay phenomena in 
the pressure region of “molecular flow.” 

Acknowledgment is due Mr. R. Snyder and Mr. R. 
Haubrich for their help with the spectrographic tests. 
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APPENDIX 
Observed lines of elements. (i—line of ionized atom, d—dim, + present, — absent.) 
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— Appendix.—Continued. 
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An attempt is made to determine the actual distribution of the pore sizes in a porous rock from the 
cumulative distribution of mercury injected into the rock with increasing pressure against capillary forces. 
The aim is to correct for those pores which could fill at a given pressure but which do not, because they are 
connected to the mercury source only by smaller pores. The presented correction is based on probability 


concepts. 


INTRODUCTION 


NASMUCH as there have yet to be developed unique 
relations between porosity and the permeability and 
other properties of reservoir rock, it is generally believed 
that at least one other parameter is needed to fully 
characterize porous media. One property of porous 
rock which it seems to be possible to obtain without 
undue difficulty is the size distribution of the pores. 
Furthermore, it seems intuitively sound to hope that the 
permeability, capillary pressure, and other important 
properties of reservoir rock might be functionally related 
to this distribution. It is not the purpose of this paper to 
consider such relationships but only to suggest a 
revision in the method now used to determine pore 
distribution. A general discussion of this phase of core 
analysis will be found in a recent article by Pollard 
and Reichertz.' 

Ritter and Drake? proposed a method of deter- 
mining pore distribution by interpreting data obtained 
from measuring the amount of mercury injected into a 
core as pressure is increased. The basis of this method is 
the concept that mercury is forced into smaller and 
smaller evacuated pores against capillary forces as 
the mercury pressure is increased. That such informa- 
tion does not directly give the pore distribution is 
readily seen. There may, for example, be large pores 
which one would expect to fill at low pressure, which 
have no connection with the mercury source except 
through smaller pores. The effect of these ‘“‘ink-bottle”’ 
pores is to assign too small a portion of the pore space 
to the large pores and too large a part to the small pores, 
if the mercury injection data is taken at its face value. 
In this paper a method is presented for using probability 
theory to correct this data in an attempt to find the true 
pore distribution. Certain simplifying assumptions are 
made in order to obtain a practicable solution. Al- 
though these limitations are not stressed in the body 
of the paper, they are discussed in some detail in the 
closing paragraph. 

The limitations of the mercury injection method 
have been recognized by others, e.g., Ritter and Drake 


1T. A. Pollard, and P. P. Reichertz, Bull. Am. Assoc. Petro- 
leum Geol..36, 230 (1952). 

*H. L. Ritter, and L. C. Drake, Ind. Eng. Chem. 17, 782 (1945). 

*H. L. Ritter and L. C. Drake, Ind. Eng. Chem. 17, 787 (1945). 


themselves mention the effect of ink bottle pores. For a 
qualitative description of a reservoir rock, such a 
correction as is proposed here is probably not necessary ; 
however, if pore distribution data are to be used to 
determine other properties of reservoir rock, an accurate 
pore distribution must be known. The problem of 
determining pertinent parameters to describe these dis- 
tributions is not considered in this paper.*4—* The only 
other work on a statistical interpretation of pore dis- 
tributions that I am acquainted with is a paper by 
Childs and Collis-George.’ 


ANALYTICAL TREATMENT 


We define the radius of a pore r to be equal to the 
radius of a circular tube which will just allow mercury 
to enter it against capillary force at the same pressure 
as that at which the pore will fill if connected to a 
mercury source. 

Let 3(r) be equal to the fraction of the total void 
space occupied by pores whose radii lie in the range 
r to r+dr. The number of pores with radii in the range 
r to r+dr, which we designate a(r)dr, will be given by 
the equation 

adr= fddr/ Kr’, 


where Kr’ is the volume of a single pore of radius r, f is 
the porosity of the rock. 

It is necessary to designate one representative point 
in the interior of each pore which we shall term the 
“center” of that pore. For the purposes of this analysis, 
any convenient point will do so long as it is not too close 
to the wall of the pore and is consistently chosen, e.g., 
the center of gravity of the void space will serve. In 
order to develop a probability distribution, consider a 
volume dv so small that the probability of the centers 
of two or more r pores (pores whose radii lie in the 
radius range r to r+dr), being located in this volume, 
may be neglected. Let the probability of mr pores 


* Work of this type has been done to relate particle size dis- 
tribution. See references 4-6. 

‘W. F. Cloud, Oil Weekly 103, 26 (1941). 

5 J. C. Griffiths, Bull Am. Assoc. Petroleum Geol. 36, 205 (1952). 

* W.C. Krumbein and G. D. Monk, Trans. Am. Inst. Mining Met. 
Engrs. Petroleum Div. Reprint 146, 151, 359-369 (1942-1943). 

7 E. C. Childs, and N. Collis-George, Proc. Roy. Soc. (London) 
A201, 392 (1950). 
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being located in any volume 2, be y,,(v, r)dr, then 
Vn(v+dzv, r)dr=y»(v, r)dr1— (adr) dv] 








PORE DISTRIBUTION 






+wWm_i(0, r)dr(adr)dv, 
if the pores are randomly distributed. Rearranging, 


d(W mdr) /dv= (adr) [(Wm—dr) o (Wmdr) |. 


This equation is satisfied by Poisson’s distribution, i.e., 
[ (adr)v |” 


m! 





Vn(v, r)dr= exp{_ —(adr)v }. (1) 


Now we define a volume 0(7o, 7) such that, if an r pore 
is located in v(ro, 7), it may be expected to be connected 
toan?ro pore. This is readily done, if we assume that two 
pores are connected, if the center of the smaller lies in 
a volume adjacent to the larger pore, which is the 
difference between the volume of a pore whose radius 
equals the sum of the radii of the two pores minus the 
volume of the larger pore. If r>>r, this volume 2(r9, r) is 
given by the relation 


v(r0, 7) = K(r+170)'— Kroe= K (3rro+ 3rre+re°). 


The probability of mr pores all being joined to the 
same fo pore is given by Eq. (1) with »v set equal to 
(ro, 7). The probable number of such groups of pores 
which would exist in a unit volume should be given by 
the product of this probability times the number of 
(ro, 7) volumes in a unit cube (which is equal to the 
number of ro pores in a unit volume). This number, 
therefore, must equal 


a(ro)dro-Wm(v(ro, 7), r)dr or a(ro)droWm(ro, r)dr. 


Of particular interest is the function Wo(ro, r)dr, which 
is the probability of an 7» pore not being connected to 
an r pore. 

Suppose a porous rock is subjected to mercury pres- 
sure such that all pores of radius >r would fill if they 
had access to the mercury. Let I(r) be the measured 
fraction of pore volume that is filled with injected 
mercury at this pressure, and let @(r) be the actual 
fraction of the pore volume devoted to pores of radius 
=r. We make the simplifying assumption that the only 
pores of radius >r which will fail to fill are those that 
are not connected to any other pore of equal or larger 
radius. That is, the probability of an ro pore failing to 
fill is given in accordance with the “multiplication law 
of probability’*® by the expression 


fx Vo(ro, r)dr, 


where the symbol / x denotes product integration. 
The total number of pores of radius >ro which will 
fail to fill is given by the expression 


vir = f otro) [x votre nar dre 


®N. Arley, and K. Buch, Probability and Statistics (John 
Wiley and Sons, Inc., New York, 1950), paragraph 2-6. 
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in which the first integral sign denotes Riemann 
integration. 

The relationship between I'(r) and @(r) is then given 
by the expression 


I(r)= et —V(r, off o(rar| (2) 


This is the equation we shall use to approximate the 
true pore distribution ©(r) from the distribution of 
injected mercury I(r). 


NUMERICAL APPROXIMATION 


Equation (2) is not convenient for use in numerical 
computation. We, therefore, replace it by an approxi- 
mate equation involving step functions. The radius r 
is considered to take on only a finite number of values 
1n<fn-1<°++r. Also set r;.—1r:= Ar, if i>1 and set 
ro= ©. We make the following definitions: 


ri-1 
a= f a(r)dr, i=1,2--- 


y=T(r)—-T(r-), 


0 ;= O(r,;)— O(r._-1), i= 1, 2-+-n 


i=1,2---n 


and set up the approximations 


V(r; 73) = > aK Il V(r, r1r)Ary, 


K=1 L=1 


‘ i 
= ax II vx, 
K=1 L=1 

and 


vi= exp[ — a,v(r;, r;) |. 


Substitution of these expressions into Eq. (2) gives 
the approximate equation 


I'(r;) => YK=> OK 
K=1 


K=1 


' t + 
(1 -> ak II WKL >! ox}. (3) 
K=1  L=1 K=1 
Some of the quantities appearing in this expression 
are available a priori. If the pressures at which we will 
observe the volume of injected mercury are predeter- 
mined, and if the contact angle of mercury on the core 
matrix and the surface energy of the air-mercury (or 
vacuum-mercury) interface are known, then the 7; and 
v;; values may be tabulated. For example, if we set the 
surface tension o to equal 480 dynes/cm and the 
contact angle ¢ to equal 140°, then the relation 


°;= 20 cos¢/ p(r;) 





512 HENRY 
gives the following values: 

i 1 2 3 4 5 6 
pi (in psi) 25 50 100 200 500 1000 
r; (microns) 4.27 213 1.07 0.533 0.213 0.107 
r@ (microns) 77.9 9.66 1.23 0.151 0.00966 0.00123 


From these we may set up the matrix 








(545 .«-- coe 
184 67.6 (symmetric) 
ie 74.1 23.1 8.61 
” 19.4 9.14 2.86 1.06 
12.0 3.10 0.87 0.264 0.0676 
| 6.1 1.0 0.41 0.111 0.0231 0.00861) 


cubic microns. 

An iterative process based on Eq. (3) to solve for 
3, values from known y; values may be used. The 
steps involved are 


(1) Assume a value for #;, and calculate a; and y;; 
values not already known. 

(2) Using these values for ¥,; and a;, solve Eq. (3) 
for d;. 

(3) If the computed #; value is not close enough to the 
assumed value, make another assumption and repeat 
the process. 


The actual computation of 3; from the known ¥; is 
not as formidable as Eq. (3) might make it appear. 
Such a process may be carried out by semi-skilled labor 
or may be put in a form to be handled by a computing 
machine. 


SAMPLE PROBLEM 


In order to demonstrate the effect of this correction, 
a specific example was worked out. The original data 
were published by Burdine et al. The core in question 
was designated by them as Sample No. 826A. The 
mercury injection data are plotted on their published 
Fig. 2. This core is natural sandstone, cylindrical of 
length 2.74cm and diameter 2.37 cm. Its laboratory 
permeability was measured to be 440 millidarcies and 
its porosity 0.237. 

The significant data, both measured and computed, 
are presented in Table I. 

The data were divided into six groups corresponding 
to six injection pressures 25, 50, 100, 200, 500, and 1000 











TABLE I. 
Fraction of Injected Corrected 
volume filled differential difterential 
w/mercury fraction fraction 
i (from Burdine) _— (Eq. 3) 
1 0.03 0.03 0.14 
2 0.20 0.17 0.18 
3 0.46 0.26 0.17 
4 0.58 0.12 0.10 
5 0.67 0.09 0.08 
6 0.73 0.06 0.06 








( ® a Gournay, and Reichertz, J. Petroleum Technol. 2, 195 
1950). 
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psi. Actual computation time was of the order of two 
hours. In this case, the probabilities of the smallest 
pores not being connected became vanishingly small, 
and so the injection at higher pressures does not need 
correction. At low pressures there is considerable differ- 
ence between vy; and #,. 


DISCUSSION AND CONCLUSION 


It might be well to list the various assumptions, either 
announced or implicit, in the preceding discussion. The 
most important are 


(1) The assumed randomness of pore distribution. 
(2) The assumption that the volume of a pore may be expressed 
as Kr’, where K is a constant. 


(3) The ignoring of the fact that pores are mutually exclusive in 
deriving Poisson’s distribution. 

(4) The assumption that the center of an r pore lying in 0(ro, r) 
will assure its being connected to an ro pore. 

(5) The assumption that only the pores which are isolated from 
all equal or larger pores will fail to fill. 


This is a formidable list, and some defense had better 
be made for each simplification. Statement (1) possibly 
excludes from this treatment small samples of such 
rocks as vuggy limestone, while homogeneous sand- 
stones and oolitic limestones would be acceptable. The 
critical point in (2) is not that K exists but that it isa 
constant, an assumption that is almost certainly not 
true. However, K as a constant appears only under the 
integral sign and cancels out. Actually then the assump- 
tion is not that K is a constant but that its mean value 
in one integral is equal to that in the other. 

Inasmuch as we only used the “zero” term in 
Poisson’s distribution, it is hoped that assumption (3) 
does not introduce serious error. The criterion for 
connectedness in (4) is at least valid for spherical pores 
and seems intuitively sound for others. The last as- 
sumption (5) is probably the most difficult to justify; 
actually it implies that we are not taking into considera- 
tion isolated groups of mutually connected pores. One 
defense of this simplification is the idea that such groups 
may be considered to be one large pore, which concept 
has the effect of reducing the numerical value of K. 
This is sort of taking advantage of K, however, and it 
is better to admit that, in the interest of simplicity, we 
are ignoring a rather difficult subject, that of aggregates 
in a random distribution.’® In any event we do correct 
for single isolated pores and hope that this is the 
principal correction required. 

As mentioned in the introduction, the purpose of 
trying to find the true pore distribution in a reservoir 
rock is the hope that we may be able to use physical 
properties of porous rocks to determine its character 
as an oil and gas producer. Such an approach to core 
analysis is possibly methodologically sounder than the 
present methods which largely consist of the conducting 
of small-scale flow experiments under controlled labora- 
tory conditions. 


10 C. Mack, Proc. Cambridge Phil. Soc. 46, 285 (1950). 
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Evaporation of Germanium Films from a Carbon Crucible* 


K. LEHoveEc,f J. Rosen, A. MACDONALD, AND J. BRODER 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 


(Received September 2, 1952) 


Equipment for evaporation of germanium in vacuum at various measurable rates is described. The 
activation energy of evaporation is 3.5 ev, which is in close agreement with recent data by Searcy. 





INTRODUCTION 


S a preliminary to the task of studying the proper- 

ties of germanium films evaporated onto a sub- 

strate of single crystal germanium or silicon, a series of 

experiments was undertaken to determine the rate of 

germanium evaporation in vacuum as a function of 
temperature (approximately 1100°C to 1550°C). 


DISCUSSION 


Germanium was deposited in vacuum (~0.1-y 
pressure) on a mica sheet! from a resistance heated 
carbon boat. The boat was shaped by cuttings so that 
the central portion of the boat containing the ger- 
manium was at a high and constant temperature. The 
temperature was measured by a platinum versus 
platinum-rhodium thermocouple, placed in the bottom 
wall of the boat. The fanned-out ends of the carbon 
boat were copper plated and held in copper sleeves that 
were bolted to water-cooled copper electrodes (see 
Fig. 1). 























Fic. 1. Carbon crucible used in evaporation of germanium. 


* Presented at the Semiconductor Conference sponsored by the 
Institute of Radio Engineers-American Institute of Electrical 
Engineers in Urbana, Illinois, June 1952. 

Tt Now at Sprague Electric Company, North Adams, Massa- 
chusetts. 

1 The mica sheet was located 34.5 mm above the center portion 
of the carbon crucible, the liquid germanium resting about 3 mm 
below the top of the crucible opening. 
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The transmission through the mica sheet, as detected 
by a germanium photocell, was recorded as a function of 
time. Each transmission curve consists of a series of 
maxima and minima. Figure 2 shows a typical curve of 
relative transmission versus time. The rate of deposition 
po was determined from the period 7 between two 
successive maxima by the equation 


po= \/2nr.t 


For \ the value 1.7 microns was used. This value corres- 
ponds to the spectral absorption edge of germanium. 
The index of refraction for germanium at A=1.7 
microns is n= 4.6.” 

At temperatures above 1450°C, the rate of deposition 
of germanium becomes so fast that the transmission 
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Fic. 2. Sample curve of relative transmission versus time. 


maxima and minima followed each other too rapidly to 
be recorded by a human observer. Since a suitable 
automatic recorder was not available, the deposited 
germanium film was ‘weighed. From these data together 
with the total time of evaporation, a mass deposition 
rate pm (given in g/sec, see Table I) was calculated. 
The mass deposition rate is a value averaged across the 
whole mica sheet. The optical method previously des- 
cribed gives a deposition rate only for the center of the 
mica sheet just above the carbon crucible. The cali- 
bration factor necessary to convert average deposition 


t The subscript 0 indicates that this deposition rate is derived 
from optical transmission data to differentiate it from pm, which is 
the deposition rate derived from a measurement of the weight of the 
germanium film deposited. 

2 W. H. Brattain and H. B. Briggs, Phys. Rev. 75, 1705 (1949). 
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TaBLe I. Data on the evaporation rates of germanium. 
(Distance from liquid germanium to substrate 37.5 mm). 





Rate of evaporation 





MACDONALD, 





Weight po from 
Temper- of film optical Ratio 
Run ature deposited® pm from mass data Period po/ Pm 
number °C (mg) data (g/sec) (A/sec) r® (sec) (cm /g) 
4 1114 3.1 0.252 10~* 0.27 6750 1.1107 
3 1187 8.0 1.99 1.6 1125 0.81 
8 1259 5.1 3.40 4.1 450 1.2 
12 1259 5.6 3.46 3.6 510 1.0 
1 1259 18.8 9.49 6.6 281 0.69 
11 1259 7.2 10.0 12 150 1.2 
2 tape 23.3 12.3 13 146 1.1 
5 1404 108 40.0 46 40 1.1 
6 1477 10.5 175.0 180* 
7 1550 5.9 246 250* 
9 1550 9.2 307 310° 
10 1550 48 320 320° 








* These data are discussed in the text and are marked on the curve by 
surrounding them with squares. 

> The deposited film decreases in thickness from center to outside. In order 
to get film thickness in center multiply value in this column by calibration 
factor 0.01 cm/g. 

© r =time in seconds between maxima in optical data. 


rate to the deposition rate applicable at the center of 
the mica sheet was obtained from a comparison of 
optical data and weight data at the lower temperatures, 
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Fic. 3. Evaporation rate curve of germanium (rate in angstroms 
per second versus inverse temperature in degrees Kelvin). Rate 
plotted on logarithmic scale. 
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where both were available. This calibration factor, the 
average of the ratio po/p» at the lower temperatures, 
was used in calculating the rate of deposition in the 
center of the mica sheet at the higher temperatures, 
where only weight data were available. An attempt was 
made to determine the absolute value of the rate of 
deposition directly above the crucible by weighing the 
germanium deposited in a small central area. It was 
assumed that the deposit was homogeneous in this 
central portion. 

The rate of evaporation was found to be little de- 
pendent on the size of the germanium melt used. This 
was probably due to the fact that the area of evapora- 
tion was limited by the boat opening and the system 
geometry. 

With the exception of runs 8 and 11 in which ab- 
normally small and large charges, respectively, were 
used, germanium charges of about 50 milligrams were 
chosen. 

Occasional observation on evaporation at higher 
residual pressures than 0.1 micron make it appear that 
the rate of evaporation does not depend critically on the 
vacuum, within the temperature and pressure ranges 
investigated here. 

From the rate of evaporation as a function of tem- 
perature (Fig. 3), one obtains an activation energy of 
3.5 ev. The vapor pressure vs temperature relationship 
for germanium has been tabulated by Brewer.* These 
vapor pressure data were apparently derived from the 
boiling point temperature, 7 ,= 2980°K*‘; the use of the 
rule of Pictet and Trouton, S=L/T,=23 calories/ 
degree Kelvin; and the equation 


logioP = L/4.574T+S/4.574. 


From Brewer’s data, by plotting a curve logioP versus 
1/T (all points lie exactly on a straight line), one finds 
that L=2.92 ev. 

A plot of Searcy’s® deposition rate versus 1/T gives 
an activation energy L=3.3 ev, a similar plot for his 
vapor pressure versus 1/T has a slope corresponding to a 
value for L of 3.4 ev. Our activation energy of 3.5 ev is 
in excellent agreement with Searcy’s results, and appar- 
ently Trouton’s rule cannot be applied to derive the 
boiling point temperature of germanium. 

3L. Brewer, “Chemistry and metallurgy of miscellaneous 
materials,” Paper 3, p. 31, L. E. Quill, Editor, Thermodynamics 
(McGraw-Hill Book Company, Inc., 1950). 

‘ The boiling point temperature of germanium used by Brewer 
was obtained from a value quoted in the Metals Handbook (Ameri- 
can Society for Metals, Cleveland, 1939). 


5 A. W. Searcy, J. Am. Chem. Soc. 74, 4789 (1952). (Published 
after our work was concluded.) 
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Propagation of Acoustic Waves in a Liquid-Filled Cylindrical Hole, 
: Surrounded by an Elastic Solid 


EpwWaArp V. SoMERs * 
Magnolia Petroleum Company, Field Research Laboratories, Dallas, Texas 


(Received September 24, 1952) 


The theory of elastic wave propagation in systems where discontinuities in the physical properties occur 
along concentric cylindrical surfaces is developed for an impulsive ring-shaped source. This source is mathe- 
matically similar to the point source discussed by Lamb and Pekeris. The field problem is solved for a 
liquid-filled column, surrounded by an elastic solid, representing a basic model applicable to well-logging 


problems. 





I. INTRODUCTION 


ANY theoretical papers have been written on the 

subject of wave propagation in systems composed 
of elastic solids and liquids. Lamb! in 1904 treated the 
propagation of waves over the surface of an isotropic 
elastic-solid half-space, the wave source being an 
arbitrary application of vertical force at a point in the 
solid. Pekeris? in 1948 extended Lamb’s treatment to 
wave propagation in two and three liquid layers, with 
an arbitrary wave source located in the first layer. 
Pekeris’ theory adequately explained the shape and 
variation of amplitude of a received pressure pulse 


‘having its origin in an exploding charge in a shallow 


water-covered area, e. g., continental-shelf area of the 
ocean. Press and Ewing*-* have worked out numerous 
extensions of the Lamb-Pekeris treatment. In particular, 
one of their contributions has been an analysis of the 
propagation of waves in a liquid layer overlying an 
elastic solid layer, useful in analyzing submarine 
disturbances. 

In the above analyses, the discontinuities in physical 
properties occur along planes parallel to one another; 
this includes the point source, which has a discontinuity 
in one direction only. In cases where the discontinuities 
occur along concentric circular cylindrical surfaces, the 
theoretical treatment has not been completed to the 
same satisfactory degree. Existing treatments, many 
of which use approximating simplifications, are con- 
fined to determination of the phase-velocity curves 
arising from the boundary conditions imposed at the 
solid-liquid interface for harmonically oscillating sources. 
These treatments compare satisfactorily with results 
obtained experimentally. 


* Present address: Westinghouse Electric Corporation, Research 
Laboratories, East Pittsburgh, Pennsylvania. 

1H. Lamb, Trans. Roy. Soc. (London) A203, 1-42 (1904). 
asa Worzel, and Pekeris, Geol. Soc. Am. Mem. 27 
ou and M. Ewing, Trans. Am Geophys. Union 27, 163 

4F. Press and M. Ewing, Geophysics, 13, 404 (1948). 

5 Press, Ewing, and Tolstoy, Bull. Seis. Soc. Am. 40, 111 (1950). 

* F. Press and M. Ewing, Geophysics 15, 426 (1950). 

7 F. Press and M. Ewing, J. Appl. Phys. 22, 892 (1951). 
( * F. Press and M. Ewing, Trans. Am. Geophys. Union 32, 673 
1951). 


Lamb® in 1898, extending the work of Korteweg,'° 
treated the effect of the elastic yielding of the tube walls 
on the propagation of sound in a liquid-filled tube. Two 
cases were investigated by Lamb: (1) the case of a 
thin-walled tube; (2) the case of an infinitely thick- 
walled tube. Green" in 1923 obtained a result identical 
with Lamb’s, for the thin-walled cylinder. Gronwall” in 
1927 extended Lamb’s original treatment to tubes not 
completely filled with liquid; he also extended Lamb’s 
results by not restricting his series expansions to a 
single term, as Lamb had done. Field" in 1931 expanded 
the problem to high frequencies, in order to explain 
phase velocity to acoustic velocity ratios greater than 
one, which were noted experimentally at these fre- 
quencies by Boyle and Froman; he found such a 
solution, apparently overlooked originally by Korte- 
weg.!° Jacobi® in 1948 treated five simple models 
theoretically. He included data that indicated that two 
of these simple models were each in agreement with 
phase velociteis experimentally measured in a physical 
system approximating the assumptions of the model. 
Because of his Fourier expansions, Jacobi finds an 
infinite number of modes rather than the two discussed 
by Field. He discusses the problem of determining the 
field produced by an arbitrary excitation, in terms of 
characteristic functions originating from the Sturm- 
Liouville system for the radial coordinate. As indicated 
by Gronwall’s work, the characteristic functions must 
be determined with the axial coordinate rather than the 
radial. Further, to correctly satisfy the boundary condi- 
tions at the solid-liquid surface, one needs a fixed corre- 
spondence between the axial boundary conditions in the 
solid and the liquid. The problem of establishing a source 
for determining the arbitrary coefficients and then of 
extending the harmonic solution to that of an arbitrary 
excitation is a further complication. 

The present paper establishes a complete solution to 
the field problem for a particular model. Essentially, the 


®*H. Lamb, Manchester Mem. 42, 3 (1898). 
10 TD. J. Korteweg, Ann. Physik, 5, 525 (1878); quoted by Lamb, 
reference 9. 
11H. G. Green, Phil. Mag. 45, 907 (1923). 
2 T. H. Gronwall, Phys. Rev. 30, 71 (1927). 
8G. S. Field, Can. J. Research 5, 131 (1931). 
4 R. W. Boyle and D. Froman, Nature 126, 602 (1930). 
6 W. J. Jacobi, J. Acoust. Soc. Am. 21, 120 (1949). 
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model extends Gronwall’s treatment to a solid infinite 
along the axis of the liquid column, with a source of the 
type discussed by Lamb and Pekeris established within 
the liquid column. The source used here is a ring-shaped 
line source instead of the point source used in the 
plane-layered cases. The solution for longitudinal and 
shear potentials is obtained in integral form for the 
source oscillating harmonically. The evaluation of the 


integrals then follows the work of Pekeris and can be 


extended to arbitrary excitation of the source. 


Il. THE ACOUSTIC MODEL 


Consider the propagation of elastic waves in a system 
consisting of a circular cylindrical column of liquid, 
surrounded by an elastic solid. The density of the 
liquid is given by p; and its incompressibility by 1; the 
solid is characterized by a density p2, an incompressi- 
bility factor \2, and a shear modulus pe. The corres- 
ponding three wave velocities are given by 


a= (A1/p1)}, 


Aot2 pe , 
«= (—— 
P2 


Me , 
B.2={ - . 
p2 
For simple harmonic motion (¢*“') the wave equations 
in the liquid (subscript 1) and the solid (subscript 2) 


are given by 
w? 
(w+) gi=90, 
a; 


b 


(1) 


w? 
( +—) g2=0, (2) 
as 
wt 
(v+—)ye= 0, 
Be 
where 
eo 10 0 
Ve=—+ — (3) 


Or? ror 2? 


The longitudinal and shear potentials, per Lamb’s! 
procedure, are defined in terms of the component dis- 
placements /, and /,: 

(1,)1= 0¢1/0r, 
‘ (I = 0¢9;/dz2, 
(1,)2= (9g2/0r)+ (0*p2/drdz), 
(1 2)2= (0G2/dz)+ (0°p2/ dz") + (w*/B2?)o. 


(4) 


V. 


SOMERS 


The normal and tangential stresses are given by 


al 


N,=XV-1-+-2p—., 
or 
dl, 

N,=AV-14+-2u—, (5) 
Oz 





dl, al; 
T= uf +=), 
dz Or 
If we select the origin of the coordinate system in the 
center of the liquid column and place a wave source 
symmetrical with respect to the plane z=0, we need 


only consider the half-space, z>0. The following 
beundary conditions apply : 


(a) The vertical displacement along the plane, z=0, 
is zero, and the normal stress at z infinite is zero, in 
both the liquid and the solid; 


(/,)1=0 
(/.)2=0 
(V.)1= (NV .)2= 0, 


(z infinite). 


(b) The normal stress across the solid-liquid interface 
is continuous, as is the normal displacement. The 
tangential stress is zero; 











(V,):=(N,)2 
(1,)1= (1,)2 } (r=a) (7) 
(T,)2=0 
where 
dl, 
N,=AV-o+2u— 
or 
| (8) 
0 Yo OY w Oe 
Te= (2 +3———~4-— ). 
Ordz drdz? B Or 


To establish a source for the problem, select the cylin- 
drical surface, r=, within the liquid, so that the liquid 
space is divided into an annular region, with a prime 
denoting the potential, and a circular cylindrical region 
with the potential is unprimed. Along this cylindrical 
surface, continuity of pressure is required, 

V? or’ = V* gi. (9) 
For a section of this cylindrical surface, z< |zo|, let 
there be established a radially directed source, such 
that there is a constant-valued discontinuity in the 
radial displacement. This is given by 


(2rbzo) —k ; 
(4rbz)—!, 


(z< Zp) 


dy’ O91 





Z= Zo) 
or or 


(10) 


0 (z> Zo). 
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PROPAGATION OF 


As 29 approaches zero, the discontinuity in the radial 
displacement approaches that of a line source in such 
a manner that its integral over the cylindrical surface, 
r=b, from z=0 to z infinite, is unity, 


te oo dy dg) 20 1 
f f (—=——* )oanads— 208 dz=1. (11) 
. 0 or or 0 2rbz 


Equation (10) can be rewritten in terms of a Fourier- 
cosine integral as follows: 


dg; Ogi 2 f*singzo 
wsimmittiontinda -f —— cosqzdq. (12) 
or or Td 9 4bgzo 





Equations (2), (6), (7), (9), and (12) constitute the 
mathematical problem to be solved. Equation (12) is 
expressed in a form agreeing with that of the superposed 
solution of the potential function arising from the 
boundary condition, Eq. (6), a Fourier-cosine integral 
form. Contrasted to this solution, Gronwall’s solutions 
for models of finite extent in the direction, are Fourier- 
cosine or sine expansions. 


Ill. THE SOLUTION OF THE MODEL 


Complete solutions to Eqs. (2) obtained by separating 
variables and superposing solutions, satisfying the 
boundary conditions given by Eq. (6), follow: 


2e'** a* 
A,(r) cosgzdq, 


Tv 0 


JDeivt x 
yo=- —f B,(r) singzdq, 
T 0 


(13) 
JDeivt x 
e’-—f Ci(r) cosgzdq, 


us 0 
2e'*! p® 
¢gi=—— |] D,(r) cosgzdq, 
us 0 
where 


A i(r) = EK,(nr), (r>b), 
B,(r)= DKo(6), (r>5), 
Ci(r) = BIo(ér)+CKo(ér), 
Di(r)=Alo(ér), (0<r<b). 


The quantities £, 7, 6 are defined by 


<r<a), “4 
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In terms of the arbitrary factors in Eq. (13), we can 
re-express Eq. (12) as follows: 


HCilr)}  9{Dilr)} = 
or or i 


singZo 


Abgzo 








G= (16) 


Applying the boundary conditions given by Eqs. (7) 
and (9) under the integral signs of Eq. (25), and com- 
bining with Eq. (16) the values of A, B, C, D, and E 
given in Eqs. (14) can be determined from the five 
resulting equations. Thus, 





2eie! Aa 
gi= | —1I (tr) cosqzdq, 
Tv 0 A 
JQeivt 
1=— 


T 0 


” Ap 
—Ko(ér) singzdq, 
A 


where, for example, A is the determinant of the coeffi- 
cients of A, B, etc., and A, is the determinant arising by 
replacement of the A coefficients by the nonhomo- 
geneous parts of the five equations. 

Since it is expected that most experimental measure- 
ments are made along the axis of the liquid column, let 
us confine our solution to ¢). Solutions for the other 
three potential functions are obtained similarly. For 
$1; 


4=G| (Pe) "Lol 8) Kol Go) — Ka €8)Fo 0) 


9 


. “a ni (va) KC) | 
B2? 





+ &(—¢?)_Ko($b)Ii(£a) — To(&b)Ki(a) 


9 


[ {5-2 }atonner—e 


+2 4| svn 
2 w2q?} } ——— 
' nK (na) 


Ko(éa) 
—4y29°d* ne 
5K (6a) a 


4 2g” 





|fvox(na)%,(60)3} ;(18) 


and for ¢1, ¢1', ¢2, and yo, 


9 


«? 
aw | i 20 Cet 2 w2)(n?’— 9G?) +2 u2q" ] 


r Ko(na) Ko(éa) 
X| &71(Ea) } [rue . e1(¢0) 
L nK, na) 5K (6a) 


Pw? T,(€a) w* ‘ 
+] ~2 mak |+{ace-orcen)|] 
82" B2" 


a 

















2 


=|. (9) 





: {5K (na) K (6a) } | 
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Fic. 1. Path of integration in the complex g plane. 


In event the frequency w of impressed wave is small, 
£ is small, and accurate approximations can be made for 
the following functions in A and A,: 


Io(ta)~1.0; 1,(a)~ a/2. (20) 

The value of A is then reduced to that given by 

Lamb® as Eq. (61) of his 1898 paper. For very low 

frequencies, the phase velocity to acoustic velocity 

ratio (a@/a,) can be quickly obtained from Eq. (19); it 
is another of Lamb’s results, 


a\? Me 
(=) -—=.. (21) 
a) Ait 2 ue 
and is the basis of many undeveloped schemes for well- 
logging the shear modulus of rock formation. 





IV. EVALUATION OF THE INTEGRAL SOLUTION 


Integrals of the type given in Eq. (17) have been 
investigated by Lamb, Pekeris,? and others. The inte- 
gral is considered as the sum of two integrals, 


eet 
Wf Maen 


ui +—f- Tol ee'sdg (22) 


wo M(q) 
-—f"= q [ ef @#4 e~*4* ldg. 
A(q) 
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The procedure is to transform the path of integration 
into the complex g plane, g= «+ 0, so that the solution 
¢; is then contained within the sum of two contour 


integrals, 
_ MQ) _ M(q) 
0= few ag+ f e~'¢*__—-d9, (23) 
Cc A(q) c’ A(q) 


[From Eqs. (23) through (39), we suppress the «* 
factor and use the absolute value only. ] Assuming the 
roots of A(g)=0 to lie on the positive real axis, the 
integrals will have nonzero contributions for all roots, 
{q.}, and for the branch points g=w/a2z and q=w/Bo. 
The C and C’ contours are taken in the first and fourth 
quadrants, as shown in Fig. 1. 

The integral contribution to ¢; are now, considering 


C only, 
o 6M (u) 
f gfue du 
0 A(u) 


o M(iv) 

acai ea, 
a A(iv) 

—~- pa (Residues of gn), (24) 

n=l 














where p; and 2 are the branch-point contributions along 
the barrier u=w/8. and u=w/ae, respectively. 


Similarly for C’, 
2 M(u) 
f e ius du 
0 A(u) 


® M(iv) 

deni’ oa 
-~. Air) 

— pi’ — p2'— i>. (Residues of gn). (25) 

n=l 








Since M (iv) = M( —iv) and A(iv) = A( —iv), we find, by 
adding (¢1)c to (¢1)c’, that 





r _ M(u) 
f (PP Ah- gFO4) du= pit pi't+ pot pr?’ 
0 A(u) 


ait (Residue g,,)-+ (Residue gn)’. (26) 


n=1 


The evaluation of p; can be taken for large values of 
z, so that, with g=w/82+iv, only small values of v need 
be considered. Accordingly, the values of 6, given on the 
left-hand side and right-hand side of the barrier, re- 
spectively, are 


2ow\ 3 
iuns.=(—) ePrt/4= 5,, 
Be 


20w\ * 
inns—(—) e't/4= —§). 
Be 


The value of 7, the same on both sides of the w/f2 
barrier, is given by 


a= (w?/B? —w*/ay*). (28) 
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The value of f; is then approximated by 














, if eee (ér)e-**dp, (29) 
Set —_ ol &7) €— °7av. 
0 A(61,n) A(—41,n) 


The same integral is obtained for ;’ in the fourth 
quadrant. Two useful mathematical identities can be 
employed at this point: 


Ko( —6,a) == K,(éa), 

















: 30 
K,(—6,a)= — K,(6,a) —inl,(6,a). ( ) 
Inspection of A4/A reveals it to be of the form 
Aa(6) Ait 5K,(6a)B, 
= ; (31) 
A(é) A ot 5K,(6a) Be 
so that from Eqs. (30) and (31), 
Aa(—6) Axg(6)+6ixl,(6a)B, Axg(5)+6By’ (32) 
A(—8) A(8)-+6irl,(6a)B,  A(6)+6B,’ 
By substituting Eqs. (31) and (32) into (29), 
pi~ (1—1)(w/B2)! f v! f(v) e-**do, (33) 
where : 
(By'— (A4/A) Bz’) 
f(x) = Io(r). (34) 
A+ 6,B,’ 


Equation (33) for large values of z can be evaluated 
directly by the saddle-point method,'® 
© Tr 3 


(3) 
4 f(v) e—" *dv~—— (0). 35 
f v? f(v) It 7 f(0) (35) 


The evaluation of p2 and p»’ follows the same line of 
reasoning and gives a similar result, 


p~(1—(w/as)* f vig(v) e—*dv, (36) 


where g(v) is derived in the same way as f(v), with the 
result in Eq. (34) having the value 6 replaced by the 
value ». Here the values y2 and é2, used along the 
w/a barrier, are 


2vw\ ! 
NL.H.s.= { — } €°***4= np, 
ae 


(37) 


20w\ * 
mus-(—) et /4= — no, 
a2 
we we , 
u-(—=-— ° 
a? B? 


‘®R. Courant and D. Hilbert, Methoden der Mathematischen 
Physik (Interscience Publishers, Inc., New York, 1943). 
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The normal-mode evaluation for the C contour equals 


eS ee ae 
esidues qn)= 2, —————T oar) €* 9"* 
~, tm p18 (gn)V/aq 


(38) 


= DL O(gn)To(Enr) ef on*. 
n=1 
For the C’ contour, 


> (Residues ¢n)’= 5: 61(qn)To(Ear)e-i@2, (39) 


n=1 n=l 


We obtain, from Eqs. (22), (26), (35), (36), (38), and 
(39), 


=? «ol (2) 4 (*)| 
— Z} Be ’ Qe 


429i G(gn)To(Enr) cosqnt. (40) 
n=1 


It can be seen that for large values of z the compressional 
and shear contributions to the wave motion from the 
solid are negligible compared with the water-wave 
contribution because of their $-powered decay with z. 
For large distances from the source, one would expect 
to see the normal-mode solutions only. 


V. EXTENSION TO AN ARBITRARY EXCITATION 
OF THE SOURCE 


The extension of the solution at a point far from the 
source, i.e., normal-mode solutions, follows directly 
from Pekeris* and Press and Ewing.* Their method is 
reiterated here, simply for completeness. 

The group velocity for propagation in a dispersive 
medium is defined by the formula 


dw d(aq) da 
U=—= =a+q—, 


7 dq dg dq 





(41) 


where a is the phase velocity and g is the wave number. 

For the medium selected, the elastic wave velocities 
are computed. For different values of w, the roots of the 
characteristic equation (19) are computed, i.e., the 
curve for the values of the phase velocity a versus 
frequency is obtained numerically. From this curve the 
group-velocity curve can be obtained by using Eq. (41). 

Following Pekeris, we represent the time variation 
f(2) of the initial disturbance by its Fourier transform, 


tele f e-ivt f(t)dt, (42) 


Then 


(43) 


1 on 
f=— J one 
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The potential ¢, referring to the steady-state potential 
in Eq. (39), can be written as 


eilra=¥ | glue enHq,)To(Earldw. (44) 


nel’ 
(on C’) 
If, again following Pekeris, the disturbance can be 
represented by 


g™, 6 
f= | (45) 
0, t<0, 


so that 


g(w)=1/A+%, (46) 


we find 


1 a a ei (et— anz) 


gr(r,2,.)=— S| ————®(q,)Io(Ear)dw. (47) 


WT n=l/_, iw 
(on C’) 
Rewriting Eq. (47), 


1 ™ = On(w) 
¢i(7,2,t) =— z ———dw. 
2n7 n=iJ_, =A+iw 
(on C’) 


(48) 


For 2 large, the integrand of Eq. (48) is rapidly 
oscillatory, owing to the e/) factor. Consequently, the 
principal contribution to the integral arises at the 
points (wo) where f’(w)=0; Kelvin’s method of sta- 
tionary phase’ can be used to evaluate Eq. (48), 

f(w) = wt—9gn2, 
dqn 2 
f' (w) =t—z—-=t——-=0, 
dw Ts 
m z du, 
f (w) as ’ 
U,? dw 


where U, is the group velocity of the nth mode. 
By expanding f(w) in the vicinity of wo; w=wo+y, 


flee) = flere) ——40""(we)9?——ga!"(we)8— +++. (50) 
2 6 
From Eqs. (48), (49), and (50), we obtain 


¢i(r,2,t)~— * 
2m 2=1 \+ iw 
(on C’) 


1 » OQ, 2 
Q re vt 
| 


4 
a etilr/4) (51) 
a, 


The plus sign (¢*+**) is used for f’’(wo)<0, and the 
minus sign (¢~**/*), for f’’(wo)>0, insuring the converg- 
ence of the integral. 


7 H. Jeffreys and B. S. Jeffreys, Methods of Mathematical Physics 
(Cambridge University Press, Cambridge, 1946), Chap. XVII. 


SOMERS 


For the steady-state potential, Eq. (38), using 
e“"* instead of «~***, the evaluation centers around 
—wo instead of +wo, so that with Q,(wo)=Q.(—wo), 
f' (wo) = f'"(—@o), 


1 QO n(wo) 
¢1(7,2,t)~— K 
T n=! A— 10 


2r om 
K e~twott aul - -) etitls (52) 
| f’’(wo) | 


The combined contribution of both solutions yields 
¢1(7,2,t) 

2 Qn( wo) c0sfoat—29 (vo) — tan(A/ ae) 4/4} 
oa [2x] f" (oo) | Po) } 


The +2/4 holds if f’(wo)<0 and —2/4 holds if 
f""(wo)>0. 

Per Eqs. (41) and (49), U,, dU,/dw, wo, etc., are 
evaluated from the phase-velocity and group-velocity 
curves, calculated from the characteristic equation, 
A(w)=0, Eq. (19). These quantities then permit 
evaluation of ¢;(r,z,/), as given in Eq. (53). 

Where the group velocity is a minimum, U = U nin, so 
that f’(w)~0, it is necessary to make an extended 
approximation involving the second derivative of the 
group velocity. Here, the development of Pekeris is 
followed again, yielding the result 





¢1(7,2,t) 
2 QO,(wo) [2E(s) cos{ f(wo) — tan—!(A/wo)} 
m= (Xf eoe?) AL 342i gn’ (wo) } 


where 
2v2z ( 1 1 ) 
s= a ’ 
3(|q’”’ (wo) | )} U, U stn 


t<r/Umin 
lis r/U max 
t>r/Umin 
weg 





| (54) 


(55) 
E(s)=s4{J_y(s)+J,(s)], 


E(s)=s(I_4(s)+14(s)], 


This solution, given by Eq. (54) and called the Airy 
phase by Pekeris, decays as the 2+ power, compared 
with the 2-4 powered decay for the solution for wave 
trains traveling at other group velocities [given by Eq. 


(53)]. 


VI. NOTE ON PHASE VELOCITY GREATER THAN 
WATER VELOCITY 


The above problem has been solved for phase veloc- 
ities less than water velocity, 


a<ay< Be< ae. (57) 
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Although it is noted that solutions exist for 


a<a<B2< ax, (58) 
no attempt has been made to include these in this paper. 

Since completing the writing of this paper, two recent 
references have come to the author’s attention. Biot,'® 
working with the infinitely thick-walled case, has 
removed the large wavelength approximation of Lamb® 
and has examined the wave propagation in great 
detail, including in his work plots of the phase-velocity 
and group-velocity vs frequency curves for the coupled 


18 M. A. Biot, J. Appl. Phys. 23, 997 (1952). 
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fluid-solid system. Fay,'® working with liquid-filled 
steel tubes, has similarly computed phase-velocity 
dispersion curves over a range of values of the ratio of 
the inner and outer tube radii. 
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This paper deals with the subharmonic oscillations which occur in systems with nonlinear restoring force. 
It is first shown that the order of the subharmonics has a close connection to the form of the nonlinear 
characteristics. The subharmonic oscillation of order 4, i.e., the oscillation whose fundamental frequency is 
one-third that of the applied force, is then particularly investigated for the cases in which the nonlinear 
characteristics are expressed by (1) cubic and (2) quintic functions. In both cases the stability problem of 
the periodic solution is discussed in detail according to the stability criterion given previously by the author. 
The analysis reveals that in the latter case (2) the second higher-harmonic of the subharmonic, i.e., the 
oscillation of order } builds up with negative damping. This is verified by experiments in which the oscillation 
of order $ causes the collapse of the original subharmonic oscillation. 


1. INTRODUCTION 


UBHARMONIC oscillations, whose frequency is a 

fraction 1/v (v=2, 3, 4, ---) of that of the applied 
force may frequently occur in nonlinear systems. We 
consider the differential equation 


d*v dv 
— 26—+ f(v) = B-cosvr, 


T dr 


(1.1) 


in which 26 is a constant damping coefficient and f(v) is 
a term characterizing the nonlinear restoring force. It 
will be noticed that, since the period of the applied 
force is 2x/v, the subharmonic oscillation of order 1/» 
has a period 2 and may be expressed by a linear com- 
bination of sinz and cosr. 

In the following sections, we shall first consider the 
relationship between the nonlinear characteristics ex- 
pressed by the term f(v) and the order 1/v of the sub- 
harmonic oscillations. Then, the subharmonic oscilla- 
tion of order 3 is particularly investigated with special 
attention directed to the stability of the periodic oscilla- 

* Submitted to the Faculty of Engineering of Kyoto University 


in partial fulfillment of the requirements for the degree of Doctor 
of Science, September, 1952. 


tion. (The discussion, throughout the present paper, is 
confined to the steady state of oscillations. A brief dis- 
cussion on the transient state has previously been given 
by the author.') 


2. RELATIONSHIP BETWEEN THE NONLINEAR 
CHARACTERISTICS AND THE ORDER OF 
SUBHARMONIC OSCILLATIONS 


In order to investigate this we shall consider the 
following polynomial for the restoring force f(v), i.e., 


fv) =cyw +e"? +3 +---, (2.1) 


where ¢1, C2, C3, -** are constants determined by the 
nonlinear characteristics and subjected, without loss of 
generality, to the condition 


Citcetes+---=1.F (2.2) 


In so far as we deal with the steady state of oscilla- 
tions, the periodic solution of Eq. (1.1) may be approxi- 
mated by 


v=9+x sint+y cost+w cosrT, 
1C. Hayashi, J. Appl. Phys. 24, 198 (1953). 


t We can choose » such that f(o)=1 when »=1, and hence 


Eq. (2.2)Jresults. 


(2.3) 
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‘ in which the constant term vo, the subharmonic oscilla- 
tion xsinr+ycosr, and the oscillation having the 
applied frequency wcosyr are only considered on 
account of their prime importance.{ Following Mandel- 
stam and Papalexi,? the amplitude w may further be 
approximated by 


(2.4) 


This approximation is legitimate in the case when the 
nonlinearity is small. But, as will be shown later, the 
relation (2.4) is a fairly good approximation even when 
the departure from linearity is large. 

Substituting Eq. (2.3) into Eq. (1.1), and equating to 
zero the coefficients of sinr and cosr separately, we have 
the following cases according to the forms of the non- 
linear characteristics (2.1). 


Case 1. When the nonlinearity is given by f(v)=c.w 
+30’. 

Under circumstances when the nonlinearity is 
symmetrical, i.e., f(v) is odd in v, the constant term 2 in 
Eq. (2.3) is usually discarded, and, for v= 2, 4, 5, ---, 
the above-mentioned substitution leads to 


[1-2 (a*+-»") — uw" + ky=0, 
[1-3 (x*+-*)—3u*]y—ke=0, 


where k= 25/c3. Multiplying the first equation by y, the 
second by x, and subtracting the second product from 
the first, we obtain 


(2.5) 


k(x?+y*)=0. 


This means that the amplitude of the subharmonic 
oscillation is zero as long as the damping is present 
(i.e., k=O). Hence the subharmonic oscillations of 
orders 3, }, 3, --- cannot occur in this case. However, 
as will be investigated in the following section, real roots 
of x and y which are not simultaneously zero may be 
obtained in the case when v=3, and some of them are 
maintained in stable states.§ Hence, the conclusion that 
the subharmonic oscillation of order } may occur in the 


case when the nonlinear term ¢;v* is contained in Eq. 
(2.1). 


Case 2. When the nonlinearity is given by f(v)=c,v 
+20" +¢30'. 

. The nonlinearity is unsymmetrical and the constant 
term v in Eq. (2.3) must be considered. The sub- 
harmonic oscillation of order 4 occurs predominantly 
in this case. It takes a considerable length to analyze the 


t It is tacitly assumed that the damping coefficient 28 is not 
so large that the term containing sinvr may be discarded in Eq. 
(2.3). This approximation is usually applied without serious error; 
see for instance, Z. Physik 73, 229 (1932). 

?L. Mandelstam and N. Papalexi, Z. Physik 73, 227 (1932). 

§ These real roots represent the states of equilibrium which do 
not — exist actually, but are only able to last as long as they 
are stable. 
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subharmonic oscillation of order $, so that the detailed 
discussion will be deferred to another paper. |! 


Case 3. When the nonlinearity is given by f(v)=cw 
+¢sv5. 

Although the nonlinear term c;v* is absent in this case, 
the subharmonic oscillation of order } is maintained. 
The investigation will be given in Sec. 4. The subhar- 
monic oscillation of order } is also maintained in this 
case. 

From the foregoing considerations, it may be deduced 
in general that the presence of the term c,v” in Eq. (2.1) 
is the sufficient condition for the occurrence of the sub- 
harmonic oscillation of order 1/v. However, this is not the 
necessary condition as we see in Case 3. It may also be 
concluded that the subharmonic oscillation of order 1/» 
does not occur when the highest degree of the power of 
the nonlinear terms in Eq. (2.1) is less than ». 


3. SUBHARMONIC OSCILLATION OF ORDER 1/3 WITH 
THE NONLINEAR CHARACTERISTIC u=c,v+c;v°{ 
We shall hereafter investigate the subharmonic oscil- 

lation of order 4 in detail. 


(1) Nondissipative Case 


Putting 
v=3, k=0, 


Co=C4=—C5= eee =(, 


in Eqs. (1.1) and (2.1), and remembering the condition 
(2.2), we have the following equation for the subhar- 
monic oscillation of order 3, i.e., 

d*v 


—+v=c;(v—v*)+ B cos3r. (3.1) 
dr 


By the use of Eq. (2.4), the periodic solution will be 
given by 
v=x sinr+y cost+w cos3r, 


1 1 
w= ~-B. 

. 1-3 8 
Substituting Eq. (3.2) into Eq. (3.1), and equating to 
zero the coefficients of sinr and cosr separately, we have 


with 
(3.2) 


3w 
x(1—$(?+y*)—ju?]= aw 2xy, 
(3.3) 





3 
1-29) te] = —— (a9). 


4 


'! It is only mentioned here that, by a closer investigation in 
which the term 7 is taken into account, the subharmonic oscilla- 
tion of order 4 may narrowly take place even in the case when 
¢2=0 in Eq. (2.1). This result is also verified by experiments, 
though the range of occurrence is considerably restricted. There- 
fore, strictly speaking, the conclusion in Case 1 should be modified 
in this respect. 

{| As will be mentioned in Sec. 5, this characteristic represents 
physically the relationship between the magnetic flux v and the 
magnetizing current f(v) of an iron-cored reactor, and so the 
constants ¢; and ¢; have values between zero and unity. 


This 
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Multiplying the first equation by y, the-second by x, 
and subtracting the products so formed, we obtain 


x=0 or x=+V3y. 


For each value of x we have two pairs of roots, hence 
we obtain six pairs of equilibrium states in all. But we 
are satisfied with the investigation of the equilibrium 
states only for which x«=0, because, as will be shown 
later, the other states have the same amplitude, but 
differ in phase by 27/3 or 42/3 radians in 1, viz., one or 
two complete cycles ‘of the applied force. This is a 
plausible result since we are concerned with the sub- 
harmonic oscillation of order 4. 

For x=0, assuming that y+0 in the second equation 
of (3.3), we obtain 


y + yw +2w?—4/3=0. (3.4) 


This equation shows the relationship between the 
amplitude w (which is here assumed to be proportional 
to the applied force B)‘and the amplitude y of the sub- 
harmonic oscillation and is plotted as a part of an 
ellipse in Fig. 1. 

We are now to determine the stability of the equili- 
brium states given by Eq. (3.4). The condition for the 
stability of the periodic solution is obtained by examin- 
ing whether any variation from this state caused by a 
sufficiently small perturbation attenuates or not with 
the lapse of time. If this variation is denoted by &, then 
writing v(r)+& for (7) in Eq. (3.1), we obtain the 
variational equation 


at 
—+ (cr +330") E=0. 
dr 


Remembering that x=0 in Eq. (3.2), the equilibrium 
state is represented by 


v= y cost+w cos3r. 


Substituting this into the above variational equation, 
we obtain the following equation of Hill’s type, namely, 


at 
re [@o+ 20, cos27+ 202 cos4r-+ 263 cos6r |é= o,| 
2 


with 


Oo= Cr+ 3¢3(y’+w"), 
= i¢3(y?-+ 2yw), 


— 
6.= 203yU, 





63= 2c3w”. J 


Since w and y are determined by Eqs. (3.2) and (3.4), 
respectively, the parameters 6’s in Eqs.(3.5)may readily 
be calculated. 


According to the previous investigation,* the stability 


°C, Hayashi, J. Appl. Phys. 24, 344 (1953). 
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Fic. 1. Amplitude characteristic of the 4-harmonic oscillation 
(nonlinearity by cubic function). 


condition of the first approximation is given by 


(09>—n?+86,,) (Qo.—n?—80,,) >0, 
or (3.6) 
On| <|@o—m?|, (m=1, 2,3,---). 


The condition for m= 1 determines the stability against 
building up of the unstable oscillation having the same 
frequency as that of the subharmonic. By the use of 
Eqs. (3.4) and (3.5) this condition leads to 


2y> —w. (3.7) 


Hence, the equilibrium states represented by the dotted- 
linecurve in Fig. 1 are unstable and do not exist actually. 
Figure 2 shows the loci of 6,(m= 1, 2, 3) which are drawn 
by varying the value of w (or B) for the limiting case of 
¢:=0 and c;=1. As expected from the stability condi- 
tion for n= 1, 4; enters into the first unstable region in 
the dotted-line interval ab. At the critical points a and 5, 
2y= — wv, 
and these points correspond respectively to A and B in 
Fig. 1. 

It is clear from Fig. 2 that neither 62 nor @; enters into 
its corresponding unstable region. Thus we see that, 
since the conditions (3.6) for n= 2 and n=3 are satisfied, 
only the condition (3.7) is sufficient to determine the 
stability in the present case.** Hence, in the end, we 

** If @n(m=2) enters into the mth unstable region, the 
stability conditions in Eq. (3.6) are not satisfied for n= m, and the 
unstable oscillation of order m/3 will take place. If this oscillation 
grows to be | sane sere > the original subharmonic oscillation of 


order 1/3 will no longer be maintained. An example for such a case 
(m= 2) will be given later in Sec. 4. 





CHIHIRO 














Fic. 2. Loci of 6’s in Eqs. (3.5) with varying w. 


may conclude that the part of the curve (in Fig. 1) 
which lies between A and B represents the stable oscilla- 
tions. 


(2) Dissipative Case 


When the damping is considered in nonlinear systems, 
the fundamental equation takes the form 


dv dv 
— 26—+-c,0+ ¢3v° = B cos3r, 


r 


(3.8) 


and the periodic solution is expressed byTtT 
v=x sinr+y cost+w cos3r, 
B (3.9) 


w= ——. 


8 


with 


Substituting Eq. (3.9) into Eq. (3.8), and equating to 
zero the coefficients of sinr and cosr separately, we have 


3w 
Ax+ky= ——- 2xy, 
4 


. ot 2 
Ay—kx= ——(x*—-’), 
4 (3.10) 


A=1-2(e+ 94) Ju, 





) 


Squaring and adding the first two equations, we obtain 


(3.11) 


3w\? 
A’+R= (=) r, rP=ae+y?, 


or, by putting r?= R and w?=W, 


27 


9 3 9 
—R*+ —W—-)R+ (<we—sw+ #+1) =0. (3.12) 
14 -\16 2 4 


tf See same reference concerning the periodic solution of Eq. 
(2.3) in Sec. 2. 
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Hence the relationship between W and R, and conse- 
quently the amplitude r of the subharmonic oscillation 
is determined and depicted in Fig. 3a and 3b for various 
values of k. 

The components x, y of the amplitude r may readily 
be obtained as follows. By Eqs. (3.10) and (3.11), we . 
have 


Hence the components x, y are given by 
x=—rcos#, —rcos(6+ 120°), —rcos(@+240°),) 


y=-—r sind, —r sin(@+ 120°), —r sin(@+ 240°), 


with » (3.13) 
4k 

cos3@= ——-. 
3wr 





/ 


The stability problem may be treated in the same 
manner as in the preceding case. The equation which 
characterizes the small variation from the periodic 
states of equilibrium is 


at dé 
<mnanelp -_* (crt 3cav*)E=0. 
T 


dr’ 


By the well-known transformation = e~**-n, this leads 
to 
dn 
- + iG _ e+ 3¢3v? y= 0. 
dr? 
Substituting the periodic solution (3.9), we obtain 
#y | 
as" [@o+ 20; cos(27— €:)+ 202 cos(4r— 2) 


) 


+ 26; cos(67— €3) n=O, 

where 
A= 1 — + $¢3(?+ y+ wv"), 
9 . (3.14) 
6,°=O0n°+0n2, €n=arctan—, (n=1, 2, 3), 


ne 


1,= $cyx(y—w), Ai.= $c3(—2*+ y+ 2yw); 
O2,=$c3xw, 02-=$czyw, 


O35 = 0, 63.= 2 cw. 





The stability condition in dissipative systems is given 
by 


(09—n?)?+-2(O0+-n?)P+5>0,7, (n=1,2,3,---). (3.15) 
The condition for »=1 is obtained by substituting 
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and 6, of Eqs. (3.14) into Eq. (3.15), and further by 
virtue of Eqs. (3.10) and (3.12), we ultimately find 


3 + 


R+-wW-—->0. (3.16) 
2 3 


Hence the equilibrium states represented by the dotted- 
line curves in Fig. 3 are unstable and do not actually 
exist. Figure 4 shows the loci of 0,(m=1,2,3) which are 
drawn by varying the value of w (or B) for the case of 
c,=0, c3=1, and 6=0.1. As illustrated in the figure, the 
boundary curve of the first unstable region is given by a 
hyperbola,{f and @, enters into this region in the dotted- 
line interval ab. At the critical points a and 6, we have 


3. 4 
R+-W--=0, 
, 8 


and these points correspond, respectively, to A and B 
in Fig. 3. It is also obvious from Fig. 4 that neither 6, 
nor 6; enters into its corresponding unstable region. 
Hence, in the end, the condition (3.16) for n=1 is 
sufficient to determine the stability of equilibrium states 
in the case when the nonlinearity is characterized by a 
cubic function. 


The following are some remarks on the approximation 
in the foregoing analysis. 

As shown in Fig. 1 or 3, the stable range of equilibrium 
states is interposed between the critical points A and B 
at which w has its limiting values. Since w is propor- 
tional to B by Eqs. (3.2) or (3.9), these stability limits 
are obtained when the applied force also has its limiting 
values. This is a plausible result from the physical point 
of view. | 

However, as mentioned before, the approximation 
in Eq. (2.4) is legitimate as long as the nonlinearity is 









































Fic. 3. a. Relationship between W and R in Eq. (3.12). 
b. Amplitude characteristic of the 4-harmonic oscillation. 


_ tf In the case of 5=0, this hyperbola is reduced to the straight 
lines (drawn by chain lines in Fig. 4) which intersect the abscissa 
at the point (1,0) [see Fig. 2]. 
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Fic. 4. Loci of 6’s in Eqs. (3.14) with varying w. 


small, viz., csc; in the foregoing analysis. Thus, it 
might seem improper to apply this assumption in the 
case when c,;=0, cs=1 in Figs. 2 or 4. But it will be 
explained below that the relation of Eq. (2.4) may be 
applied with a fairly good approximation even when 
the nonlinearity is predominant, and also that the 
stability limits mentioned above are given by the con- 
dition that the applied force B has its limiting values. 
For the sake of simplicity, we consider the nondissi- 
pative case. Putting c:=0, cs=1 in Eq. (3.1), we have 


d*y 
—-+v=B cos3r. 
dr 
Substituting the periodic solution 

v= cost+w cos3r, 


and equating to zero the coefficients of cost and cos3r 
separately, we obtain 


7 
y+ywt+ allt e 0, 


(3.17) 





wee 
+—y'w+-w—9w= B. 
eyes 


4 


Figure 5 is obtained by plotting Eqs. (3.17). Thus we see 
that the approximation w=—B/8 may be applied 
without serious error. It is also noticed that, since B is 
no longer proportional to w, the limiting values of B and 
w do not take place simultaneously. 

We shall next show that the stability limits are given 
by the limiting values of B or, in other words, that the 
parameters 6’s in Hill’s equation (3.5) take the character- 
istic values when B=0 or maximum.§§ For these limiting 
values of B, the values of y and w are calculated by 
Egs. (3.17), and the parameters 6’s are found from Eqs. 
(3.5). They are shown in Table I. 

§ § In the case when the nondissipative system is considered, 


the characteristic exponent in the solution of Hill’s equation be- 
comes zero at the stability limits. 
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Fic. 5. Relationship between y, w, and B in Eqs. (3.17). 





The boundaries of the first unstable region are given 
by Eqs. (3.6), namely, 
Oo= 1+4,. (3.18) 
Substituting the values of 6, of Table I, we obtain 
6o>= 2.0392 for B=0, 


6>= 1.3078 for 















B=max. 





These values differ from those given in Table I by 6.8 
percent and 5.1 percent, respectively. This is due to the 
deficiency of approximation in Eq. (3.18). Hence, for 
the accurate values of y, w calculated by Eqs. (3.17), we 
have to apply the closer approximation given, for 
example, by the development* 


1 1 1 1 1 
69= 1+0,—-0°—-0° — 0744 0.+—0; 
8 6 16 4 12 


















1 1 5 1 
-—O3+—60.+— 010 +205 
64 48 192 48 


1 1 13 
+— 02°F 003? — —0 063+ i. (3.19) 
144 2304 288 













Now, substituting the values of 0,~@; of Table I into 
Eq. (3.19), we obtain 


6=1.9038 for B=0, 
6=1.2352 for B=max, 


4 E. L. Ince, Monthly Notices Roy. Astron. Soc. 75, 436 (1915). 
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which differ from the values given in Table I by 0.28 
percent and 0.73 percent respectively. Thus the dis- 
crepancies are considerably reduced, and we may con- 
clude that the stability limits are given by the condition 
that the applied force B has its limiting values. || || 


4. SUBHARMONIC OSCILLATION OF ORDER 1/3 WITH 
THE NONLINEAR CHARACTERISTIC u=c,v+c,v° 


For the brevity of calculation, we consider the non- 
dissipative case only. Putting 





p= 3, 


5=0, 





1=Ce= e's =(, 
in Eqs. (1.1) and (2.1), and remembering the condition 
(2.2), we have 


d*v 
<a t t= cs(0— 08) + B cose. (4.1) 
2 


Substituting the periodic solution 


v=ycost+w cos3r, w=—B/8, 
into Eq. (4.1), and equating to zero the coefficient of 
cost, we obtain 


) 8 
y+ -ywt by'w?+ 3yw?+ 3u4—- 
. - 


re] 


=0. (4.2) 


The relationship between y and w is illustrated in Fig 6. 
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Fic. 6. Amplitude characteristic of the }-harmonic oscillation 
(nonlinearity by quintic function). 


i!!! A more complete discussion on the stability limits will be 
reported later. 
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Y= 


SUBHARMONIC OSCILLATIONS IN NONLINEAR SYSTEMS 


Negative part of y is omitted in the figure, because, as 
will be shown later, the equilibrium states in this part 
are unstable. 

The stability problem may be treated in the same 
manner as in the preceding section, and the variational 
equation leads to 


dt 6 
—+ [Ao+2 > 0, cos2s7 JE=0, 


dr s=1 


5 
Oo= Cr+ ¢5(3y'+4y?w+ 12\"w*+ 3u%), 
8 


5 


0,=—c5(y'+-3y'w+3y*w?+ 3yw), 
4 


5 


So 
93=—¢s(ywt3yur+w), 
4 


5 
.= ee 2yw*), 


5 
6,;=—csyu", 
4 


- 


) 
6.= —csu'. 


16 








4 


The stability condition for n=1 is obtained by sub- 
stituting 0) and @; into Eq. (3.6). Further by virtue of 
Eq. (4.2), we ultimately find 
15 3 
y+—ywt+ 3yu*+—w'>0, for w<0. (4.4) 
8 4 


Referring to Fig. 6, the equilibrium states in the interval 
between A and B satisfy the condition (4.4). The 
stability limits A and B are given by the conditions 
w=0 and w=max, respectively. 

Figure 7 shows the loci of @,(m=1,2,3) which are 
drawn by varying the value of w (or B) for the limiting 
case of c,=0 and cs=1. As expected from the stability 
condition for n=1, 6, enters into the first unstable 
region in the dotted-line interval ab. We see moreover 
that @, enters into the second unstable region in the 
dotted-line interval cd. Hence the stability condition 


TABLE I. Values of y, w, and the 6’s for B=0 and B= max. 








B y w 60 A 02 63 


1.127 0.0510 
0.284 —0.8655 





1.9092 
1.2443 


1.0392 
—0.3078 


0.0862 
—0.3681 


0.0019 


0 
Max =7.205 0.5619 
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Fic. 7. Loci of 6’s in Eqs. (4.3) with varying w. 


for n=2 is no more satisfied in the interval cd, and the 
oscillation of order 3 is excited, thus disturbing the 
continuation of the original subharmonic oscillation. 

As mentioned above, the curves in Fig. 7 are drawn 
for the case of c,=0 and cs=1. With increasing c, (or 
decreasing cs), however, these curves move towards the 
point (1,0), as we see from the expressions for the @’s in 
Eqs. (4.3). Hence, as the departure from linearity is 
reduced, the interval cd in the second unstable region 
contracts and finally disappears. We also see that in no 
case the parameters 6;~0, enter into their corresponding 
unstable regions. Hence, in the end, it may be concluded 
that the stability conditions for n=2 as well as for 
n=1 must be considered in the case when the non- 
linearity is characterized by a quintic function. The 
points A, B, C, D in Fig. 6 correspond, respectively, to 
the critical points a, 5, c, d in Fig. 7, so that the sub- 
harmonic oscillation of order 3 is maintained in the 
stable state only in the intervals AC and BD. 

We shall now discuss the approximation in the fore- 
going analysis just as we did at the end of the preced- 
ing section. Let the differential equation be given by 


dv 
—+v5=B cos3r. 


9 


dr’ 
Substituting the periodic solution 
v= cost+w cos3r, 


and equating to zero the coefficients of cost and cos3r 
separately, we obtain 


5 8 
Abt fatty Sut ——=0, 


5 15 15) 15S 
Ste iet rut t+ wh Sw = B, 





Figure 8 is obtained by plotting Eqs. (4.5). Thus we see 


that the approximation w= — B/8 may also be applied 
without serious error. 
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Fic. 8. Relationship between y, w, and B in Eqs. (4.5). 





For B=0 and B=max, the values of y, w and the 
parameters 09~@; in Eqs. (4.3) are calculated and shown 
in Table II. 

Substituting the values of @, into Eq. (3.18), we have 


Oo= 3.0327 for B= 0, 

6>=1.3385 for B=max. 
These values differ from those given in Table II by 9.1 
percent and 5.8 percent, respectively. Applying again 


the closer approximation (3.19) instead of Eq. (3.18), 
we obtain 


69>= 2.7234 for 
6o>=1.2415 for 


B=0, 
B=max. 


The discrepancies are reduced down to 1.9 percent and 
2.0 percent, respectively, and we may conclude that the 
stability limits of the first unstable region are given 
by the condition that the applied force B has its limiting 
values. 

We have so far discussed the stability limits of the 
first unstable region. A similar investigation may be 
carried out for the second unstable region. But in this 
case the stability limits have no particular relation to 
the applied force, and besides, as we shall see in a later 


TABLE II. Values of y, w, and the 6’s for B=0 and B=max. 








B y w 60 Ay 62 Os 


1.0759 0.0716 2.7795 2.0327 0.7655 0.1337 
0.1542 -—0.8818 1.2651 -—0.3385 -—0.3736 0.8210 





0 
Max =7.546 








experiment, a small parasitic oscillation of order 3 can 
exist along with the original subharmonic oscillation in 
the neighborhood of the stability limits, so that the 
points c, d in Fig. 7, however accurately they might be 
determined, would not represent the exact critical 
points at which the original subharmonic oscillation 
ceases. Therefore, a further investigation into the sta- 
bility limits of the second unstable region is not im- 
portant and is omitted here. 


5. EXPERIMENTAL CONSIDERATION 


In the present section we shall compare the theoret- 
ical results (in the preceding sections) with experiments 
conducted for an electrical oscillatory circuit contain- 
ing a saturable iron-core inductance and a capacitance. 
As shown previously by the author,' the circuit equa- 
tion has the form of (1.1) when an alternating voltage 
(60 cps in our case) is applied to the circuit. When an 
appropriate initial condition is prescribed, the sub- 
harmonic oscillation of order 3, i.e., of 20 cps, may easily 
be started in the circuit. 
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Fic. 9. Regions in which the }-harmonic oscillation is sustained. 
. a curve by Eq. (5.1). b. Magnetization curve by 
q. (5.2). 


Now, making use of a transformer-core inductance 
as the nonlinear element, we first determine the region 
in which the subharmonic oscillation of order 4 is 
sustained. In Fig. 9a this region is depicted by hatched 
lines. The appearance of the blank part inside the 
sustaining region is an arresting feature and was pre- 
viously reported by the present author® and others.‘ 
But no theoretical consideration was given at that time. 

From the preceding analysis, however, it will be 
deduced that the blank part mentioned above corres- 
ponds to the unstable regions of order n=2, because the 
nonlinear characteristic, i.e., the saturation curve, of 
the ordinary transformer core is expressed by 


f(v) = c+ 30°? +-c505+-c70"+---, (5.1) 
where v represents the magnetic flux and f(v) the mag- 
netizing current, and the coefficients ¢s, cz, - - -, usually 

5 C, Hayashi, Mitsubishi Denki 18, 128 (1942) [in Japanese]. 


* For instance, J. D. McCrumm, Trans. Am. Inst. Elec. Engrs. 
60, 533 (1941). 
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Fic. 10. Combined characteristic approximated to a cubic 
curve; (1) without air gap, (2) with air gap, (3) combined charac- 
teristic of (1) and (2). 


predominate over Ci, c;. If we use a core whose charact- 
eristic is expressed by 


f (v) = co +c 0%, (5.2) 


the blank part inside the sustaining region will be 
eliminated. Such a core is not available in practice, but 
we can obtain the characteristic of (5.2) by connecting 
a number of inductance coils in series and adjusting 
the length of the air gap which is interposed in each 
core. Figure 10 shows an example in which two cores 
are used, one with air gap and the other without. The 
resultant characteristic shows a fairly good approxi- 
mation to Eq. (5.2). By making use of this composite 
inductance, the sustaining region of the subharmonic 
oscillation of order } is determined and plotted in Fig. 
9b. We see that the unstable oscillations corresponding 
to the unstable regions of order n=2 are completely 
excluded, and so the experimental verification is quite 
satisfactory. 

We further measure the harmonic content in these 
oscillations with a heterodyne harmonic analyzer. 
Figure 11a, b shows the result for the cases in which the 
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Fic. 11. Harmonic analysis of oscillations. a. Magnetization 
curve by Eq. (5.1). b. Magnetization curve by Eq. (5.2). 


nonlinearities are given by Eqs. (5.1) and (5.2), res- 
pectively. In Fig. 11a, we observe the higher harmonics 
of orders 2/3, 5/3, 7/3, ---, among which the oscillation 
of order 2/3 is significant, because it is this oscillation 
(related to the second unstable region) that grows up 
rapidly and interrupts the original subharmonic os- 
cillation [see Figs. 7 and 9a ]. Whereas, in Fig. 11b, no 
such obstructive oscillation is observed, and the sub- 
harmonic oscillation of order $ is sustained in the whole 
region [see Figs. 2 and 9b]. 

Finally it is added that the subharmonic oscillation 
of order $ can occur when the nonlinearity is given by 
Eq. (5.1), but this oscillation is by no means observed 
when the nonlinearity is given by Eq. (5.2). These 
results also agree with the investigation in Sec. 2. 
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Null Characteristics of the Rotating Adcock Antenna System 


James G. HoLBRook 
Electrical Engineering Department, Northrop Aircraft, Inc., Hawthorne, California 
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It has been the usual practice when designing a rotating Adcock antenna system to allow a spacing of one- 
half wavelength between opposite dipoles at the highest intended frequency of operation. A mathematical 
analysis of this antenna system is presented, and it is shown that an optimum spacing for the most clearly 
defined nonmultiple nulls approaches a full wavelength. Useful design formulas are developed and typical 


response curves are presented graphically. 


I. INTRODUCTION 


ODERN radio direction finding stations use an- 
tenna systems which range from simple loops to 
the large fixed Adcock arrays with either mechanical! or 
electronic? goniometers. The small loop becomes useless 
for very long range bearings, since the incoming signal 
consists entirely of sky-wave components which have 
completely random polarizations; while on the other 
hand, the elaborate fixed Adcock systems, although 
responsive only to the vertically polarized components 
of the incoming signal, suffer from effective changes in 
antenna mast spacing when the incoming signal arrives 
at a large angle of vertical incidence. 

For these reasons many users have retained the ro- 
tating Adcock* as the primary standard of direction 
finding. Its only serious operational disadvantage is the 
relatively long time that is necessary to properly evalu- 
ate the null point, and since the rotating array is the 
only type which is free from both polarization and 
vertical incidence errors, it seems destined to at least 
supplement the larger direction finding systems for 
years to come. The primary purpose of this paper is to 
discuss the null characteristics and optimum spacing of 
the dipoles. 
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Fic. 1. Geometry of the rotating Adcock system. 


1R. Keen, Wireless Direction Finding (lliffe and Sons, Ltd., 
London, 1938). 

2 Paul G. Hansel, Electronics 21, 86 (1948). 

?Donald S. Bond, Radio Direction Finders (McGraw-Hill 
Book Company, Inc., New York, 1944). 
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Il. SYMBOLS 


Eo= Reference voltage measured at origin in Fig. 1. 
Ey =Complex voltage measured at north antenna 


(Fig. 1). 
Es=Complex voltage measured at south antenna 
(Fig. 1). 
En—s=Voltage fed from the Adcock system into re- 
ceiver. 


6=Azimuth angle between V—S antennas and 
coming signal (Fig. 1). 

k= Antenna spacing to wavelength ratio, physical. 

k’= Antenna spacing to wavelength ratio, effective. 

v=Angle of vertical incidence of incoming wave, 
measured from horizontal. 

a= Null width, defined in text. 


Ill. THE GENERAL EQUATION 


Consider a set of vertical dipoles located in the north- 
south plane as shown in the plan view of Fig. 1. The 
antennas are mounted normally upon a beam which is 
free to rotate about a center O. With respect to the 
origin O, the voltage at the north antenna may be 
written 


En=Eoe'™ cosé 
and at the south antenna 
Es=Eoe—*** cos6 


The combined output voltage is the difference, rather 
than the sum, because of the conventional Adcock 
transposition in the connecting transmission line, and 
the actual output from antenna to receiver is 


Eny_s= Eo(e?™* cosé@__ € —jrk cost) 
or, factoring out a 2), 
En_s=2jEo sin (ark cos@). (1) 


This may be normalized by letting 27Eo=1, whereupon 
the general equation becomes 


Ey—s=sin(rk cos@). (1a) 


A plot showing the general trend of this equation for 
two values of k is shown in Fig. 2. 

It will be noted immediately that for small values of 
k, the maximum output will occur when 6=0. At this 
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point 

En_s=sin(rk). (2) 
For large values of k, the maximum output will no 
longer occur at @=0, but at 


N 
0=cos-| | where N=1,3,5,7---<2k. (3) 


For purposes of comparison all maximum values may be 
plotted as relative values of 1.0, as in Fig. 2. From Eq. 
(1a) nulls will occur when 


ak cosd= Mr 
or when 


M 
0=cos-|—| where M=0,1,2,3---. (4) 


IV. MULTIPLE NULLS 


Multiple nulls are defined here as more than two nulls 
occurring in the 360 degrees of azimuth. Before making 
numerical comparisons we shall proceed as follows: 
Taking the derivative of Eq. (1a), 


dEwy_s 
—= —k cos(rk cos@) sind, (S) 
dé 





and setting equal to zero, 
ak cos(xk cos) sind=0. (6) 


It is seen that the slope is always O for @=0 and, in 
addition, will also be O when 


6=cos"[N/2k] N=1,3,5,7---<2k. (3a) 


Equation (3a) will have real solutions only when V/2k 
lies between 0 and 1, for N=1 (the normal mode of 
operation), k must be greater than 3 for Eq. (3a) to have 
real solutions. It is to be noted, however, that real 
solutions for Eq. (3a) does not necessarily mean that 
multiple nulls will occur. These will not occur unless 
there are also solutions to Eq. (4) when M=1, or, 
multiple nulls cannot occur unless k2 1. 


V. WIDTH OF NULLS 


Any definition of null width is necessarily arbitrary. 
In this paper we shall define the width of nulls (a) as the 
angle between two points which are equally spaced 
about the null point, and where the amplitude is down 
to 50 percent of the peak value. It is seen from Eq. (1a) 
that for very small values of & the sine of the angle 
becomes equal to the angle, and the response curve is 
then merely a cosine wave. By the above definition then, 
the null width a becomes 60 degrees. This represents the 
poorest possible null. Larger values of k may be evalu- 
ated from Eq. (1a) by letting 


sin (3k cos@) = sin (2/6) 
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Fic. 2. Variations of null quality with changes in k. 


or 
6=cos!(1/6k) (7) 
so that 
a=2—2 cos“!(1/6k), (8) 


or the null width is given as a function only of &. It is 
seen from Eqs. (2) and (4) that k must be less than one 
in order to avoid multiple nulls; however, the value of 
k=0.9 is entirely satisfactory, and by using Eq. (8) it is 
found that a=21 degrees. This null is therefore about 
three times as sharp or well defined, as the null obtained 
from Eq. (1a) when & is very small. In addition, the 
larger value of k provides increased sensitivity at other 
than null points. 

At the actual null point (90° in Fig. 2) it is found 
that Eq. (5) reduces to 


dEn-_s 





= —k, (9) 
dé O== 4/2 


By means of this expression the nulls may be compared 
for quality on the basis of steepness of slope rather than 
null width, it being understood that nulls having the 
steepest slopes are the most clearly defined. Taking as a 
limit k= 1 gives a slope of 3.14+, which is the maximum 
slope without encountering multiple nulls. If there is 
sufficient time to evaluate and resolve multiple nulls, 
the true nulls may be made extremely sharp by choosing 
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Fic. 3. Nonuniform spacing of multiple nulls. 
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a value of & greater than 1. That such a process is 
possible is clear from an inspection of Fig. 3, where it is 
seen that the true null at 90 degrees is easily isolated as 
a result of the spacing symmetry. This figure is shown 
merely as an extreme case and is not recommended for 
actual use. 

VI. CONCLUSIONS 


A possible objection to the validity of letting k 
approach unity may arise because of the secondary nulls 
which would then arise at 0 and 180 degrees. In actual 
operation, however, this would require that the signal 
arrive parallel to the earth’s surface. Most signals 


arrive from some vertical angle and usually the second- 
ary nulls will be automatically destroyed by the reduc- 
tion in effective k, k’ given as 


k’=k cosy, (10) 


where y is the vertical angle of arrival of the wave as 
measured from horizontal. 

From the foregoing discussion it is shown that a 
manually rotated Adcock system will produce most 
clearly defined nulls when & is large for the highest 
frequency of operation. The optimum value appears to 
be only slightly less than one. 
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A Method for the Quantitative Determination of Preferred Orientation 


L. K. Jetrer AND B. S. Borie, Jr. 
Metallurgy Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received October 2, 1952) 


A new method for the study of preferred orientation in polycrystalline materials with a Geiger counter 
x-ray spectrometer is described. The unique feature of the method is that a spherical diffraction specimen 
is employed. Sufficient data for the construction of a complete pole figure may be obtained, and the observed 
intensities may be plotted directly on a stereographic net without geometry or absorption corrections. The 
method may be used satisfactorily with the heavy metals since x-rays are not transmitted through the 
specimen. A technique for accurately machining and electroetching spherical specimens is given, and the 
special goniometer used with the spectrometer is described. Sample data are given and their interpretation 
discussed. The method is compared with other recently developed techniques for the study of preferred 


orientation. 


INTRODUCTION 


HE quantitative study of preferred orientation 

has been made practical by the recent develop- 

ment of several Geiger counter x-ray spectrometer 
techniques. Among the new methods are those of Decker, 
Asp, and Harker ;! Norton ;? Field and Merchant ;* and 
Schulz.4 Each employs a special specimen holder 
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Fic. 1. Diagram showing diffraction geometry for this method 
and relationship of specimen orientation to position of diffracting 
plane normal on Wulff net. 


! Decker, Asp, and Harker, J. Appl. Phys. 19, 388-392 (1948). 

2 J. T. Norton, J. Appl. Phys. 19, 1176-1178 (1948). 

s — Field and M. E. Merchant, J. Appl. Phys. 20, 741-745 
(1949). 

‘L. G. Schulz, J. Appl. Phys. 20, 1030-1033 (1949). 





mounted on a conventional focusing spectrometer. 
The specimen orientation is varied while the Geiger 
counter, held stationary at the appropriate Bragg 
angle, measures an intensity which is related to the 
fraction of the irradiated volume of the specimen 
properly oriented to diffract. 

With the exception of the technique described by 
Norton, flat specimens are employed. This requires 
either that the primary beam intensity be severely 
limited* or that the diffracted beam intensity be cor- 
rected for variation in diffraction geometry with 
specimen orientation.'* Norton’s method is charac- 
terized by the use of a cylindrical specimen. For 
orientation changes by rotation about the cylinder axis, 
no intensity correction is necessary. 

With any of these methods, construction of complete 
pole figures requires the use of a number of identical 
specimens cut at various angles to some principal 
direction of the sample. 

The unique feature of the method to be described 
here is that a spherical diffraction specimen is employed. 
For orientation changes by rotation about any axis 
through the center of the sphere, the diffraction 
geometry is not altered; hence, no intensity correction 
is required. Complete pole figure data may be obtained 
with only one specimen ; and, since the x-ray beam is re- 
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VERTICAL MILLING MACHINE 
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Fic. 2. Arrangement for machining spherical x-ray diffraction specimen. 


flected from rather than transmitted through the 
specimen, the method may be used satisfactorily 
regardless of the absorption coefficient of the material 
to be examined. 


PRINCIPLE OF THE METHOD 


Appended to the spherical diffraction specimen is a 
cylindrical stem by which the specimen is mounted on 
the spectrometer. The stem axis is used to define some 
principal direction of the sample from which the 
specimen is taken; reference marks on the stem surface 
may be used to identify other directions of importance. 
By means of a special goniometer the specimen is 
mounted on the spectrometer so that the stem axis is 
in the plane of the incident and the diffracted beams— 
the plane of the spectrometer. The goniometer provides 
for rotation of the sphere about the stem axis through 
an angle a and also for rotation of the sphere about an 
axis normal to the spectrometer plane through an angle 
¢. Both axes pass through the center of the sphere. 
These motions of the specimen relative to the spectrom- 
eter plane are illustrated in Fig: 1. When the angle ¢ 
is zero, the stem axis bisects the angle between the 
incident and diffracted beams, and only that part of the 
irradiated volume oriented so that the plane normal is 
parallel to the stem axis will diffract. If the position of 
the diffracting plane normal for this specimen orienta- 
tion is represented by the pole of a Wulff net, then the 
position of the diffracting plane normal for any other 
specimen orientation is represented by the coordinates 
¢ and a, as shown in Fig. 1. 

It is clear that after any rotation through ¢ and a 
the measured diffraction intensity is directly comparable 


to that measured at ¢=0 since the diffraction geometry 
is not altered. It is also evident that the only limitation 
on the value of ¢ is that it not be so large that the speci- 
men stem intercepts the diffracted beam. Since this 
maximum ¢ is always greater than 90° and since the 
rotation through a@ is unlimited, complete data for 
construction of the pole figure may be obtained directly. 


PREPARATION OF THE SPECIMEN 


An accurately spherical diffraction specimen may be 
machined on a vertical milling machine equipped with an 
eccentric boring tool and a dividing head, as shown in 
Fig. 2. The dividing head must be positioned so that its 
rotation axis intersects that of the boring head. The 
angle of inclination 8 of the dividing head and the 
eccentricity e of the boring head are related to the 
specimen radius r and the stem diameter x as follows: 


B= $arc sin(x/2r), 
e=r cos@. 


The stem of desired diameter is machined on a lathe. 
By means of this stem the specimen is mounted in the 
dividing head of the milling machine. The sphere is cut 
by rapidly rotating the eccentric cutter while slowly 
rotating the dividing head and slowly elevating the 
milling machine table. When the cutter just contacts 
the stem, the specimen is fully formed. The machined 
sphere is lapped, using a geometrically similar arrange- 
ment in which a tube of appropriate diameter replaces 
the eccentric cutter, and is then etched to remove the 
surface layer deformed by machining and lapping. 

A metal specimen may be electroetched with the aid 
of a cathode in the form of a hollow sphere. To maintain 
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Fic. 3. Photograph of special goniometer with spherical diffrac- 
tion specimen mounted on horizontal Geiger counter x-ray 
spectrometer. 


the sphericity of the specimen, conditions are adjusted 
so that etching occurs slowly until nearly the desired 
amount of metal is removed ; then etching is speeded up 
to remove pitting and polish the sphere. With this 
technique, specimens as small as 0.2 inch in diameter 
and spherical to within 0.001 inch are consistently 
obtained. 

Even for extremely thin sections, this method may 
still be employed. For instance, a hemispherical end 
may be lapped on the end of fine wire. For thin sheets, 
a composite sample of many sections identically 
oriented may be made up and then machined as de- 
scribed above. 


DESCRIPTION OF THE EQUIPMENT 


The special goniometer together with the diffraction 
specimen is shown mounted on a horizontal Geiger 
counter x-ray spectrometer in Fig. 3. The goniometer 
consists of a duplex base, the upper section of which 
is dovetailed into the lower and may be moved linearly 
with respect to the lower section by means of a microm- 
eter screw. The lower section is fastened to the goniom- 
eter bushing of the spectrometer. The upper section 
supports a carriage which may be rotated about a vertical 
axis ; this carriage in turn supports a horizontal spindle to 
which the specimen is attached by means of a chuck. 
The two axes intersect. The specimen is positioned so 
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that the center of the sphere lies on the vertical rotation 
axis of the carriage. A horizontally mounted Bodine 
synchronous motor with accessory gearing provides for 
automatic rotation of the carriage about its vertical 
axis through the angle ¢. Another Bodine motor, 
mounted vertically, provides for automatic rotation of 
the spindle about its horizontal] axis through the angle 
a. Appropriate dials permit measurements of these 
angles. By means of an eccentric, the latter motor also 
provides for oscillatory motion superimposed on the 
rotation through ¢. This motion affords better statistics 
when coarse-grained specimens are being examined. 

Thus, preliminary to measurement of the preferred 
orientation, the specimen may be subjected to three 
independent motions for its alignment: 


1. It rotates through an angle @ about the vertical spectrometer 
axis as the Geiger counter arm is rotated through 28, the scattering 
angle associated with the family of crystallographic planes to be 
studied. 

2. Sliding the specimen in the chuck moves it linearly along the 
axis of the specimen stem. This motion permits the sphere to be 
positioned on the vertical rotation axis of the carriage. 
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Fic. 4. Preferred orientation plots for the (111) 
and (200) planes of extruded aluminum. 
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QUANTITATIVE 


3. The specimen is translated in the direction of the diffracting 
plane normal by rotation of the micrometer screw which slides the 
upper section of the base over the lower. This permits the sphere 
to be moved into the primary beam, aligning it for optimum 
diffraction geometry. 


EXPERIMENTAL PROCEDURE 


With the sphere aligned in the primary beam and 
oriented to give maximum pole density, the diffracted 
beam is scanned in the usual manner to establish the 
background intensity and the angle of maximum 
intensity for the crystallographic plane under study. 
The counter then is held stationary at this angle and the 
intensity changes measured on a potentiometer recorder 
as the sphere is rotated. 

Several procedures may be employed for scanning 
the sphere through the required range of ¢ and a. With 
the sphere held constant at some a, it may be automa- 
tically rotated through ¢, and then the procedure 
repeated for other values of a. Alternately, the sphere 
may be automatically and simultaneously rotated 
through both ¢ and a, the rates of rotation being so 
adjusted as to scan the sphere adequately, and all the 
data recorded on one chart. For specimens having a 
fiber texture, the fiber axis of which is parallel to the 
stem axis, the sphere may be rotated rapidly through a 
while it is rotated slowly through ¢. 

It has been found that the principal effect of small 
specimen misalignments is to cause small changes in 
the observed value of 20 for different ¢ or a. Misalign- 
ment, if it is not large, seems to have a negligible effect 
on the observed intensity. Hence, whenever possible, 
wide slits are used at the Geiger counter, giving a 
broad, relatively slowly changing diffraction maximum. 
The observed count rate then is essentially independent 
of small shifts in 20 caused by the misalignment. When 
such a wide counter slit is used, it has been found 
convenient to use a set of Soller slits at the counter to 
keep the background to a reasonably low level (see 
Fig. 3). Although the diffraction lines of cubic metals 
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are usually spaced so that wide slits may be used, for 
metals of lower symmetry it is often necessary to use 
narrow slits to resolve a set of closely spaced lines. In 
the latter case, very careful specimen preparation and 
alignment are required. 


TYPICAL RESULTS 


Shown in Fig. 4 are plots of diffraction intensity vs 
obtained as described above on a 0.50-inch diameter 
spherical specimen machined from a 1.5-inch diameter 
extruded aluminum (99.9 percent) rod. The billet 
temperature was 480°C and the extrusion ratio 7.6. 
The specimen was machined so that the stem axis was 
parallel to the extrusion direction. Since no significant 
variation in texture with a is to be expected for extruded 
material, the fiber texture was determined by rotating 
slowly through ¢ while rotating rapidly through a@ for 
better statistics. 

The characteristic [111 ]-[100] texture of deformed 
face-centered cubic metals is shown clearly by the two 
plots. For the (111) plot, the peaks observed at ¢=0° 
and 70.5° are produced by the [111] component. The 
[100] component is evident from the peak at 54.7°. 
For the (200) plot, the peak at ¢=54.7° is associated 
with the [111] component and those at ¢=0° and 90° 
with the [100] component. 

The two plots in Fig. 4 are tracings from the recorder 
chart. The specimen was aligned in the goniometer and 
the two records obtained in about one hour. For fiber 
textures of this type the significant data are clearly 
shown by these plots and actual pole figures are not 
needed. 
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The expression for the driving point impedance of a generalized electric circuit as vizualized by the author 
is partially integrated, and the physical significance of certain terms is discussed in connection with their 
application to antenna problems. Upon postulating an unattenuated traveling wave as a first approximation 
to the current along either a terminated rhombic or Vee antenna, a formula is derived for the free space 
radiation impedance of each. The expression radiation impedance is used for that portion of the driving point 
impedance which may be determined from the complex power into the external fields. The resistive com- 
ponent of the impedance for the rhombic antenna checks with the radiation resistance as listed by Leonard 
Lewin in a discussion of a paper by Donald Foster, with Lewin apparently obtaining his formula by the solid 


angle Poynting vector method. 





THE GENERALIZED CIRCUIT 


N the generalized circuit (Fig. 1), a slice generator is 

assumed to exist between terminals } and c, and the 

current is assumed continuous through the generator. 
Terminals d and e may or may not be closed. 

The current along the circuit is assumed to be given 
by Jof(P), with P being any position on the circuit, and 
with J, being the current through the generator. If the 
length of the circuit is /, the driving point impedance is 
given by’ 


Zuv=leasar+i—( +f MF +$ ) 


X Rel f(P1)*f(P2)}© iLe(ra)d?2)-d?i, (1) 


in which 


P,=any point along the axis of the wire, 
P,=any point along the inner periphery of the wire, 
fo,= distance from P, to P», 
e(r21)=rox exp(— jkrai), 
k= e(uoeo)*=2x/d, 
po=42(10-7) henries per meter, 
€o= (362 10°)“ farads per meter, 
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Fic. 1. The generalized circuit. 
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Z,= internal impedance of the circuit per meter, 

fm?= mean square magnitude of the current distribu- 
tion, 

©1=ViV,-+#=operator deltil or delcap with the 
subscript indicating the position at which the 
differentiations are to be performed, 

*=the complex conjugate to be taken, 
Re=the real part to be taken. 


Now let A indicate the integrated value of the first 
term of the integrand, that is, 


(+S ($F +F) 


X Rel f(P1)* f(P2) JViLV1-e(r21)dF2)-dF;. (2) 
Upon integrating by parts along the axis, let 


U=Re[ f(P1)*f(P2)], 
dU=V Ref f(P1)* f(P2) |-dhi, 
dV= ViLV: ° e(r21)d?s | di, 


V=V;1- e(r21)d?2= - V2e(r21) -dFo, 
and get 


30 
4=j—( ~ ? g )eRel sr Ines Pa) Welrw) 


— Re{_f(P.)* f(P2) ]V¥2e(r2) 
+Re[ f(P.)* f(P2) ]V2e(r2e) 
— Re[ f(Pa)* f(P2) ]V2e(r24)} - di 


HF + $F +F) 


X {Vi Rel f(P1)*f(P2) ]- ti} {V2e(r21) -dF2}. (3) 


Let B represent the last term of Eq. (3), and integrate 
along the perimeter, 


i (F+F MF +F) 


X {ViRe[L f(P1)* f(P2) ]-d?1} V2e(r21) dF. (4) 
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Now let one obtains 
U=VRel f(P1)* f(P2) ]- dh, 1 
dU=V2{V Rel f(P1)*f(P2) ]- dF} - dio, Zin=1Zifn?+- : {3e(a)[| f(Pa)|?+| f(P.)|?+2] 
dV= V2e(r21) ‘do, es 


V=e(re1), 
and get 


30 é , 
B-i-($ +¢ Jeet adwRel f(P)*/P 1 


— (rer) ViRe[ f(P1)*f(P-) | 
+e(re1)ViRel f(P1)*f(Pe) ] 
—e(roi)ViReL f(P1)*f(Ps) J} di: 


30 d c d c 
AS FMS +E) 
XK e(re1)Vo{ ViRel f(P1)*f(P2) ]-dri}-d72. (5) 


Recall that the current distribution is postulated to be 
the same along both paths of integration, and that the 
radius of the wire is postulated to be sufficiently small 
for the two paths to be interchangeable. Hence upon 
interchanging the paths in the single integral terms of 
Eq. (5), and upon substituting from Eq. (5) into Eq. (3), 
and subsequently into Eq. (1), the driving point imped- 
ance becomes 


Lawn tlafutti—( g +f ME +f ) 


Ke(rar){k*ReL_f(P1)* f(P2) lar 
—V2(ViRel f(P1)*f(P2) ]-dF1)} «drs 


30 d c 
+i-(¢ +¢ JlelrnavaRel (PINE. 


— Rel f(Pa)* f(P2) \V2e(r24) 
—€(r2e)VoRel_f(P.)*f(P2) ] 
+Re[_f(P.)* f(P2) ]V2¢e(r20) 
+e(r2-)VoRel f(P.)* f(P2) ] 
— Re[_f(Pc)* f(P2) JV 2e(r20) 
—e(re») VoRe[ f(P»)* f(P2) J 
+Rel_f(Po)*f(P2) ]V2e(r20)}-dF2. (6) 
Integrating the terms in the last integral containing 


the gradient of the exponential terms, and assuming the 
radius of the wire is a with 


kaX1, a<il, 


—e(rv<)Rel f(Pr)*f(P.) ] 
—e(rae)Rel f(Pa)*f(P.) J 
—e(roa)Re[ f(Pr)*f(P a) ] 
+e(rea) Rel f(P.)*f(P) ] 
—€(ree)Re[ f(P.)* f(P.) ] 
+e(ro.)Re[ f(P»)* f(P.) J} 


60 d c 
+($ +¢ Jletrnovare (Poss. 


—e(r2o)VoRel f(P»)*f(P2) ] 
+e(r2e)V2ReL_ f(P.)* f(P2) } 
—e(r2e)VoRel_ f(P.)* f(P2) ]} -dFs 


(S$ MSF Jorn 


X {k?Rel_f(P1)* f(P2) ldr, 
—V.(ViReL f(P1)* f(P2) ]-dF1)} -d?2. (7) 


If the circuit is now thought of as an antenna that is 
symmetrically fed, that is, if the antenna is physically 
symmetrical with respect to the generator, the sense of 
the path from e to c may be reversed in the single 
integral terms of Eq. (7), with the interchanging of c and 
e and b and d, respectively, within the interval (ec). 
Also, after replacing —df. with +d?, along with the 
corresponding interchange of limits for the interval (ec), 
the operator +V2 is replaced with the operator — Vo». 
Hence, for the symmetrically fed antenna, the single 
integral terms may be doubled and integrated only from 
b to d. However, if the terminal spacings bc and de are 
each negligibly small with respect to a wavelength, the 
current may be assumed continuous through the 
terminals and hence the single integral terms of Eq. (7) 
then vanish. 

The real part of the terms within the brace of Eq. (7) 
represent the reactive terms due to the end capacitances, 
and the imaginary part represents a correction to the 
component of the radiation resistance due to the 
distributed charges. The latter correction is necessary 
because the path is not closed. 

In practice, either the current is supposed to vanish at 
the terminals de or a load impedance Zp is assumed to be 
inserted at the terminals to cause the current to take on 
the postulated distribution. Also, the input terminals 
are shunted at the generator. Thus, the real part of the 
terms within the brace either vanish or are usually 
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discarded. The imaginary terms also either vanish or 
may be disregarded provided the terminal spacings are 
quite small in comparison with a wavelength. Other- 
wise, if fo is the current magnitude at d and at e, it may 
be necessary to retain the following correction terms 
from Eq. (7), 


sinkr,. sinkr a. 
co(— -1)+60(= : -1) 0 
kro Rr de 


in which it is assumed that the distances r,4 and r», do 
not appreciably differ from the distances r.¢ and fee, 
respectively. 

Thus, assuming the terminal spacings permit the 
dropping of the correction terms and that the current is 
continuous through the terminals so that the single 
integral terms in Eq. (7) vanish, the driving point 
impedance becomes,' 


30 
Zin=!Z ifm? +Zofert+j b o¢ e(re1) 
1 2 


x (k*Re[ f(P1)*f(P2) dis 
—V2(Vi Rel f(P1)* f(P2) ]-dF)} -d?o. (8) 





Fic. 2. The rhombic antenna. 


In many cases of antenna applications, the current 
may be approximated sufficiently well by a distribution 
function which either satisfies or may be broken into the 
sum of functions which satisfy one of the following 
equations of constraint, 


V2(ViRel_ f(P1)* f(P2) |-d?:)- di 
+h Rel f(P1)*f(P2) jdridro=0. (9) 


Substituting from Eq. (9) into Eq. (8), 
Zin=!Z ifm? +Zofo’ 


+i o¢ e(ro1) Rel f(P1)*f(P2) jd? - di» 


i o¢ e(ro1)Rel_f(P1)* f(P2) jdridre. (10) 


The first integral is the generalized Neumann’s 
formula, and is sometimes used alone for estimating the 
radiation resistance of a circuit. It appears that the 
second double integral term should not be neglected. 


However, it should be remembered that a constant 
current distribution does not satisfy Eq. (9), and that 
Eq. (10) does not contradict Neumann’s formula per se. 

If the terminals of Zo are sufficiently near each other 
for the closing of the integrals, Eq. (10) may be written 


Lin=llafut foreur j3e b e(re1) 
1/2 


X Rel f(P1)* f(P2) (di; . dfo+tdrjdre). (11) 


In terms of arc lengths, let 


g(ksi, ks2)=Re[ f(P:)*f(P2) ], 
h(ks, ks2)=e(r21), 
cos6(sj, $2)ds\ds.= d?;- dio, 


and Eqs. (9) and (11) become, respectively, 


g2 
(+ )e(ds, ks:)=0; (12) 
OS, 0S : 


Zin= lesfuit Zafer jie hf g(ksi, ks2) 
1 2 


Xh(ks1, Rs2)[cosO(si, s2)+1 Jdsyds. (13) 


If the algebraic sign within the parenthesis of Eq. (12) is 
positive, 


Zin= Uefa Zafer ioonh f g(ksy, kso) 
1 J2 
Xh(ks1, Rs2) cos?50(si, S2)dsyds2, (14) 


and if it is negative, 


Zin= Lesfui+Zofe— joe bf g(ks1, ks2) 
1 2 


X h(ks1, kse) sin?30(s;, S2)dsidso. (15) 


THE RHOMBIC ANTENNA 


For the purpose of obtaining a formula for the 
radiation impedance of a rhombic antenna in free space 
(Fig. 2), the generator is assumed to short-circuit 
terminals 6 and c, and a terminal impedance Zp is 
postulated at terminals d and e which, to a first ap- 
proximation, causes the current to be an unattenuated 
travelling wave with no reflection. Each leg of the 
rhombic is assumed to be / meters in length, and the 
vertex angle at the generator is assumed to be 2a. 

Upon selecting the origin at the generator, the vari- 
able s ranges from —2/ at e to +2/ at d. For s; and s2 
along different but parallel wires, 0=2. For s; and 52 
along different wires one and two or three and four, 
6=n—2a. For s; and S2 along different wires two and 
three or four and one, 0=2a. 
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For negative s, = Ioe***, and for positive s, J = Iye—?**, 
Thus, for s; and s2 having the same sense, 


g(ksi, ks2) = cosk(s\— $2) (16) 
and for s; and sz having the opposite sense, 
g(Rs1, ks) =cosk(si+ 52). (17) 


The function (16) satisfies Eq. (12) with the negative 
sign, and hence when s; and S2 are of the same sense, 
from Eq. (15), the contribution Z; to the radiation 
impedance, 

Z,=R+jX, (18) 
becomes 


Z\= - joo 6 g(ks1, ks2) 
1/2 


X h(ks1, Rs2) sin?30(s1, s2)dsidso. (19) 


Similarly, the function (17) satisfies Eq. (12) with the 
positive sign, and hence when s; and Ss» are of the 
opposite sense, from Eq. (14), the contribution Z2 to the 
radiation impedance becomes 


z= job (ksi, ks2) 
1 J2 


Xh(ks;, kso) cos?3.0(s1, $2)ds\d5o. (20) 


Substituting @=0 into Eq. (19) and @=7 into Eq. 
(20), it follows that all paths for s; and se which are 
parallel, whether on the same wire or on opposite wires, 
are eliminated from further consideration in carrying 
out the integrations for the radiation impedance of a 
rhombic antenna. 

For any pair of wires, the axial and surface paths 
must be taken along both wires in succession. But due to 
symmetry, the integrations are the same for the axial 
path along one wire with the surface path along the 
other wire as it is if the two paths are interchanged. 
Hence, the integrations need to be carried out and 
doubled only for the four cases where the axial path lies 
either on wire one or wire three and the surface path lies 
on either wire two or wire four. 

Thus, from Eqs. (16), (17), (19), and (20), 


eos 
Z,= j120k f f cosk(s\+5s2)e(ri2) sin?adseds, 
—1%0 
® at 
—j1208 ff cosk(s;— s2)e(ri4) sin?’adseds; 
—1¥_21 
21 l 
— j1208 f f cosk(si— S2)e(re3) sin?adseds, 
1 Yo 


2l —l 
+ 7120k f f cosk(si+52)e(rg4) sin?adseds;, (21) 
t Ya 
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with 
r12= (s?+ $+ 25152 cos2a)}, 
r14= (1+ 51)°+ (+ 52)?—2(/+ 51) (+ 52) cos2a}}, 
ro3=((s1—1)?+ (I—s2)?+ 2(si1—]) (I— 5) cos2a}}, 
¥34= [(2/—s1)?+ (21+ se)?— 2(21—s;)(2l+ se) cos2a}}. 


In the first integral, let s;=—2, and sp=x2; in the 
second integral, let s,:=x,—/ and sp=—(x,+/); in the 
third integral, let sy=2,+/ and se=l/—2x,4; and in 
the fourth integral, let s;=2/—2, and s2=x2.—2]. Then 
the radiation impedance becomes 


_ 
Z,= j240 sintol f f cosk(x2— %1)e(ro1)dxedx, 
0 0 


iat 
-f f cost(ti-nelra)dsade| (22) 
0 0 
with 
21> [a+ x?— 2x1%2 cos2a |! 
=[(x1— x2 cos2a)?+ (x2 sin2a)}#, (23) 


ra =[xr+axe+ 2x1x4 cos2a }! 
=[ (a+, cos2a)*+ (24 sin2a)* }#. (24) 


Upon writing the integrands in the exponential form, 
Z2,= — j120k sin?a(I,;+I2—I3— 14) (25) 


with 


t ol 
n= f expl — jk(xst+ait+141) rar 'dxadxy, (26) 
0 0 
. 
n= { f expl jk(x4t+a1—141) rar ‘dada, (27) 
o”*0 
tat 
n= f f exp[_jk(x2—2%1—T21) |rer'dxedx, (28) 
0 0 


y. 
I,= J f exp[ — jk(*2—a1+121) rer 'dx2dx;. (29) 
0 0 


Due to symmetry, x2 and x; may be interchanged in J,, 
yielding an equality of J; and J. 

Recalling that the path for x, is along the axis of wire 
one whereas the paths for x2 and x, are along the inner 
peripheries of wires two and four, respectively, if it is 
assumed that the axes of the wires are of length /, then 
the limits for x2 are actually from a-cota to /—a- tana, 
and those for x, are actually from a-tana to 1—a-cota. 
Hence, finally (Fig. 3) 


Z,= — j120k sin?a(7,+ I,— 213) (30) 
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Fic. 3. Cross section of rhombus, showing limits of integration. 


with 


l l—a cota 
n= f i) expl —jk(xs+214+741) |rar'daxadxy, (31) 
0 a tana 
l l—acota 
r= f f exp jk(x4+41—1 a1) rar 'daxqdx, (32) 
0 a tana 


l l—a tana 
n= { f exp[ —jk(x2— x1 +721) |rer'dxedx;. (33) 
0 acota 


The integrations for /,, /2, and J; may be carried out 
by transformations similar to those suggested by F. H. 
Murray.’ However, they should be evaluated directly 
and not by transforming to the exact integral given by 
Murray, since there is a likelihood of unsuspectingly 
integrating through a singularity. In this way, the 
following formula is obtained for the radiation impe- 
dance of a rhombic antenna in free space. 


Z,/120=2C+ 2 In(2kl sin?a)+ 2Ci2kl 
— 2Ci(2kl sina) —Cil[_2kl(1+ cosa) | 
—Ci[2kl(1—cosa) | 
+cos(2ki sin?a){Ci[2kl cosa(1+ cosa) } 
+Ci[_2kl cosa(1—cosa) | 
+Ci[2kl sina(1+sina) ] 
+Ci[2kl sina(1—sina) } 
— 2Ci[2kl cos*a |—2Ci[2ki sin?a }} 
—sin(2kl sin?a){Si[2kl cosa(1+ cosa) | 
— Si{2kl cosa(1—cosa) | 
— Si{_2kl sina(1+sina) ] 
+ Si[2kl sina(1—sina) | 
— 2Si[_2kl cos*a |+ 2Si[ 2kl sin? }} 


* F. H. Murray, Proc. Inst. Radio Engrs. 21, 1, 154 (1933). 
t C=0.5772, Si(z)= [° "du, Ci(z)=— f° au. 
0 =z 
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+ jLSi[2kl(1+-cosa) |— Sil 2kl(1—cosa) } 
+ 2Si[2kl sina ]—2Si2kl 
—cos(2kl sin?a){ Si[ 2k cosa(1+ cosa) } 
+ Si[_2kl cosa(1—cosa) | 
+ Si{2kl sina(1+sina) | 
+ Si{ 2kl sina(1—sina) | 
— 2Si{_2kl cos*a ]—2Si{_2kl sin*a }} 
—sin(2ki sin?a){Ci[_2kl cosa(1+cosa) | 
—Ci{_2kl cosa(1—cosa) | 
—Ci{2kl sina(1+sina) } 
+Ci[ 2k sina(1—sina) } 
— 2Ci{_2kl cos?a ]+ 2Ci[_2kl sin?a ]}]. (34) 
The resistive component of formula (34) checks with 
the radiation resistance of a rhombic antenna as given 
by Leonard Lewin’ in a discussion of a paper by Donald 
Foster.* From the discussion, it may be inferred that 


Lewin derived the formula for the radiation resistance 
by the solid angle Poynting vector method. 


THE TERMINATED VEE ANTENNA 


It is interesting to note in passing that the free space 
radiation impedance of the terminated Vee antenna may 
be written from Eq. (7) as 





sin(2k/ sina) 
Z,= 00 fe —-— 1] + j120% sin’al ; 
2k/ sina 


1 
+120 f [e(rea)—e(ree) | sink(I—s)ds (35) 


with 
rea=[a’+ (/—s)? }}=1—s, 
ree= (P+ s*—2ls cos2a }}=[(s—I1 cos2a)?+ (lsin2a)? } 


in which each leg of the Vee is of length /, and the vertex 
angle is 2a. 


Using the modified cosine integral function 


* 1—cosu 
Cin(x)= f - —du 
0 





u 


the radiation impedance of the Vee antenna in free 
space becomes 


sin(2&/ sine) 
2,/60= fo] — ———— 1 
2kl sina 
+2Cin(2kl sina)+j2Si(2kl sina). (36) 


In Eq. (36) the end capacitances are assumed to be 
shunted by the generator and terminal impedance, re- 
spectively, and hence have been discarded. 


* Leonard Lewin, Proc. Inst. Radio Engrs. 29, 9, 523 (1941). 
* Donald Foster, Proc. Inst. Radio Engrs. 25, 10, 1327 (1937). 
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In the application of the Guinier-Tennevin focusing Laue method to the study of crystal distortion, it is 
found that the use of a Soller slit in the incident beam produces striations in reflections from certain crystals. 
The diffraction geometry of a beam so modified is examined in detail, and it is shown that the striations are 
due to torsion of the crystal. The relation between the amount of torsion and the slope and spacing of the 
striations is treated quantitatively. There results a useful extension of the focusing Laue method by whicb 
not only the bending, but also the torsion, of a crystal may be measured. 





INTRODUCTION 


ITHIN a year of the discovery of x-ray diffrac- 
tion, Bragg! noticed a particular feature of the 
diffracted beams formed in the transmission Laue 
method: they were convergent in one plane, if the inci- 
dent beam was divergent in the same plane and the 
crystal was undistorted. On this basis, Guinier and 
Tennevin** devised a focusing Laue method for the 
detection and measurement of crystal distortion, a 
method of great sensitivity in disclosing angular dis- 
orientation of reflecting lattice planes. 

The geometry of the Guinier-Tennevin method is 
illustrated in Fig. 1. X-rays diverge from the source S, 
which should be as small as possible, are diffracted by 
the lattice planes shown and come to a focus at J. The 
relation between the source-crystal distance SO, meas- 
ured along the median ray of the beam, and the crystal- 
focus distance OJ, is given by 


cos (a+ 2+ €) 
OI=SO ’ (1) 
cos (a+ e) 








Fic. 1. Focused Laue reflection from a perfect crystal. 
Not to scale. 


* This paper forms part of a dissertation presented by Carl A. 
Julien to the Engineering Division of the Graduate School of the 
University of Notre Dame in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

t Now with the Minerals and Metals Advisory Board, National 
Research Council, Washington, D. C. 

1W. L. Bragg, Proc. Cambridge Phil. Soc. 17, 43 (1912). 

2A. Guinier and J. Tennevin, Acta. Cryst. 2, 133 (1949). 

3 A. Guinier and J. Tennevin, Progerss in Metal Physics (Inter- 
science Publishers, New York, 1950), vol. 2. 


where a= angle between the median ray of the incident 
beam and the normal to the crystal surface, ¢=angle 
between the normal to the reflecting lattice planes 
and the crystal surface, e=angle between median and 
boundary rays of incident beam. As @¢ changes, the 
focal point J moves along the circle shown. 

If the source S is a fine line, perpendicular to the plane 
of the drawing, then the focused reflection at J will also 
be a fine line if the crystal is undistorted. The width of 
the reflection is approximately equal to the projected 
width of the source, if ¢ is small and the crystal no 
thicker than about 0.5 mm. On the other hand, if the 
crystal is distorted, e.g., by bending about an axis 
through 0 and normal to the plane of Fig. 1, then the 
reflection at J becomes broadened by an amount de- 
pendent on the disorientation of the reflecting lattice 
planes. If the distances SO and OJ are made rather 
large, up to 100 cm, disorientation as small as 20 
seconds of arc may be detected.” 

The purpose of the present paper is to describe an 
extension of the G-T method which allows one to obtain 


S 
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Fic. 2. Relative positions of source, crystal, 
and various reflections. 
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Fic. 3. Vertical section through Soller slit, source (5) 
and crysta! (C). Not to scale. 


considerably more information about the nature and 


extent of the distortion in a crystal. 


APPARATUS 


Unfiltered copper radiation from a General Electric 
CA-7 tube was used. This tube has a fine line focus with 
a projected width, at a target-to-beam angle of 4°, of 
less than 0.1 mm and a length of about 15 mm. 

The relative positions of source and crystal are shown 
in Fig. 2 in reference to rectangular coordinate axes 
XYZ. The XY plane and the incident beam, which 
proceeds in the direction SO, are horizontal; the x-ray 
source S and the surface of the crystal C are vertical. 
A Soller slit A is placed near the source. This slit pro- 
vides for a definite horizontal divergence angle of 3° and 
contains a set of closely spaced horizontal metal plates 
designed to reduce the vertical divergence to as low a 
value as possible. The slit is shown schematically in 
Fig. 3. The actual slit contains 21 openings, each 1.25 
in. long and 0.017 in. high; the maximum angle of ver- 
tical divergence 8 is thus 1.6°. Distinct layers of radia- 
tion can be seen on a fluorescent screen held near the 
slit exit, but these fuse into a single beam a few centi- 
meters away, because of the slight vertical divergence 
and the fact that the metal plates are only 0.002 inch 
thick. The source-crystal distance was generally 30-50 
cm, while the crystal-film distance varied from about 5 
to 50 cm depending on the kind of information sought in 
the photograph. Exposure times varied from 20 seconds 
to 20 minutes. 

Crystals of quartz and aluminum were used in this 
work. They were 0.2 to 1.0 mm thick, from 1 to 4 cm in 
length, and 1 to 4 cm in width. The aluminum crystals 








(a) (b) (c) 


Fis. ‘4. 90° reflections recorded at the focusing position. (a) 
Unstrained quartz, (b) quartz bent around vertical axis, (c) 
inhomogeneously deformed aluminum. 


D. CULLITY AND C. A. 





JULIEN 


were of high purity (99.99 percent Al) and were made by 
slow solidification of the liquid. 

Devices were constructed to produce pure bending 
or pure torsion in rectangular crystal plates and to 
permit x-ray examination of the specimen under stress. 
In each case, the forces were applied by the action of a 
screw and the strains were calculable from the amount 
of travel of the screw. 


PROCEDURE AND RESULTS 
Preliminary 

The operation of the G-T focusing Laue method is 
illustrated in Fig. 2. The crystal C is arranged in the 
incident beam with its surface vertical and approxi- 
mately normal to the median ray of the incident beam. 
A survey photograph is then made by placing the film 
a few centimeters behind the crystal, i.e., in the YZ 
plane of Fig. 2. Such a photograph will show a number of 
large Laue spots, since the film is close to the crystal and 
the illuminated area of the latter is large (1 to 2 cm’). 

If the crystal is correctly oriented for the G-T 
method, a Laue spot will appear at position E of Fig. 2, 
i.e., on the equator (Y axis) of the film and just to the 
right of the spot formed by the transmitted incident 
beam. If not, the crystal is rotated in its own plane and/ 
or about a vertical axis until a spot appears at E. The 
reflecting planes involved are then vertical and make 
small Bragg angles with the incident rays. The position 
of the spots on such a photograph may be conveniently 
designated by their azimuthal angle 6 relative to a 
vertical line through the primary beam spot: thus, the 
reflections B, D, and E are called 0°, 6°, and 90° re- 
flections, respectively. 
}} When the crystal is oriented to produce a spot at E 
on the large beam Laue photograph, the film is moved 
back to the focus J, whose position is calculated from 
Eq. (1), and the G-T reflection recorded. This reflection 
is considerably behind the YZ plane, with its center in 
the same horizontal plane (the XY plane) as the center 
of the line source S. Figure 4(a) shows such a reflection 
from an undistorted quartz crystal. Its width is no 
larger than that of the line source, which indicates a 
very sharp focus and a high degree of perfection in the 
crystal. Figure 4(b) shows how this reflection is broad- 
ened by very slight bending about a vertical axis. 
Figure 4(c) shows another broad G-T (or 90°) reflectionft 
from an aluminum crystal accidentally and inhomo- 
geneously deformed by a small amount. The total dis- 
orientation of the reflecting lattice planes in this speci- 
men may be calculated from the total horizontal width 
of the reflection. 

The unexpected feature of the reflection of Fig. 4(c) 


tA reflection is here called a 90° reflection if it is formed by a 
reflected beam lying in the horizontal XY plane, whether it is 
recorded on a film placed at the G-T focusing position or at any 
other position. Similarly, a 0° reflection is one formed by a beam 
lying in the vertical XZ plane, whatever the position of the film 
on which it is recorded. 
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Fic. 5. Focused 90° 
reflections from quartz, 
(a) Unstrained. (b) to 
(f) increasing amounts 
of torsion about vertical 
axis. Magnification 3X. 
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is the wealth of internal detail it contains. What 
differentiates it from the reflection of Fig. 4(b) is not 
only the extent of the broadening but also the existence 
of several sets of fine parallel striations, some straight, 
some curved, and inclined at various angles to the 
horizontal. The number and spacing of these striations 
suggested that they were due in some way to the use of 
a Soller slit in the incident beam, and this view was 
easily confirmed by replacing the Soller slit with a con- 
conventional one. The reflection remained the same 
size, but the striations disappeared and were replaced by 
a more or less uniform blackening of the film. 

No ready explanation of these striations could be 
found. It is true that the beam leaving the Soller slit 
(Fig. 3) contains horizontal layers of radiation, which 
show up as strips on a film or fluorescent screen placed 
near the slit exit, but, as mentioned previously, the 
vertically divergent rays which are also present quickly 
overlap these horizontal layers with the result that all 
the rays merge into a single beam a few centimeters 
from the slit exit. Yet striations, tilted out of the hori- 
zontal, are observed in the diffracted beam at distances 
as large as 70-80 cm from the slit. 


EFFECT OF TORSION 


An intensive study, theoretical and experimental, was 
made of these striated reflections, and it was finally 
extablished that the striations were caused by torsion of 
crystal and the presence of a Soller slit in the primary 
beam. Experimental evidence for this result is given in 
Fig. 5, obtained from a quartz crystal plate, twisted 
about its longitudinal axis. The torsion axis was vertical 
i.e., parallel to the Z axis of Fig. 2. Figure 5 shows the 


effect of increasing amounts of torsion on the focused 90° 
reflection. There are six exposures in this photograph, 
obtained by shifting the film sideways in its own plane 
after each exposure, and the angle of twist per unit 
length along the torsion axis varies from zero in Fig. 5(a) 
to 3.75 min/mm in (f). Resolved striations (very fine, 
parallel straight lines) become visible in (d) and increase 
in spacing and inclination to the vertical as the amount 
of torsion increases in (e) and (f). The striations in 
reflections from quartz are straighter and more uniform 
than those in reflections from aluminum [Fig. 4(c) ], 
simply because the former crystal deforms more uni- 
formly than the latter. 

The explanation of this phenomenon lies partly in the 
way in which the incident beam is modified by a Soller 
slit and partly in the way this modified beam is dif- 
fracted by a twisted crystal. In effect, a Soller slit 
creates a set of virtual x-ray sources. Figure 3 shows that 
a large number of rays cross at the point S, in the center 
of each cell, so that the vertically divergent radiation 
emerging from each cell may be said to issue from a 





Fic. 6. Focusing of radiation from a point source 
by a twisted crystal. 
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virtual source located at S, rather than from the actual 
physical source S. At the same time the rays are diverg- 
ing horizontally from S, so that the virtual source is 
actually a short horizontal line through S,, there being 
one virtual source for each cell of the Soller slit. 

Since these sources are all arranged vertically above 
one another and each produces (from an undistorted 
crystal) a vertical line reflection at the focusing position, 
it is apparent that a focused G-T reflection such as those 
in Figs. 4(a) or 5(a) may be regarded as composed of, 
and is in fact composed of, a set of vertical colinear 
“striations” or focused line reflections. There are 21 
lines in such a set, corresponding to the 21 cells in the 
Soller slit, and their centers are vertically separated by 
the same distance as the centers of adjacent cells, 
namely 0.48 mm. However, each of these lines is so long, 
several millimeters in fact, that it overlaps several of its 
meighbors above and below. 

Torsion of the crystal radically changes the reflection. 
In Fig. 6, a single point source S is considered for simpli- 
city, and the dotted lines delineate the wedge-shaped 
diffracted beam from an undistorted crystal. The rays 
of this beam focus in a vertical line through 7. When 
the crystal is twisted, the diffracted beam is also twisted 
and so is the focused line reflection, as shown by the full 
lines in Fig. 6, since torsion increases the Bragg angles 
in the top half of the crystal and decreases them in the 
bottom half. When there are a number of vertically 
separated sources, the focused reflection from an un- 
distorted crystal is composed of a set of colinear 
“striations,” as in Fig. 5(a), but torsion of the crystal 
causes each striation to twist or rotate and shift hori- 
zontally, resulting in each striation becoming resolved 
from its neighbor after a certain amount of torsion has 
been applied, as in Fig. 5(f). 

In Fig. 7, only the median rays of the wedge-shaped 
incident and diffracted beams are considered. They are 
shownasplanes of radiation vertically diverging from two 
point sources and as twisted planes after diffraction. S, 
is taken as the center of a Soller slit cell, separated from 
its neighbor by a vertical distance d. If T is the angle of 
twist per unit length along the torsion axis and a the 





Fic. 7. Separation and tilting of focused reflections 
by a twisted crystal. 
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DISPLACEMENT OF LEVER ARM (in) 


Fic. 8. Comparison of twist per unit length obtained 
from x-ray and mechanical data. 


height of crystal illuminated by each source, then tor- 
sion will cause the uppermost and lowermost diffracted 
beams from each source to be deviated from their ori- 
ginal directions by an angle Ta. Let /=height of reflec- 
tion from untwisted crystal at a crystal-film distance 
of D’ and let y=angle through which reflection is 
tilted by torsion. Then 


tany=27TaD’/l, 


l=a(D,+D’)/D,. 
Therefore, 


=———tany, (2) 


where D,= distance from crystal to center of Soller slit. 
This equation shows that the sensitivity of the method 
in detecting small amounts of torsion, increases with 
increasing D’, In order to preserve focusing, D, must 
also be increased, in accordance with Eq. (1). 

T may also be obtained from the striation spacing s, 
measured at right angles to the striations. If AA’ is the 
horizontal separation of two striation centers, then 


AA'=2TdD’ 
AA'=d tany+(s/cosy). 
Therefore, 
1 K) 
T= (2 tany-+— ). - (3) 
2dD 


? cosy 





The spacing and tilt of the striations in Fig. 5 were 
measured and the torque T calculated from Eqs. (2) 
and (3). In addition, it was possible to calculate torque 
from the displacement of the end of the lever arm which 
applied torque to the crystal. The results are compared 
in Fig. 8, which shows satisfactory agreement between 
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EFFECT 


the torque calculated from the mechanical constants of 
of the torsion device and that obtained from the x-ray 
data. Equation (3) does not afford an independent 
determination of T from s, since it also involves y, but it 
does provide a check on the consistency of Eqs. (2) and 
(3). If desired, an expression for T in terms of s alone 
can be obtained by substituting Eq. (2) into (3). 
X-ray examination of planes inclined to the axis of 
torsion in quartz led to some interesting results. With 
the torsion axis inclined at some 15° to the vertical, a 
focused 90° reflection from a set of vertical lattice 
planes was obtained with the crystal unstrained. The 
crystal-focus distance was 31 cm in accordance with 
Eq. (1). The crystal was then twisted. The reflection 
was found to become blurred, and the focus was found 
by trial and error to have moved back to a point 45 cm 
from the crystal. In this case, therefore, Eq. (1) does 
not give the correct position of the focus point. Now, it 
was tacitly assumed above that a horizontal line on the 
crystal surface remained straight after torsion, and this 
assumption proved correct when the torsion axis was 
vertical, since Eq. (1) predicted the observed location of 








Fic. 9. Focusing by a crystal plate bent into a hyperbola. 


the focus point and this location did not change with 
torsion. However, when the torsion axis is inclined to the 
vertical, a horizontal line on the crystal surface before 
torsion must become a curved line concave towards the 
x-ray source after torsion, since the focus point is moved 
away from the crystal, indicating that the diffracted 
rays converge less rapidly. 

The fact that a focus is obtained at all is surprising, 
since in general any kind of bending completely disrupts 
the focusing shown in Fig. 1 and indicates that the 
concave curve mentioned above must be of some special 
form. It can be shown analytically that it must be a 
hyperbola, as illustrated in Fig. 9. The optical analogy 
here is perfect: light, from one focus S;, of a hyperbolic 
mirror will, after reflection, appear to come from the 
other focus S_ while x-rays from S; will be diffracted to 
S2 by lattice planes normal to the surface of a crystal 
plate bent into the form of a hyperbola. Observation of a 
sharp focus, therefore, does not of itself prove that a 
diffracting crystal is undistorted; the criterion for this 
must be sharp focusing at the distance given by Eq. (1). 

0° reflections have interesting properties. These are 
located on the film vertically above the primary beam 
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(a) (b) 


Fic. 10. Focused 0° reflections. (a) Undistorted quartz, 
(b) deformed aluminum crystal. 


spot and are formed by lattice planes whose normals lie 
in the XZ plane of Fig. 2. These reflections contain hori- 
zontal striations when the crystal is undeformed. 
Figure 10(a) is an example and Fig. 11 shows how the 
striations are formed; the vertically divergent radiation 
from each cell of the Soller slit, together with the portion 
of crystal irradiated thereby, constitutes an individual 
focusing system. The fact that the crystal-focus distance 
in this case is related by Eq. (1) to D,, rather than to the 
crystal-physical source distance, is proof that the virtual 
x-ray source does lie at the center of the Soller slit. 

The only effect of torsion on a focused 0° reflection is 
merely to incline the striations slightly to the horizontal. 
However, some kinds of crystal distortion are nicely 
revealed in such a reflection. The reflection in Fig. 10(b) 
was obtained from an aluminum crystal: it shows that 
left side of the crystal is relatively perfect but that the 
upper and lower parts of the right side are twisted in 
opposite directions about a horizontal axis. 

Focused reflections having 6-values intermediate 
between 0° and 90° were also studied, by stepwise rota- 
tion of an undistorted crystal about the incident beam 
as axis. As 6 increases, the whole reflection tips and be- 
comes narrower, and the striations move closer together 
until, at 6=90°, the reflection consists of the usual 
sharp vertical line. 

Reflections formed by CuKa characteristic radiation 
were also observed. In the 0° position, these reflections 
are also horizontally striated since they are formed by 
diffraction of only the horizontal rays in the incident 
beam. (The vertically diverging rays cannot be dif- 
fracted since they do not make the correct Bragg angle.) 
Such diffraction does not involve focusing and the 
striations can be observed at any crystal-film distance. 
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Fic. 11. Vertical section through virtual source S,, crystal 
and focused reflection 7,, showing formation of striations in a 0° 
reflection. 
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THE EFFECTS OF APERTURES AND EDGES 


The striations from twisted quartz in Fig. 5 are sharp 
and well resolved only when the film is at or near the 
focusing position, and they become blurred and merge 
together at other film positions. This is due to the way 
each wedge of diffracted radiation narrows to a line to 
form a striation (Fig. 6) and then broadens again 
beyond the focus point; on a film not sufficiently close 
to the focus point, adjacent wedges of radiation will 
overlap to such an extent that separate striations will 
not be seen. On the other hand, it was observed that the 
striations in 90° reflections from deformed aluminum 
crystals were resolvable over a considerable range of 
film positions. 

This fact may be accounted for by assuming that the 
base of each diffracted wedge of radiation is narrower, 
horizontally, than the irradiated width of the crystal, 
thus decreasing the width of the reflected beam at any 
film position and increasing the distance of no overlap. 
This condition was realized, with quartz, by placing a 
shield containing an aperture 1 mm wide in front of a 
twisted crystal. It was found that the distance over 
which resolved striations could be detected increased 
from about 1 cm to about 14 cm. It must be concluded, 
therefore, that the striations in the reflections from 
aluminum are caused by rather narrow regions more or 
less uniformly strained in torsion; these regions of the 
crystal may be connected, or bounded, by other regions 
which are bent or bent and twisted. This conclusion was 
confirmed directly, in one case, by systematically 
blocking off the incident beam from all but a very small 
area of an aluminum crystal without finding any change 
in the striated region of the reflection. 

In special cases, striations may be observed in 90° re- 
flections from undistorted crystals when a Soller slit is 
used. These striations have an entirely different origin 
from the “torsional striations” discussed up to this 
point and were termed “‘edge-effect striations,” because 
they can appear whenever an edge of the crystal lies in 
the incident beam or when an obstructing edge is placed 
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in the incident beam just in front of the crystal. In 
either case, the effect of the edge is to so modify that 
part of the incident beam which is diffracted that a 
series of maxima and minima in intensity are produced 
over part of the cross section of the diffracted beam. 
The result is a partly striated Laue reflection. An ex- 
perienced observer can usually distinguish edge effect 
striations from torsional striations, but the former can 
obscure the interpretation of a pattern if one is not 
alert to the possibility of their existence and takes no 
steps to prevent their formation. 


DISCUSSION 


The examples given above show how a Soller slit in 
the incident beam, in conjunction with a line source of 
x-rays, adds informative internal detail to Laue re- 
flections. It does so essentially by introducing a set of 
regularly spaced virtual sources of radiation which 
irradiate slightly different regions of the crystal. 

By the use of quartz as a standard “perfect”’ crystal, 
the normal appearance of reflections ranging in position 
from 0° to 90° was established, both for unstrained 
crystals and for crystals subjected to controlled elastic 
strains in bending or torsion. These reflections were then 
used as standards with which similar reflections from 
plastically deformed aluminum crystals could be com- 
pared in order to assess crystal distortion in the latter. 
In work to be reported elsewhere, the methods here 
developed have been used in a study of deformation and 
recovery in aluminum single crystals. In particular, the 
use of a Soller slit extends the usefulness of the G-T 
focusing Laue method by permitting quantitative 
measurement, not only of bending or fragmentation 
about one axis, but also of torsion. 
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Current Element Near the Edge of a Conducting Half-Plane 
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The two-dimensional problem of the Maxwellian field from a line source of current adjacent to a conducting 
half-plane is treated by a transform method of solution. Expressions in the form of contour integrals are 
given for the current induced in the conductor and for the radiated field. 





I. INTRODUCTION 


Y a transform method of solution, the field from a 
line current adjacent to a semi-infinite plane con- 
ductor is found. The equation considered is an integral 
equation similar to the type considered by Wiener and 
Hopf,' and applied to electromagnetic problems by 
Levine and Schwinger.? A description of the general 
method of solution is given in another paper.® 
Consider an infinite line source, defined by x=a, 
= —b, in the vicinity of a semi-infinite, perfectly con- 
ducting plane, defined by x=0, z<0. The geometry 
is illustrated by Fig. 1. The field point is specified 
by the coordinates x and 2z, or, alternatively, by 
the distance r from the origin and the angle @ measured 
from the positive z axis. The line current is of uniform 
excitation, taken as unity. From symmetry, the field is 
everywhere independent of the y coordinate, reducing 
the problem to a two-dimensional one. 


Il. DERIVATION OF THE TRANSFORM EQUATION 


The field is transverse magnetic to the y axis, and 
can therefore be represented by 


H=VXA, (1) 
jweE=VXVXA =A, 


where A= yy, and y is a solution to the scalar wave 
equation. The boundary conditions for the problem are 


E,=6y=0 at x=0, z<0, (2) 


and the field satisfies the Sommerfeld radiation condi- 
tion at large distances from the source. 

Let y be expressed in terms of the incident field from 
the line source, y', and a scattered field caused by the 
presence of the plane conductor, yf’, as 


¥(x, z)=Y'(x, 2) +¥*(x, 2). (3) 


The incident field is simply the field from a line source 
radiating into free space, which is 


1 
Vix HAL (ea) +H". ) 

J 
The scattered field is that produced by the electric 
currents flowing on the plane conductor. These currents 





* Now at Syracuse University, Syracuse, New York. 

1 Paley and Wiener, Am. Math. Soc. Colloq. Pubs. 19 (1934). 

2 Levine and Schwinger, Phys. Rev. 73, 383-406 (1948). 

?R. F. Harrington, “On the solution of integral equations of 
the Wiener-Hopf type.”’ A paper to be published. 


are equal in magnitude to the discontinuity in the 
tangential magnetic field over the conductor. Since the 
only component of the tangential magnetic field is H, 
the electric currents flow entirely in the y direction. 
Letting J(z) represent the electric current density, the 
scattered field can be constructed as the sum of the 
contributions from differential line elements of current, 
as 


1 0 
v=— fi IGM LM+ 6-2) Mae.) 
47 J_., 


The integration extends only over negative values of 
z’ since J is zero for positive 2’. 

The Laplace transformation is now applied to Eq. 
(3). A Laplace transform pair is given formally by 


F(y)= f F (z)e—7*dz, 
ty (6) 


7] Y—jwo 


1 a 
F@=— f F (y)ev*dy. 


The existence of F(y) implies certain restrictions on 
F(z) and on the path of integration in the y-plane, which 
may be displaced from the imagninary axis to insure 
convergence of the integrals. Taking the transform of 
Eq. (3) gives 


V(x, y)=Vi(x, y)+¥*(x, 7). (7) 


Both WV‘ and W* contain the transform of the Hankel 
function, which is known.‘ Thus, 





eve oa) 
vi= os Hy {BL (x—a)?+ (2+ b)? }}e-1 e+) dz, 
4j J_. 
; i (8) 
ev exp[ —j|x—a| (7°+6")!] 
2j(v°+6")! 
x 
4 
Current 
Cloment To Field 
Mine i r Point 
a 
Conductor | 8 — 








Fic. 1. Current element adjacent to a conducting half-plane. 


‘ Carlson and Heins, Quart. Appl. Math. 4, 313-330 (1946). 
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and 


1 0 
=— f J (2')e-7*'dz’ 
4j J. 


i. J Ho {B[x?+ (2—2')* yen1# dz 





_expl—Jl2] +6") f I(ee-*'de, 
2+) I 
_expl—Jle| +6) 
2j(7*+6") 


Once J (y) is determined, substituting Eqs. (8) and (9) 
into Eq. (7), and inverting, gives the field at any 
point x, z. Letting «=0 in Eq. (7) gives 


2j(¥+6)*© (0, y) =e” exp[—ja(y+H)*]+J (7), (10) 


which is the appropriate transform equation for the 
problem. 





(y). (9) 


Ill. TRANSFORM SOLUTION 


The regions of regularity of the unknowns must first 
be determined. From the boundary condition, Eq. (2), 
it is seen that ¥(0, z)=0 for <0, so that 


v(0, v= f (0, z)e~7*dz. (11) 


Since y is a solution to the two-dimensional wave equa- 
tion with the source in the finite region, the behavior 
of y for large z is given by 


" iBz 


¥(0, z) -—-~——. (12) 
5 ede) z} 


This implies that (0,7) is regular in the region 
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Fic. 2. Path of integration for Eq. (18). 
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Re(y)>Im(8). Since J(z)=0 for z>0, its transform 
is given by 


Joy= f J (z)e—7*dz. (13) 


Now J is equal to the discontinuity in H,, and is thus a 
solution to the wave equation. Therefore 





(14) 


which implies that J(y) is regular in the region 
Re(y)<—Jm/(8). With these results, it is seen that all 
terms of Eqs. (10) are regular in the strip enclosing the 
imaginary axis, | Re(y)| <—Jm/(@). 

It is also necessary to know that the unknowns are 
well behaved, that is, do not increase exponentially, as 
y—o in their respective half-planes of regularity. 
That this condition is met is implied in the assumption 
that the field transforms exist. In order for the un- 
knowns to be integrable about the z origin, the singu- 
larities must be no greater than 1/z. This insures that 
both J and © do not become infinite faster than the 
first power of 7 as y=. 

The function multiplying ¥ in Eq. (10) is now 
separated into two factors regular in the right and left 
half-planes, respectively. When this is done, rearranging 
Eq. (10) gives 


J (y) 

(y—j8)! . 
fs ” exp[ — ja(y’°+6")!] 
(y— 78)! . 


The first term on the left side of Eq. (15) is regular in 
the right half-plane and the second term is regular in 
the left half-plane. Thus, from transform theory, the 
inverse of the first term of Eq. (15) vanishes for z<0, 
and the inverse of the second term vanishes for z>0. 
The inverse transform of the term on the right of Eq. 
(15) exists over all z. Therefore, through inversion of 
Eq. (15), one has 


27 (y+ j8)*¥ (0, y)— 








(15) 





jo ai 2 2\4 
f exp[ — ja(y’°+6") J, (obigy 
—joo (y—j8)! 


r joo 
27 f (y+ j8)*¥ (0, y)e*dy, 2>0, 
—fx 
a4 (16) 


jo 





. J (y)ev*dy, <0. 
. —joo (y—j6)* 





Since the Laplace transformation is unique, the un- 
knowns J and W can be found by transforming Eq. 
(16) over the appropriate ranges. Only J(y) is of 
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Fic. 3. Path of integration for Eq. (24). 


interest now, and is given by 





: —(y—j8)* ¢* rp expl—ja(s+6*)*)] 
J ge : 
wa f r (s— ja)! 
XK ete edsdz. (17) 


The complex variable of integration in Eq. (17) has 
been replaced by s to avoid ambiguity with y. The 
unknown (0,7) is given by a similar expression. 
Interchanging the order of integrations in Eq. (17) and 
integrating with respect to z gives 


—(y— 7g)! pie — ja(s2-+-62)! 

l= (y— 38) f exp Jet +6*)*] 
—Jjoo (s—jB)*(s—~y) 

Xe*ds, Re(s)>Re(y). (18) 





2rj 


This is the desired solution to the transform equation. 
By analytic continuation, it holds for all y. Figure 2 
gives the path of integration in the s plane for Eq. (18). 
There are branch points at s=+j8, and branch cuts 
are placed from these points to infinity parallel to the 
imaginary axis. The path of integration lies to the right 
of the pole s=+¥. 


IV. INTERPRETATION OF THE SOLUTION 


The solution of part III, substituted into Eqs. (7) to 
to (9), and inverted, gives the field at any point in 
space. However, the complexity of the solution is such as 
to make it difficult to evaluate the inverse transform. 
Fortunately, the far field can be obtained directly from 
the transform solution, without recourse to inversion. 

Equations (3) to (5) give the field as a function of 
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the distance from a current element, 
p=[(x—2’)?+ (s—2’)*}t. 


For large p, one can apply the asymptotic form for the 
Hankel function, 


Ho (8p) (2/xBp) ei #0), (19) 
po 


For the far field, the source and each differential ele- 
ment of the current sheet see the same angle @ to the 
field point. Considering the geometry of Fig. 1, for large 
’, 

p=r—x sind—z cosé. (20) 


Substituting the above into Eqs. (4) and (5) gives 


1 
fa alent anal con8) (21) 
J 


1 0 
yo —(2/xpr)beier-o0 fF J (z)e%8+ e802, (22) 


2 


It is noted that the integral in Eq. (22) is simply the 
transform of J(z) evaluated at y=—j8cos6. There- 
fore, by Eq. (3), the far field is given by 


V=K(r)[e%8( sine cos) 4+ J(— 78 cosd)], (23) 


where K(r) is a proportionality factor dependent only 
on r. In Eq. (18), setting y= —J8 cos, and letting 
w=s/B, gives 


1 s)} 
Rint 


us 
s e~ 18a (1+ aw?) tebbw 
—ia (1+ jw)*(cosi— jw) 


For 6 real, the path of integration in the w plane is given 





dw. (24) 
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Fic. 4. Field pattern for Ba=/4, Bb=/4. 
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in Fig. 3. The integral in Eq. (24) can be reduced to 
real integrals, and actual integration carried out 
numerically. Care must be taken to maintain the proper 
phase of the radicals. 

An interesting check of the solution can be obtained 
by letting a=0, b>0 in either the transform solution 
or the far field solution. This is the situation for which 
the current element lies on the surface of the conductor. 
Now the branch point at y= — j@ is no longer present, 
and the path of integration can be closed at infinity to 
the left. Evaluation by the theory of residues shows the 
field to be everywhere zero, which is the expected 
result. 

The far field pattern given by Eq. (23) is also the 
pattern of a stub antenna (or finite length line source) 


HARRINGTON 


in the plane perpendicular to its axis. That this is so 
can be seen as follows. The far field from an infinite line 
source is characterized mathematically by the assump- 
tion that each differential element of length sees the field 
point at right angles to its axis. Thus, by superposition, 
the pattern is also that from a single differential dipole, 
in the plane perpendicular to its axis. 

A pattern has been calculated by numerical integra- 
tion for the case where the source was a distance \/4 
from the plane reflector and \/4 back from the edge, 
that is, Ba=/4, Bb>=/4. Experimental measurements 
were taken on a model for the same conditions, using a 
stub antenna for the source. The results are given in 
Fig. 4. The experimental and theoretical patterns are 
in good agreement within the experimental accuracy. 
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It is now well known that a cylindrical helix, when excited at frequencies corresponding to wavelengths 
comparable to the length of one turn of the helix, can radiate a sharp beam along the axis over a wide fre- 
quency range (about one octave). It is shown in the present communication that if the helix be conical 
instead of cylindrical (the diameter varying along the iength of helix), then the axial mode of radiation can 
be maintained over a much wider band of frequencies. The radiation pattern of a conical helix, 60 cm 
diameter at the base, tapering linearly to 20 cm at the top in 10 turns within a height of 112 cm (with the 
“ground” provided by brass disk of 100 cm in diameter) has been studied experimentally. It is found that the 
axial mode of radiation is maintained from 150 Mc/sec to 450 Mc/sec. By increasing the number of turns, 
the band width can be considerably increased. Assuming a linear current distribution, theoretical expressions 
have also been deduced for Ey and Eg for a conical helix. Some modifications of the simple conical helix, 


such as may have special applications, are indicated. 


I. INTRODUCTION 


CYLINDRICAL helix is a well-known circuit 

element having many uses. It is widely used, for 
example, as an inductance; in a traveling wave tube it 
is used to guide the wave along the axis with a velocity 
smaller than that of light. In all such applications, the 
hélix diameter is a small fraction of the free space wave- 
length corresponding to the frequencies concerned. Uses 
have also been found in recent years of a helix, the diam- 
eter of which is of the same order as the free space 
wavelength. It has been shown by Kraus! that for such 
wavelengths, the circular helix can be an efficient radi- 
ator. Depending upon the pitch angle and upon the 
ratio of the wavelength to the helix diameter, the helix 
can radiate in three modes. For example, for the pitch 
angle of 12.6° the so-called “normal” radiation mode 
(resulting from the 7») mode of current) is observed 
when the length of one turn of the helix is smaller than 
0.8A; when this length is between 0.8\—1.3A, the 


1 J. D. Kraus, Electronics 20, No. 4, 109 (1947). 


“axial” radiation mode, due to the 7; mode of current 
distribution along the helix, is obtained; and, when the 
length is more than 1.3, energy is radiated in the 
“conical” mode due also to JT; mode of current distri- 
bution.”* Further, for the axial mode of radiation, 
a sharp beam is maintained along the axis over the 
large frequency band of nearly one-octave. The three 
modes? of radiation are illustrated in Fig. 1. 

It is interesting to inquire how the radiation charac- 
teristic of the helix will be altered, if the diameter 
instead of remaining constant varies along the length 
of the helix. This problem has been investigated both 
experimentally and theoretically by the author of the 
paper for the case of a simple conical helix, the radius of 
which varies along the length of the axis and the pitch 
angle remaining constant. It has been found that for 
such a helix there exists in general all the three modes 
of radiation as in the case of the cylindrical helix. The 
normal radiation mode is present when the frequency is 


? J. D. Kraus and J. C. Williamson, J. Appl. Phys. 19, 87 (1948). 
3 J. A. Marsh, Proc. Inst. Radio Engrs. 39, 668 (1951). 
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Fic. 1. Three types of radiation pattern of a cylindrical helix: 
(a) normal mode, (b) axial mode, (c) conical mode. 


so low that at no part of the helix the diameter is large 
enough to satisfy the condition of axial mode of radia- 
tion. The axial mode is obtained with higher frequencies. 
In the transition range of frequencies, the portion of 
the helix having smaller diameter radiates in the normal 
mode; of the rest, the part having the larger and the 
appropriate diameter radiates in the axial mode. At still 
higher frequencies, the diameter at some portion of the 


helix becomes large enough (compared to the free space 


wavelength) for the conical mode of radiation to appear. 
The relative strengths of these three modes of radiation 
depend on the frequency and on the position of the 
point at which energy is introduced for exciting the 
helical antenna. This is because the feed position de- 
termines the current strengths in the different parts of 
the helix. For example, with the helix used by us for 
450 Mc/sec, the radiation is mainly in the axial mode for 
the “apex feed,” the conical mode of radiation just 
appearing. For the “base feed” the conical mode of 
radiation is stronger than the axial mode at 400 Mc/sec. 
Besides other interesting properties, the conical helix 
can radiate efficiently a beam of small angle over a 
frequency range which is much greater than that for 
the corresponding cylindrical helix. 

In what follows we shall first describe the results of 
experimental investigation on the polar diagrams and 
on the charge distributions along a conical helix of 
chosen dimensions when it is excited to radiate the 
different modes. An attempt will then be made to de- 
velop a theory of radiation from such a simple conical 
antenna (Sec. III). Modification of the simple conical 
helical form to meet the demands of special applications 
will also be briefly indicated (Sec. IV). 


Il. EXPERIMENTS WITH A CONICAL HELIX 


The form of a simple conical helix can be expressed 
in cylindrical coordinates (z, a, ¢) by the equations, 


a=ao(1—k¢) (1) 
and 


dz=a tana:-d@, (2) 


where a is the distance of an element of the helix from 


the axis. 
¢ ko 
= { ao(1—ko) tana-dd= ay tana(1-—)¢, (3) 
0 


where a is the inclination of an element of the aerial 
wire with the horizontal plane and is constant. It is 
obvious that @ and z can be made to vary with ¢ in 
any way. 

The conical helix used by us for studying the charge 
distribution and the polar diagram of the radiation 
pattern was made of 35-in. brass rod and had 10 turns. 
The radius at the base was 30 cm. The radius decreased 
uniformly to 10 cm at the apex in 10 turns within a 
height of 112 cm. A brass sheet, 100 cm in diameter, 
provided the “ground.’”’ Measurements were made with 
the helix oriented in two different ways with respect to 
the ground. First the base of the cone was close to 
the ground, and secondly the apex was close to the same. 
(The distance between the point closest to the ground 
and the ground was 1 cm in each case.) For each of 
these two cases polar diagrams were plotted, first, when 
the feed was at the base, and secondly, when the feed 
was at the apex. The feed arrangement for each of the 
cases is illustrated in Fig. 2. 


Measurement of the Electric Field 


The vertical and horizontal components of the elec- 
tric field were measured with a small dipole placed at a 





Fic. 2. Illustrating the different methods of feeding energy to 
the conical helix for different dispositions with respect to “ground.” 
For case (a) the feed is at the base; (b) the feed is at the apex, 
the feeder pas oe through the helix; (c) feed at the apex; 
(d) feed is at the , the feeder passing axially th the helix. 
Case (b) has the largest useful band width. For case (a) the band 
width is smaller, but the directivity is stronger. 
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Fic. 3(a). Eg radiation pattern of the conical helix shown in 
Fig. 2a. Base is close to the “ground.” Energy feed is at the base. 
Frequency, 120 Mc/sec. 


distant point and at the same height as the axis of the 
aerial. The polar diagrams as obtained for the four cases 
are shown in Figs. 3-6. The polar diagrams are neces- 
sarily different for the four cases because of the different 
current distributions. 


Measurement of the Charge 


The current distribution along the antenna can be 
found by measuring the voltage induced in a balanced 
loop placed in the axial slot in the aerial as had been 
done by Marsh.* This method, however, is not suitable 
here as the antenna wire is thin. The charge distribution 
was measured by coupling capacitatively a small probe 
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Fic. 3(b). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2a. Base is close to the “ground.” Energy feed is at 
the base. Frequency, 150 Mc/sec. 
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to the antenna wire. The coupling was kept small so as 
not to distort the current distribution. The charge dis- 
tributions for the top and the bottom feed for the 
normal and the inverted cone are shown in Figs. 7 and 8. 
For the case of the top feed, the charge distributions for 
100 Mc/sec, 200 Mc/sec, and 300 Mc/sec were meas- 
ured and for the bottom feed, charge distribution for 
200 Mc/sec is shown. 

In the case of a circular helix radiating in the axial 
mode, there are two modes of current propagation, 
namely, the 7‘) and 7; modes, both in the forward and 
in the reverse direction. The characteristic of the 7, 
mode is that its phase velocity is equal to that of light 
when the diameter of helix D exceeds 0.5X. For the Ty 
mode, the current is rapidly attenuated and is of 
negligible amplitude within a few turns. The 7; mode 
of current, however, is of constant amplitude along the 





Fic. 3(c). Eg and £g¢ radiation patterns of the conical helix 
shown in Fig. 2a. Base is near the “ground.” Feed is at the base. 
Frequency, 200 Mc/sec. 


helix and its phase velocity is smaller than that of light, 
being a function of pitch angle and of D/X. The energy 
reaching the end of a helix of several turns is, thus, that 
produced by the 7; mode of current. 

The current distribution along the length of the 
conical antenna is, however, much more complicated 
than that of the cylindrical helix. This is not only 
because there are several waves traveling with different 
propagation constants in both directions, but also be- 
cause the propagation constants of the various modes 
of current cannot be assumed to be constant along the 
length of the aerial. In the absence of any theoretical 
analysis, the following qualitative information regarding 
the current distributions may be inferred from the 
experimentally obtained charge distribution. (a) From 
Fig. 7(a) it is seen that at 100 Mc/sec the 7, mode is 
predominant, and pure standing waves are obtained. 
The propagation velocity is that of light. (b) Figure 7(b) 
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shows that at 200 Mc/sec the 7, mode is excited, and 
the JT) mode is attenuated. It is also seen that the 
current is almost zero at the base of the helix. This 
means that only progressive waves of current exist, and 
the charge and the current distributions are, therefore, 
identical. Further, the 7; mode of current now grows in 
amplitude along the length of the aerial and is then 
attenuated. This is to be expected from the results of 
measurements by Marsh® on the circular helix, which 
indicates that the 7; mode of current cannot be excited 
for all the values of D/X. Since D varies continuously in 
the case of conical helix, the 7; mode of current grows 
and after reaching a maximum amplitude is attenuated. 
It is also seen that the maximum amplitude of the 
current is obtained when D=0.21X. (c) Figure 7(c) 
shows the charge distribution for 300 Mc/s. It is of the 
same nature as Fig. 7(b), except that the maximum 








Fic. 3(d). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2a. Base is near the “ground.” Feed is at the base. 
Frequency, 300 Mc/sec. 


amplitude of the 7, mode is now at the feed point of 
the helix when D=0.2. 

One important feature of the current distribution is 
to be noted in each of the cases illustrated. The current 
distribution is almost zero in the region farther from 
the feed point, i.e., near the base, for all frequencies 
higher than that at which the axial mode of radiation 
appears. This means that the reflection coefficient is zero 
near the base, or, in other words, the antenna has a 
constant input impedance over this entire band of 
higher frequencies. 


III. THEORETICAL ANALYSIS 


We shall calculate the electric field for the 7, mode 
of current distribution. This is because this mode causes 
the axial radiation which is of chief interest. For the 
circular helix the electric field at a distant point has 
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Fic. 3(e). Ey and Eg radiation patterns of the conical helix 
shown in Fig. 2a. Base is near the “ground.” Feed is at the base. 
Frequency, 400 Mc/sec. 


been calculated amongst others** by Kornhauser,® by 
determining the vector potential for the whole of the 
helix assuming a certain current distribution. Such a 
procedure is not suitable for the conical helix, because 
it leads to nonintegrable terms. Instead, the electric 
fields are calculated for the separate turns, and the total 
electric field is then obtained by combining them. This, 
of course, is possible if the distribution of phase velocity 
is known along the aerial. 

The electric field E for the far zone is given by 











Fic. 4(a). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2b. Base is near the “ground.” Feed is at the apex. 
Frequency, 150 Mc/sec. 


‘H. Lottrup Knudsen, Trans. Danish Acad. Tech. Sci., No. 8, 
pp. 55 (1950). 
5 E. T. Kornhauser, J. Appl. Phys. 22, 887 (1951). 
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Fic. 4(b). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2b. Base is near the “ground.” Feed is at the apex. 
Frequency, 200 Mc/sec. 


(King) 
p= f (Rox (Rox S)}7-exp(—jGoR)-ds, (4) 


where w is the angular frequency, uo is the absolute 
permeability of space. R is the distance between the 
point at which the electric field is calculated and ds, 
the element of the aerial wire carrying the current /. 
Ry is the unit radial vector in a spherical coordinate 
system (r, 6, @) with the aerial at the origin. S is the 


o 






150° 


Fic. 4(c). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2b. Base is near the “ground.” Feed is at the apex. 
Frequency, 300 Mc/sec. 





*R. W. P. King, Electromagnetic Engineering (McGraw-Hill 
Book Company, Inc., New York, 1945), Vol. 1, pp. 271. 
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Fic. 4(d). Eg and Eg radiation patterns of the conical helix 
shown in Fig. 2b. Base is near the “ground.” Feed is at the apex. 
Frequency, 450 Mc/sec. 


unit vector along the antenna and thus varies in direc- 
tion along the aerial. 
The vector product 


{RoX (RoX S)} =Se-6—S,-¢, (5) 


where S, and Sy are the direction cosines between S$ 
and the 0, ¢ spherical coordinate axes, and are given by 








Rm COSd 
Se= — cosa: cos singd— —sina:siné, 
1—kind 
km sing : 
Ss= cosa| cos¢— fi (6) 
1—kd 








Fic. 5(a). Hy and Eg radiation patterns of the conical helix 
with the apex close to the “ground.” Feed is at the base. Fre- 
quency, 150 Mc/sec. 
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180° 
helix Fic. 5(b). Eg and Eg radiation patterns of the conical helix Fic. 6(a). Eg and Eg radiation patterns of the conical helix. 
— with the apex close to the “ground.” Feed is at the base. Fre- Anex is close to the “ground” and feed is at the apex. Frequency, 
quency, 200 Mc/sec. 150 Mc/sec. 
rec- The ¢-axis of the spherical coordinate system is taken _|gop is given by (Fig. 9) 
in the same plane as that of the cylindrical coordinate 
systems. Rm= Ro —(Zm+2) COSO—Am(1—kmo) sind cosd 
(5) From the helix geometry = Ry —Zm COSA — dm tana: -cosé 
18 S=Am seca: o(1—kmo/2), (7) +m tana: cosd- knd?/2 —adm sin8- cos 
| by ds =m seca: (1—Rmo)-do. (8) +dmkm sind-d-cosd, (9) 


Since R is large compared to the dimensions of the where z» and a,, are values of z and a, respectively, 

helix, it is replaced except in the phase term by Re, at the center of mth loop. k» is the value of & for the 

the distance between the origin of the coordinate system mth loop. 

and the distant point at which electric field is to be Since the 7; mode of current attenuates slowly, it is 

(6) calculated. This approximation cannot obviously be assumed for simplicity of calculation that the current 
made for the phase term. The value of R for the mth remains constant over one turn and varies from turn 
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helix Fic. 5(c). Eg radiation pattern of the conical helix with the Fic. 6(b). Ey and Eg radiation patterns of the conical helix. 
Fre- apex close to the “ground.” Feed is at the base. Frequency, Apex is close to the “ground” and feed is at the apex. Frequency, 
Mc/sec. Mc/sec. 
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to turn by appropriate amounts. A linear variation of 
phase velocity is assumed. Thus the current J in the 
mth loop, referred to the phase of the current in the 
first loop is given by 


T=I,, exp( —jvm)-exp(—jws/v), (10) 


where v,,= phase difference between the current at the 
centers of first loop and mth loop, and v is the phase 


velocity and is given by 
t= 0m(1—hnd) 
= Vm/ (1 +hmo), 


since the maximum value of ¢ is 7 and h,, is small. 


Substituting Eqs. (6)-(11) in Eq. (5), E, and Ey are 
obtained. Thus, 


(11) 


jwuo N + km sing 
, 5 f | cosa | cos¢— -— | 
4nrRy m=1 /_., 1— Rnd 


WwW 
xexn( - "Rx ) Tm: eXp(— jvm) 
i 





E,=-— 








Wm SECA Rnd 
xexp| --——(6- 


)aa+in6)| 


: Um 


X dm seca(1— km) |e (12) 


where JN is the number of turns. 
Substituting the value of R,, from Eq. (9), 
jwpo exp(— jwRo/c) m=N 


TF to ecanren 


4rR, m=1 


Ww 
xexp( Js. cost — jon 
c 


+r 
x f | (cos —Rmb) — Rm sind} 





Cul « 


Ww Ww 
xexp( jan tana-cos@: @— j—a,», tana 
c c 


Rm w 
Xcosé- a J-Gm sind: cond ) 
C 


WwW 
xex( — J—-AmR m sind: d: coss ) 
C 


JOAm SECAa*P JwWAm SECA 


xexp| — _ 


Um Um 





JOOmMmR m 
X (him— km/2)°-+——_——-: ¢* eo (13) 
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Fic. 6(c). Ey and Eg radiation patterns of the conical helix. 
Apex is close to the “ground” and feed is at the apex. Frequency, 


300 Mc/sec. 


Or, with the abbreviations, 
Jwpuo exp(— jwRo/c) 
4rRo 


o= 





’ 


Ww 
Nom=—Zm*Cos8, 
c 


Von= Nom— Vm; 


WwW 

Com=—dm tana:cosé, 
c 
ed . 

dom=—m siné, 
c 
Ww 

2m=—Om Seca. (14) 

Vm 


a & Ss 
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Fic. 7(a). Charge distribution along the length of the conical 
helix shown in Fig. 2. Base is close to the “‘ground” and feed is at 
the apex. Excitation frequency, 100 Mc/sec. 
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Equation (13) can be written as 


5 
1 


S 
T 


N +r 
Es=Eo DL aml m exp(jom) f 
m=1 ae 


CHARGE (ARBITRARY UNITS) 








8 = 
| (cos td) —hnsind} expj(Com— 8m) 4+ 
Xexp— J{Sm(lm— km/2)+ Com: km/2}o* 04080120160 200 
ke DISTANCE ALONG THE AERIAL WIRE (Cu)-> 
oe —— 
xexn/ 8mm ¢ ) Fic. 7(c). Charge distribution along the length of the conical 


helix shown in Fig. 2. Base is close to the “ground” and feed is at 
the apex. Excitation frequency, 300 Mc/sec. 


Xexp(jde cos¢) exp (jad cos) |. (15) 
Or, rearranging the terms, 


The right-hand side of the equation cannot in general a a mia ‘Sse 

be integrated. In the particular case where km is small, Eg=Eo X dmlmexp(jvon) 2 j"J a(de) 
which is of importance, the expression can be simplified. ais 
Since the maximum value of ¢ is x, and gnJtmkmm/2<1, x f oso — km) —km sing} 
we can put, =e 


exp( —j£m/tm(Skm) > ¢*)= 1, 


m=1 n=—o 


x (1— JH") exp j(Con—snct-»)6) |. (18) 


s 


Introducing the exponential forms of cos¢ and sing 
and putting, 


S 





CHARGE (ARBITRARY UNITS) 

















L=Vem— Lm t+n+ 1 
8 , (19) 
Y=Vom—Zmtn—1 
4 
i. cee, ES and also neglecting second-order terms, 
0 80 160 20 320 400 480 560 640 
DISTANCE ALONG THE AERIAL WIRE (Cu) —~ Eo wn oe 
Fac. 7(b). Charge distribution slong the length of the conical “0 — L Am! m EXP(jWom) zu j"J n(de) 
helix shown in Fig. 2. Base is close to the “ground” and feed is at 2” miei 
the apex. Excitation frequency, 200 Mc/sec. ™ 
- xf | Ct ita bn6—jt16") exp( ine) 
exp( — jdekmp cosd)= 1 — jdekmd cosd mis 
“1, + (I~ jha— bad jH16") expliyd) 46 (20) 
Writing, 
&m(m —Rm/2)+Comkm/2=H (16) 24 
and using the Fourier expansion for exp(jd» cos@), i.e., t ™ 
; 
: oe | S 
exp(jdscosd)= 2) j"Jn(de) exp(jng), (17) ~ 
n=—o « 
& 
where J,,(d9) is the mth order Bessel function for the 5 °@ 
argument dy. Eq. (15) can be written as < 
N +r & = 
: = 
E,= Eo =. Onl m exp(jWom) f 5) 04 
m=1 eal 
. , 00 l l l i l l aaa 
X]} {coso(1—knd) — km sing} exp{ j(Vom— gm) >} 200 400 600 800 1000 1200 
DISTANCE ALONG THE AERIAL WIRE (C4) —> 
, — . . Fic. 8. Charge distribution along the length of the conical helix 
X(1—jH¢?)X LD j"In(de) exp( ind) |. shown in Fig. 2. Base is close to the “ground” and feed is at the 
n=—o 


base. Excitation frequency, 200 Mc/sec. 
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Fic. 9. Illustrating the calculation of the distance, from a point 
in the far zone, of an element ds of a loop of the helix with refer- 
ence to the distance of the same point from the origin. 


N n=+00 
= Eo > Oml m exp(jWom) .¥ 7"J n(de) 


m=1 n=—@ 


sinxr _cosxr sinxr 
| {+t —ba(— in +j ) 


x x x? 


- sinxe cosxm 2sinxr 
—f% (= +29 —_ 2 ) 











9 


x x* 


_ _sinyr _ cosyr  sinyr 
+| (jhe) —bn( — in +j ) 


y y P 


y 
siny@ cosyr 2sinyr 
-ja(« sc ae )} | (21) 
y $ y 


‘We next obtain the #-component of the electric field 
at the distant point. Substituting Eq. (7) in Eq. (5), 
E, is given by 


jou N et km sing 
Ea=- cosa | coso( sing— ) 
4nrRy m=1 J _, 1— Rnd 




















Ww 
+tana: sina| -exp( - Ra) Im exp(— jvm) 
c 


Wm SCC knd’ 
xexp| j-"—“(- )ct+hno | 


Um 2 





X dm seca(1— kno) jo (22) 
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Proceeding as before this expression can be simplified 
and Ez is given by, 


: N n=+00 
Es= Eo Yo GmImexp(jWom) YL j"J n(de) 


m=1 n=—o 








sinxa 
x cost (jkm—1) 
x 
_cosxr = sinxr 
+ha(—in +j ) 
x Fa 


sinxr cosxm 2sinxr 
+jH( «*——+2s— —-——_ 
' x x? x? 


_ sinyr _cosyr = sinyr 
+ (1+ jkm) ~ba( =i "43 ) 
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y ) d 
sinyr cosyr 2sinyr 
—jH | a +2r- Si ra 
y y° y 
sinud cosur sinur 
+2 tana sin -—k,.§ —jr +7 
u u u? 


sinur cosux 2sinur 
— (#28 ~—— -—~) | (23) 
u u" u? 


where “= Com —Zm+n. 

The expressions for E, and Eg are long, but some of 
the terms are quite smail compared with the others. 
In the series 


n=+0 


: js n(de), 


n=—e 


the zeroth term is the largest and all others, except 
“= +1, can be neglected as they are less than 1 per- 
cent. Of the terms in the parenthesis, sinxz/x, sinyz/y, 
sinum/u are by far the largest terms and of these 
sinxw/x term is very large. 

In Fig. 10 the experimental and theoretical polar 
diagrams for a conical helix (base nearer the ground), 
fed at base, are compared for 200 Mc/sec excitation. 
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Fic. 10. Calculated (dotted lines) and observed (solid lines). 
Eg and E¢ radiation patterns for the case shown in Fig. 3(c). 











Onl} 
calc 
the 


whe 
betv 
pha: 
diffe 
turT 


of r 
of ¢ 
mai 
suit 
heli 
be 1 
frec 
and 
the 


spe: 
in ] 


con 
sha 
que 
heli 
If t 
spil 
at 

Fig 
in | 
fre 
spi 
wic 








ied 


(23) 


e of 
ers. 


cept 
per- 
/Y, 








RADIATION 


Only the first-order terms have been retained in the 
calculation. The phase velocity has been obtained from 
the following relation as used by Kraus:’ 


L/p=d+(A/2N)+2Z, 


where p=v/c, L=length of one turn, Z=the distance 
between the turns for the conical helix. The actual 
phase velocity for the conical helix may be slightly 
different from that given by Eq. (24) because all the 
turns are not of same diameter. 


(24) 


IV. CONCLUDING REMARKS 


We note that while in a circular helix the axial mode 
of radiation can be maintained over a frequency range 
of about one octave, that in a conical helix can be 
maintained over a much wider frequency range by 
suitably varying the diameter. For a wide band conical 
helix the axial mode of radiation is, however, likely to 
be mixed with the normal mode in the low side of the 
frequency band. The relative magnitudes of the axial 
and the normal radiations depend on the pitch angle, 
the degree of tapering, and also on the feed position. 

The conical helix can be modified in several ways for 
special applications. Some of these variations are shown 
in Fig. 11. 

In Fig. 11(a) a conical helix in which the radius is 
constant in the central part is shown. This will have a 
sharper radiation pattern in the middle of the fre- 
quency band over which it can be used. The conical 
helix as shown in Fig. 11(b) is suited for balanced feeder. 
If the pitch angle is zero the conical helix reduces to a 
spiral as shown in Fig. 11(d). With appropriate delays 
at suitable intervals along the length as shown in 
Fig. 11(e), the spiral will radiate most of the energy 
in a direction perpendicular to the plane for a wide 
frequency range. Figure 11(e) shows a combination of 
spiral and conical helix which will have large band 
width with small height of the aerial above the ground. 


7J. D. Kraus, Proc. Inst. Radio Engrs. 37, 263 (1949). 
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Fic. 11. Some modifications of the conical helix. 


This type of aerial may be useful for ionospheric in- 
vestigations. 
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Tension tests to fracture under superposed hydrostatic pressure reaching to nearly 30 000 kg/cm? have been 
conducted on five polycrystalline metals, Ni, Ta, Cb, Mo, and W, two brittle single metallic crystals, Sb and 
CusZng, and two brittle amorphous materials, ““Melmac 404” and B,O; glass. All these materials exhibit 
ductility at the highest pressure; the largest increases are for the polycrystalline metals of which the largest 
is W, which breaks brittlely at atmospheric pressure but with 81 percent reduction of area at the highest 
pressure. The shape of the strain hardening curves varies among the five metals from abrupt rise with long 
tailing off to long gradual rise with comparatively abrupt falling off, in the order W, Mo, Ta, Cb, and Ni. 
The character of the fracture varies continuously with pressure and is different for the different metals. Of 
the brittle single crystals Sb has a reduction of area of 55 percent at the highest pressure. The plastic, Mel- 
mac 404, gives the smallest increase of ductility, a reduction of area of only 14 percent at the maximum. 
This small value is doubtless associated with the absence of internal crystal slip planes. B2O; glass gave a 
reduction of 87 percent; this is largely a phenomenon of plasticity, but there is an appreciable component 
of viscosity. Both amorphous materials showed an increase of density after pulling under pressure instead of 
a decrease. 


MAY, 


1953 


The Effect of Pressure on the Tensile Properties of Several Metals and Other Materials 





INTRODUCTION 


N this paper previous investigations! of the effect of 
hydrostatic pressures up to 30000 kg/cm? are 
extended to a number of new materials. The majority 
of the previous work was done on various grades of 
steel. These all exhibited qualitatively similar effects. 
One of these effects was a very great increase, under 
pressure, in ductility, that is, the strain at fracture 
defined as log.AoA,;. Here Ao is the initial area of the 
cross section and A, the final area at fracture. Under 
the higher pressures, reductions of area so great as to 
be no longer measurable are obtained, the tensile 
specimen being pulled out practically to a point before 
fracture. This increase of ductility is known to be 
exhibited by other materials also, and a number of 
examples have been already described. A question 
examined in this paper is whether types of material 
different from those yet examined will also show the 
phenomenon. Several such materials are examined here. 
Steel exhibits, in addition to its great increase of 
ductility, at least two other characteristic effects, 
namely, a strain hardening which increases linearly 
with pressure, indicating by extrapolation the possi- 
bility of indefinitely high tensile strengths under suffi- 
ciently high pressures, and a linear dependence of the 
strain at fracture on the supporting pressure. These two 
linear relations are independent of each other. A ques- 
tion to be examined was whether other materials will 
also show these two linear relations. There had been 
some indication that, although the increase of ductility 
might be a rather common effect exhibited by many 
materials, the other linear relations were rather special 
to steel. Another question for examination was whether 
the empirical connection found between the reduction 
of area and the profile of the contour of a tensile speci- 
men for steel? applies to other metals also. Choice of 
1P. W. Bridgman, Studies in Large Plastic Flow and Fracture 


(McGraw-Hill Book Company, Inc., New York, 1952). 
? Reference 1, p. 26. 


metals for the present investigation was somewhat 
limited by the instrumental requirement that they be 
in the same strength range as steel, a requirement 
imposed by the somewhat low sensitivity of the device 
with which tension is measured under pressure. This 
rules out the softer metals, which would doubtless be of 
equal interest with those measured here. It is also 
required that the metal be obtainable in the form of 
rod of sufficient length to yield a number of specimens, 
since the specimens must be similar. The five metals 
examined in detail here, namely, nickel, tantalum, 
columbium, molybdenum, and tungsten, were the only 
metals commercially obtainable which satisfied these 
requirements. 

In addition to the conventional tests at atmospheric 
pressure, two types of measurement were made. The 
first was a determination of the effect of pressure on 
ductility, and it involved pulling the specimen to 
fracture under several pressures spaced over the range 
and plotting the reduction of area at fracture as a 
function of pressure. These ductility measurements 
often did not extend over the entire pressure range, 
because several of the metals neck down to an im- 
measurably small section under pressures much below 
30 000 kg/cm*. The second sort of measurement was 
of the strain hardening curve. This involved pulling 
a specimen to a predetermined reduction of area at an 
assigned pressure, removal from the pressure apparatus, 
measurement of the reduction of area, followed by 
replacement in the pressure apparatus and further 
pulling at the same pressure. This was repeated several 
times and yielded a curve of reduction of area versus the 
corresponding tensions for the particular fixed pressure. 
The entire procedure was repeated with other speci- 
mens at other fixed pressures, yielding finally a set of 
strain hardening curves as a function of pressure. In 
order to obtain the true flow stress it was necessary to 
correct the measured tensile load for nonuniformity of 
stress across the section, and this demanded a deter- 
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mination of a/R, where a is the radius of the cross- 
sectional area, and R is the radius of curvature of the 
contour. The necessary measurements were made after 
each release of pressure. 

The same apparatus and experimental procedure was 
used as in previous work on steel; these have been 
fully described. 

Isolated measurements were made on single-crystal 
gamma-brass and on single-crystal antimony as perhaps 
extreme examples of brittle materials that might 
possibly acquire measurable ductility under pressure. 
One plastic, ““Melmac 404,” was tried with the idea that 
there might be classes of materials which instead of 
becoming ductile under pressure become more brittle 
and glass-like. Finally boric anhydride glass was tried 
with the idea that if true viscosity continues to be a 
property of glass down to room temperature, measure- 
able deformations ought to be producible in cold glass. 
This glass, because of its unusually low normal softening 
point, seemed the most promising material to exhibit 
such an effect. 


THE DETAILED RESULTS 
Nickel 


This material was obtained through the courtesy of 
Mr. F. B. Foley and the International Nickel Company. 
It was furnished in the form of a bar 0.5 inch in diam- 
eter, annealed, and stated to be of 99.4 percent purity. 
Since the specimens required were only 0.25 inch in 
diameter, in order not to waste material the bar was 
flattened by a light forging at a red heat and then 
annealed by holding at 1600°F for 30 minutes with 
slow cooling in the furnace; the annealing process is 
described in Technical Bulletin T-20 of the Inter- 
national Nickel Company. 

Measurements were made on nine specimens, three of 
these at atmospheric pressure. Nickel is normally very 
ductile, the strain at fracture at atmospheric pressure 
being 1.76, corresponding to a reduction of area of 
83 percent. Fracture under a pressure of 7700 kg/cm? 
occurred at a strain of 2.58 (reduction of area of 92.5 
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Fic 1. The strain hardening curve of nickel. 
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Fic. 2. Curves of load versus stretch for nickel at 
several pressures. 


percent).. There was much uncertainty in this deter- 
mination because of irregularities in the section at 
fracture. At higher pressures the specimens pulled down 
to irregularly arranged knife edges before fracture so 
that it became meaningless to attempt to assign any 
area at fracture and the ductility cannot be given at 
pressures higher than 7700. 

The strain hardening data are shown in Fig. 1. In 
this diagram are data for six different specimens, pulled 
at different pressures, as indicated. To a first approxi- 
mation the data for the different specimens fall on the 
same curve, irrespective of the pressure of pulling. 
To a second approximation, however, the points for 
the specimens pulled at the higher pressures lie higher. 
The same effect was found with steel. Over most of the 
range, up to a strain of 2, the strain hardening curve 
is approximately linear. Above this, it shows a tendency 
to turn down, which means that at extreme strains 
there is a softening rather than a hardening under an 
increment of strain. This is probably the result of 
actual material damage to the specimen at the very 
high strains, perhaps because of lack of homogeneity 
in the original material. This is consistent with the 
appearance of the fracture. 

Strain hardening in nickel is a slow process and the 
maximum in the curve of stretch versus total load 
which marks the beginning of necking is unusually long 
deferred. In Fig. 2 are shown three curves of stretch 
versus total load (or what is the same thing, tension in 
kg/cm? on the original area) for three different pressures. 
These curves rise higher and the maximum is displaced 
to greater elongations for the higher pressures. The 
maximum total load increases from 5400 kg/cm? at 
atmospheric pressure to 6200 at a pressure of 26 000 
kg/cm?, an increase of 15 percent, or 5.7 percent for 
10 000 kg/cm. This is of the same order of magnitude 
as found for steel. 

The original elastic limit of this nickel was not 
marked well enough to justify the attempt to find the 
effect of pressure on it. 

In order to find the correction factor for reducing 
“true” tensile stress (that is, total load divided by 
actual neck area) to “flow” stress, it was necessary to 
determine a/R. The correction factor for converting 
true stress to flow stress as given by the measured 
a/R was consistently higher than the “empirical” factor 
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Fic. 3. Ming oe, of a tension specimen of nickel pulled 
under a mean hydrostatic pressure of 16 000 kg/cm’. 


determined by using the empirical relation found for 
steel between strain and a/R. The excess was of the 
general order of 7 percent. In other words, the empirical 
relation found for steel between strain and a/R does not 
hold for nickel. The direction of difference means a 
smaller curvature in the contour for nickel than for 
steel; this is consistent with the delayed appearance of 
necking. 

The fractures were never as regular as for steel. At 
low pressures the general character was a rough cup- 
cone, with more irregular edge and bottom than for 
steel. At high pressures the tendency was to draw out 
to a chisel edge. The flow pattern on the surface remote 
from the fracture was a general roughening of the sur- 
face, without longitudinal streaks. The surface texture 
becomes finer for the higher pressure. In Fig. 3 is 
shown an unfractured specimen pulled at 16000 
kg/cm’. 

Tantalum 

The specimens were made from annealed }-inch rod 

of 99.9 percent purity obtained from the Fansteel 
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Fic. 4. The strain hardening curves of tantalum at 
several pressures. 
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Company. Seven specimens were used; three were 
pulled to fracture, and the strain hardening curves were 
determined with the four others. 

Tantalum is already so ductile at atmospheric pres- 
sure that it was not possible to measure the increase of 
ductility under pressure. At atmospheric pressure one 
specimen pulled down to a knife edge at fracture, and 
at higher pressures the two opposing fragments were 
always drawn out to sharp edges, of contorted shapes. 

The strain hardening curves for several different 
pressures are shown in Fig. 4. Within experimental 
error the flow stress increases linearly with the strain 
up to strains of 2. Measurements were not pushed to 
higher strains because of increasing geometrical irrregu- 
larities at the neck. Figure 4 shows a very definite effect 
of pressure on the strain hardening, the flow stress 
being greater for the same strain at higher pressures, 
as would be expected. The rate of increase of strain 
hardening is only one-half as great for tantalum as for 
nickel. 

The conventional tension curve, stress on the original 
area versus total stretch, is shown for several pressures 
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Fic. 5. Curves of load versus stretch for tantalum at 
several pressures. 


in Fig. 5. The general nature of the curves is strikingly 
different from those for nickel. Here the curve rises to 
an early maximum, which is followed by a long gradual 
tapering off. This means early onset of necking. Con- 
sistent with this is the fact that the “correction factor” 
determined by using the empirical relation between 
strain and a/R that was valid for steel is now too high, 
instead of too low, as for nickel. That is, the shapes of 
the neck of tension specimens of nickel and tantalum 
diverge in opposite directions from that of steel. 

At atmospheric pressure the fracture is a crudely 
developed crater with coarse granular structure. At 
higher pressures the structure becomes finer and the 
crater evolves into a knife edge arrangement, until at 
28 000 kg/cm? the fracture is a star-shaped arrangement 
of three knife edges, as shown in Fig. 6. The surface 
structure remote from the fracture is strongly ribbed 
longitudinally, becoming finer at the higher pressures. 


Columbium 


The specimens were made from annealed }-inch rod 
of presumptive 99.9 percent purity obtained from the 
Fansteel Company. Columbium is if anything more 
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TENSILE PROPERTIES OF SEVERAL METALS 


ductile than tantalum, so that only the strain hardening 
curves could be determined. For this, four specimens 
were used. Of these one was pulled to fracture in two 
stages at atmospheric pressure, one was pulled to 
fracture in one stage at a pressure starting at 16 500 
and ending at 28 800 kg/cm’, one was pulled in six 
stages at a mean pressure in the neighborhood of 28 000, 
and one was pulled in one stage at 29 000 to a reduction 
of area of 62 percent, from which pulling was continued 
to fracture at atmospheric pressure. 

Curves of total stretch versus total load are shown in 
Fig. 7 for atmospheric pressure and 28000 kg/cm’. 
The maximum total load and the maximum elongation 
are greater under pressure, as is also the case for nickel 
and tantalum. The maximum is 4600 kg/cm? under 
28 000 and 3900 at atmospheric, an increase of 6.4 





Fic. 6. Photograph of a tensile specimen of tantalum pulled to 
fracture under a pressure of 28 000 kg/cm’. The specimen pulled 
out to a point; the photograph is taken looking down on the point. 


percent for 10 000 kg/cm. This is in the range for other 
metals. 

The strain hardening curve was determined only for 
the highest pressure; it is shown in Fig. 8. The rate of 
increase of hardening is high compared with other 
metals. There is considerable uncertainty in this, 
however, because of rather unusually large irregularity 
in the cross-sectional area and in the contour, making 
uncertain the correction factor for converting from 
average actual stress to flow stress. The hardening curve 
is shown only as far as a strain of 1.54. Pulling was 
actually continued to a strain of 2.47, but the correction 
factor could not be determined at this strain. It would 
appear probable, however, that strain hardening does 
not continue to as high a strain as this, but deterioration 
of the material sets in, because if average load over the 
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Fic. 7. Curves of load versus stretch for columbium 
at two pressures. 


section is plotted against strain instead of flow stress, 
a curve will be obtained which turns over at the highest 
strains. The average stress on the section was 11 700 
kg/cm? at a strain of 1.54 and 12 000 kg/cm? at 2.47. 

The fracture at atmospheric pressure is cup-cone 
with fine granular structure. The strain at atmospheric 
at fracture is 2.23 (91 percent reduction of area); it is 
unusual to find a cup-cone fracture with such great 
reduction. At higher pressures the character of the 
fracture changes, until at 28 000 the fracture is a star 
of three chisel edges, very much like that of tantalum. 
The surface flow structure is a combination of pitting 
and longitudinal ribbing. Figure 9 shows a specimen 
pulled at 28 600. 

The maximum load, that is, the beginning of 
necking, occurs at a strain intermediate between that 
of nickel and tantalum, more nearly as for steel. It is a 
consequence that the correction factor for converting 
average stress to flow stress agrees fairly well with the 
factor determined for steel. The difference is in the 
direction corresponding to an earlier beginning of neck- 
ing in columbium than in steel. 

The specimen pulled under 29 000 to a strain of 0.96 
and then repulled at atmospheric pressure did not 
retain the full amount of hardening which it had 
acquired under pressure. Under 29 000 it was sustaining 
a load of 3450 kg/cm’, calculated on the original 
section, and when repulled at atmospheric pressure the 
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Fic. 8. Flow stress and average stress of columbium pulled 
at 28 000 kg/cm? as a function of natural strain. The flow stress 
curve is the same as the “strain hardening” curve. 
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Fic. 9. Photograph of tension specimen of columbium after 
the sixth stretching at 28 600 kg/cm’. 


highest load it sustained was 3050 kg/cm’. The pulling 
under pressure was, however, more effective in im- 
parting hardening than a pulling at atmospheric 
pressure, for the load which the specimen sustained at 
atmospheric under an elongation equal to that under 
29 000 was 2500 against 3050 above. The fracture at 
atmospheric of the prepulled specimen was cup-cone, 
very much like the fracture without prepulling. 


Molybdenum 


Five specimens were made from annealed j-inch rod 
obtained from the Fansteel Company. The purity was 
stated to be 99.9 percent. One specimen was pulled to 
fracture at atmospheric pressure in one stage, one was 
pulled to fracture in five stages at a mean pressure of 
7500 kg/cm’, one to fracture in five stages at 17 000, 
one to fracture in two stages at 28 000, and one not to 
fracture in three stages at 26 000 to 29 000. 

The curves for stretch versus total load for three of 
these specimens are shown in Fig. 10. The general 
character of the curves is similar to those for tantalum 
—an abrupt rise to an early maximum, followed by a 
long tailing off. There is a notable increase of ductility 
with pressure; the atmospheric specimen fractured at 
anh elongation of 0.065 inch at a total load 8 percent less 
than the maximum, whereas the elongation of the 
specimen fractured at 28000 was 0.22 inch and the 
load to small to measure, certainly less than one percent 
of maximum. It was, however, not possible to draw 
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Fic. 10. Curves of load versus stretch for molybdenum 
at three pressures. 
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Fic. 11. Average load on final section (“true” stress) of mo- 
lybdenum as a function of natural strain at several pressures. 


the conventional ductility curve because of indeter- 
minateness of the area at fracture, the distortion of the 
specimen being usually great. 

In Fig. 11 are shown the average loads on the final 
section for the intermediate stages of pulling before the 
final fracture for the specimens pulled under pressure. 
The points corresponding to fracture of these specimens 
cannot be shown, the area at fracture being too indeter- 
minate. The area at fracture of the atmospheric speci- 
men was sufficiently defined to measure, however, and 
the corresponding point is shown. The figure shows in 
the first place a rather greater dependence than usual 
of the curves on the pressure of pulling, and in the 
second place a turning over of all the curves at the 
higher strains after an initial linear section. This 
turning over is without doubt due to deterioration of 
the material because of its initial unsatisfactory homo- 
geneity, as was strongly suggested by the appearance of 
the specimens. 

In Fig. 12 are shown the flow stresses as a function 
of strain for the specimens of Fig. 11 in the initial linear 
part of the curves before deterioration became im- 
portant. The rate of strain hardening is usually high, 
and again there is an unusually large dependence on the 
pressure of pulling. How much of this is due to im- 
perfect homogeneity of the specimen and how much is 
intrinsic to molybdenum would demand further in- 
vestigation with other specimens. 

The correction for reducing mean stress to flow stress 
in terms of the measured contour was in all cases 
smaller than the correction given by the empirical 
connection between contour and strain valid for steel. 
This discrepancy is in the opposite direction from that 
which would be expected from the early occurrence of 
necking shown in Fig. 10. 

The fracture at atmospheric pressure was on a rough 
approximately plane surface perpendicular to the axis, 
without cup-cone effect. At higher pressures the fracture 
metamorphosed into a frazzled jagged pattern, remi- 
nicent of a piece of wood, tending at the highest 
pressures to fracture as chisel edges. The surface pattern 
at pressures high enough to support considerable flow 
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Fic. 12. Strain hardening curves of molybdenum 
at several pressures. 


was strongly ribbed longitudinally, the ribs being 
frequently interrupted by shallow transverse fissures. 
Figure 13 shows the specimen after the fourth stretch- 
ing at 17 000 kg/cm”. 

An experiment was made on one single crystal of 
pure molybdenum which was obtained through the 
courtesy of Professor Robert Maddin of The Johns 
Hopkins University. The original specimen was approxi- 
mately 0.1 inch in diameter and } inch long. Since it 
was not possible to fashion this into a conventional 
tension specimen, it was pulled by the copper sheath 
technique® with steel pull pieces at the ends. This 
technique is applicable only under comparatively high 
hydrostatic pressure. 

The single crystal was pulled in two stages to fracture ; 
the pressure at which fracture occurred was 22 000 
kg/cm?. It pulled down to a sharp chisel edge of width 
nearly the diameter of the original crystal, exactly like 
the familiar and classical fracture of single zinc crystals. 
The surface texture was only slightly roughened. The 
maximum load was reached at a stretch roughly one- 
third that at fracture, which means that necking 
begins later than with drawn rods. The maximum 
stress supported by this crystal was of the order of 
only 2000 kg/cm’. 


Tungsten 


The specimens were cut from annealed }-inch rod of 
99.9 percent purity provided by the Fansteel Company. 
At atmospheric pressure this tungsten rod is brittle 
and breaks with no measurable reduction of area. This 
means that the sharp corner at the head of the specimen 
has to be relieved by an unusually large fillet. Two 
specimens were lost by fracture at the corner of the 


* Reference 1, p. 109. 











Fic. 13. eye of tension specimen of molybdenum 


after fourth pulling at a pressure of 17 000 kg/cm’. 

head before satisfactory dimensions for the fillet were 
found. Successful measurements were made on six 
specimens. Four of these were used in determining the 
effect of pressure on ductility, being pulled to fracture 
in a single stage at pressures of atmospheric, 7000, 
16 000, and 27 800 kg/cm’. The other two specimens 
were used to obtain the strain hardening curve and were 
pulled in four stages without fracture at mean pressures 
of 17 000 and 28 000. 

In Fig. 14 is shown the total load as a function of the 
measured stretch for the four specimens pulled to 
fracture at successively higher pressures. The absolute 
strength of tungsten is of the order of twice that of the 
four preceeding metals. The maximum load increases 
with pressure, from 11 800 under 7000 kg/cm? pressure 
to 13 000 under 28 000, an increase of 4.5 percent for 
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Fic. 14. Curves of load versus stretch for tungsten 
at four pressures. 
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Fic. 15. Ductility of tungsten as a function of 
pressure of pulling. 


10 000 kg/cm*. This is of the same order of magnitude 
as for steel and the other metals, but rather on the 
small side. 

The curves of Fig. 14 show distinctly the phenomenon 
of the second yield point, an effect which becomes more 
accentuated at the higher pressures. This is by far the 
best developed example of this phenomenon which has 
been found under pressure. Several grades of steel 
showed it, but with diminishing prominence under 
pressure. The effect for steel was so ill defined that no 
mention was made of it in reference 1. In the present 
investigation molybdenum exhibits the effect to a much 
less marked degree. 

Figure 15 shows the effect of pressure on ductility; 
the pressure of pulling is indicated at the several points. 
The effect seems to be approximately linear in pressure, 
the low-lying point at 7000 kg/cm? probably being 
due to an inperfection in the specimen. The rate of 
increase of ductility with pressure is less than for the 
softer steels and is roughly the same as for a high 
carbon steel heat treated to a Rockwell C hardness of 56. 

The strain hardening data for the two specimens 
pulled in stages, with two isolated points from other 
specimens, are shown in Fig. 16. It was not possible to 
carry these curves to as high strains as the ductility 
curves because irregularity of the contour at high 
strains made uncertain the correction for reducing from 
average stress to flow stress. Within experimental 
error there seems to be no effect of pressure on strain 
hardening. The relation with pressure appears to be 
linear except for the last point at which a marked 
deterioration of the specimen is indicated. This de- 
terioration at high strains is in line with the appearance 
of the specimens, which showed various irregularities 
indicative of inhomogenities in the original material. 
Tungsten is by far the least satisfactory of the five 
metals measured here in this respect. 

Up to 16000 kg/cm? the fracture is on an approxi- 
mate plane, perpendicular to the axis and finely granu- 
lar. At 27 800 kg/cm? the fracture has assumed the 
irregular appearance shown in Fig. 17. An interesting 
example of partial fracture was obtained at 28}800, 


BRIDGMAN 


there being partial separation into jagged interpenetrat- 
ing prongs with a superposed separation on longi- 
tudinal planes, one of which permitted clear passage of 
light through the specimen. This is in line with the 
deterioration at the upper end of the strain hardening 
curve already commented on. The surface slip texture 
was much finer than for the other four metals, and was 
a combination of a general roughing and a fine longi- 
tudinal ribbing. 

The correction for the shape of the contour by which 
average stress is reduced to flow stress was, in general, 
less than that given by the empirical relation for steel. 
This means that a/R at the same strain is less for tungs- 
ten than for steel. 


Gamma-Brass (Cu;Zns) 


The material was in the form of single crystals which 
were obtained through the courtesy of Dr. Cyril Smith 
of the Institute for the Study of Metals of the Univer- 
sity of Chicago. It was furnished in the form of rods 
approximately 3 mm in diameter. It was necessary to 
handle it by the copper sheath technique already 
applied to single crystal molybdenum. This material is 
excessively brittle under ordinary conditions, and the 
chief interest was to find whether it would exhibit 
measurable ductility. Only one specimen was subjected 
to tension, a specimen which had previously been 
used‘ for the measurement of linear compressibility to 
30 000 kg/cm*. This was pulled in two stages at a mean 
pressure of 27 000 kg/cm?. The experiment was termin- 
ated by accidental separation of the copper sheath, 
without apparent fracture of the specimen. However, 
after removal of the copper sheath at atmospheric 
pressure by filing, the specimen was found broken into 
four pieces, doubtless by an incidental result of the 
filing. The specimen showed a 10 percent reduction of 
area. Since this answered the fundamental question in 
the affirmative, namely, that measureable ductility is 
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Fic. 16. Strain hardening of tungsten for specimens pulled 
at several pressures. 


*P. W. Bridgmann, Proc. Am. Acad. Arts Sci. 77, 217 (1949). 
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imparted by pressure, the measurements were not 
pushed further. The relation between measured stretch 
and load on the original section is shown in Fig. 18. 
This is remarkable for the absolute load reached, 14 000 
kg/cm?, greater than for tungsten, and also remarkable 
for the approximately linear rise of load with stretch 
over an unusually wide interval. No appreciable necking 
was shown, as would be expected from Fig. 18, since the 
load did not pass through a maximum. 

The fracture was very coarsely granular, irregularly 
perpendicular to the axis, with no suggestion of cup- 
cone. 


Antimony 


This was as single crystal, prepared from Kahlbaum 
“K” material left from my previous measurements’. of 
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Fic. 17. Photograph of tension specimen of tungsten fractured 
by pulling under a pressure of 27 800 kg/cm?. 


resistance under pressure at low temperatures. It was 
approximately 3 mm in diameter and was mounted by 
the copper sheath technique. 

It was pulled to fracture at a pressure varying from 
22 400 to 26000 kg/cm’. The relation between total 
load and extension is shown in Fig. 19. The maximum 
load was 1520 kg/cm?, and the load at fracture (on the 
original area) was 1160 kg/cm?*. The ratio of initial 
area to area at fracture was 2.22, equivalent to a natural 
strain of 0.800. The average final load (“true stress’’) at 
fracture was 2560 kg/cm’. 


5 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 68, 105 (1933). 
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Fic. 18. Curves of load versus stretch for gamma-brass 
pulled under a pressure of 27 000 kg/cm?. 


The fracture was on a mirror-like plane, perpendicular 
to the axis, and appreciably displaced from the narrow- 
est part of the neck. 


Melmac 404 


This plastic is melamine formaldehyde, with no filler, 
an experimental product which was obtained by the 
author several years ago from the American Cyanamid 
Company for measurements of compression to 40 000 
kg/cm?. Of all 40 plastics measured at that time,® 
Melmac 404 has the least compression under 40 000, 
the volume decrease being approximately 17 percent. 
Under ordinary conditions it is brittle and breaks easily. 
For this reason it seemed best suited to my purpose, 
which was to find, if possible, a plastic which retained a 
large degree of its initial brittleness under pressure. 
Perhaps one’s first inclination would be to think that 
under pressure a “plastic” would become indefinitely 
ductile, considering the great increase of ductility 
exhibited by the metals. But on second thought it 
would seem that the mechanism of slip on crystal 
planes is not present in a plastic, which must be more 
glass-like in structure, and which therefore may perhaps 
retain considerable brittleness under pressure. 

Three specimens of Melmac 404 were pulled, all by 
the copper sheath technique. The first was pulled in a 
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Fic. 19. Load versus stretch curve of single crystal antimony 
pulled under a maximum pressure of 26 000 kg/cm’. 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 71 (1948). 
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single stage, not to fracture, under a maximum pressure 
of 29 000 kg/cm?; the second was pulled to fracture at 
a final pressure of 24 600, and the third was pulled to 
fracture at a final pressure of 7000 kg/cm’. 

The specimen fractured under 24 600 broke in shear 
on a plane inclined at 45° to the longitudinal axis with 
a reduction of area of 17.6 percent, corresponding to a 
natural strain of 0.193. It would appear, therefore, that 
this plastic does retain an unusually great degree of 
brittleness under pressure. Initial plastic yield began at 
a load of approximately 4000 kg/cm? calculated on the 
original area. After the initial yield load and length 
increased linearly together to fracture which occurred 
at a load of 6060 kg/cm? on the original area, or 7330 
kg/cm? on the actual area. There was no necking, as of 
course there should not have been because load did not 
reach a maximum, but the decrease of area was distri- 
buted uniformly along the length. This pulling was 
accompanied by a paradoxial decrease of volume 
(increase of density) to 0.944 initial. The purely elastic 
effect of tension is of course an increase of volume. 
Doubtlessly the decrease of volume produced by the 
hydrostatic pressure, which is numerically greater than 
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Fic. 20. Load versus stretch for boric anhydride glass pulled 
under pressures varying from 23 000 to 29 000 kg/cm’. 


the volume increase produced by the tension, got 
frozen in by some orientation effects of the pulling. 

The specimen fractured under a pressure of 7000 
kg/cm? and supported a load on the original section 
of only 3450 kg/cm?. Fracture occurred very soon after 
the first perceptible plastic yield and with no measure- 
able reduction of area. The fracture was a mirror-like 
plane, perpendicular to the axis, strongly reminiscent 
of the fracture of glass. 

- These measurements on Melmac 404 were unlike any 
hitherto reported in the large variations of Young’s 
modulus in the elastic range. This was a variation both 
with respect to pressure and with respect to tension. 
The initial stiffness of the two specimens pulled at the 
highest pressures was three times as great as the initial 
stiffness of that pulled at 6000 to 7000. The final 
stiffness of the unruptured specimen pulled at 29 000, 
on beginning to release tensile load, was at least twice 
as great as the final stiffness when the load was com- 
pletely relaxed. Taken altogether, here is a sixfold 
variation of Young’s modulus with pressure and tension. 
No doubt a substantial part of this would have been 
found to be tied up with hysteresis effects if a complete 
tension cycle could have been taken. The present 
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method is not well adapted to give the absolute value 
of Young’s modulus, but it appeared fairly certain that 
the initial modulus at high pressures is less by a factor 
of at least three than the modulus for gamma-brass. 


Boric Anhydride Glass, B.O; 


This is material left from the work of Birch and 
Dane’ on the effect of pressure at elevated temperatures 
on viscosity. The compressibility of this identical ma- 
terial has been determined® to 100 000 kg/cm”. 

Successful measurements were made on one specimen, 
selected for freedom from visible bubbles or other flaws, 
by the copper sheath technique. It was subjected to 
two pullings, the second to fracture, at pressures 
varying from 23000 to 29000 kg/cm’. The relation 
between load and elongation is shown in Fig. 20. 
Deviation from linearity between elongation and load 
is initiated gradually, with no well-defined elastic limit. 
On the first pulling, load was continued beyond the 
maximum, with presumptive corresponding beginning 
of necking. This was confirmed by the appearance after 
release of pressure. The permanent increase of length 
after the first stretching was 7.5 percent. 

On first release of tension the relation between load 
and extension departs notably from linearity, the slope 
decreasing by a factor of approximately two during 
release, with the greater slope and therefore the greater 
effective Young’s modulus at the maximum load. The 
slope at small loads on initial application of load 
corresponds to an effective Young’s modulus of roughly 
500 000 kg/cm*. At small loads on first release the 
effective Young’s modulus is roughly ten percent less 
than this; more than half the difference of slope ex- 
hibited in Fig. 20 is due to permanent change of 
geometrical dimensions. 

On second application of load up to roughly half the 
previous value the relation between load and extension 
is approximately linear, but with perceptible hysteresis 
in the usual direction. Beyond half-load the unloading 
curve is markedly deviated from in the direction of 
smaller load for the same extension. This means a 
strain softening instead of a strain hardening as a 
result of the first stretching. This is without doubt to 
be ascribed to the true viscous flow which evidently 
occurs to a small degree as an accompaniment of the 
conventional “plastic” behavior. This viscous flow is 
manifested as a relaxation of load with time at constant 
extension. Rough measurements were made of relaxa- 
tion in times less than ten minutes at extensions of 
0.05, 0.13, and 0.18 inch. There was no variation in the 
relaxation rate greater than would be expected from 
changes of dimensions in this range. The order of the 
relaxation was 100 kg/cm? per minute. 

The second pulling was continued to fracture, the 
latter end of the load-extension curve being similar to 


7E. B. Dane, Jr., and F. Birch, J. Appl. Phys. 9, 669 (1938). 
* P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 67 (1948). 
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that for a metal tensile specimen except for the greater 
relaxation. The final reduction of area at the neck was 
by a factor of 7.72, corresponding to a natural strain 
at fracture of 2.04, or a reduction of area of 87 percent. 
Immediately after the fracture of this specimen 
pressure was released rapidly, and the specimen re- 
moved and placed in dry ice to retard any internal 
changes. From fracture to dry ice was 20 minutes at 
room temperature. The copper sheath was then re- 
moved by filing, at dry ice temperature. In the next 45 
minutes the fragments were transported to the Labora- 
tory of Arthur D. Little, Inc., and the density was 
most kindly measured by Dr. I. Simon, who had been 
doing extensive work of this kind on other sorts of glass. 
The final density determination was at 31°C and 
occupied about 7 minutes. The method was a floatation 
method with subsequent determination of the density 
of the floatation liquid in a pyknometer. The mean 
density of one-half of the broken specimen was 1.977 
and that of the other 1.980. The density of the control, 
virgin B,O3, was 1.832. The density of the fractured 
specimen was thus increased by an average of 7.96 
percent. There are two effects operative here; pure 
hydrostatic pressure, which increases density, and 
tension, which decreases density. Hydrostatic pressure 
is not usually thought of as producing permanent 
changes of density; in fact, it does not produce such 
changes for perfect crystalline material, as I have often 
checked. Glass, however, seems to be a different class of 
material, and I have recently found’ permanent changes 
of density produced by high pressure. The increase is 
by no means linear in pressure and does not appear at 
all until a critical threshold pressure is reached. For 
some of the harder glasses the critical pressure seems to 
be as much as 50000 kg/cm?, but for this borax an- 
hydride glass it appears to be considerably lower. Thus 
I have found a permanent change of density of 3.5 
percent after exposing to 40000 kg/cm? (experiments 
unpublished) in my standard apparatus® for determining 
compressibility to 40 000, pressure being transmitted by 
indium. In the experiment above, the stretching was 
conducted at a lower pressure, 29 000 maximum, and 
the permanent increase of density was twice that found 
under 40 000. The explanation is probably to be found 
in the action of the tension. During the very consider- 
able longitudinal flow under tension, the molecules of 
the glass are to be thought of as sliding over each other, 
affording opportunity for the pressure to close pack the 
molecules more effectively than when the deformation 
is approximately only a hydrostatic compression. 
Tension tests under pressure were also made on a 
second specimen, with the particular object of studying 
more carefully the relaxation phenomena. This experi- 
ment was not successful, however, but was terminated 
by failure of the copper sheath after a permanent 
extension of about 10 percent, and before necking 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 170 (1952). 
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started, at a pressure of 28 000 kg/cm?. The density of 
this specimen after pulling, determined with the same 
precautions as to temperature as before, was 1.905. 
A blank on a piece of glass subjected to 29 000 twice, 
without tension, gave a density of 1.939, an increase of 
5.9 percent against the 3.5 found before for 40 000. 
Part of the difference may be due to a failure of pressure 
in the indium to be truely hydrostatic, or perhaps more 
probably to the duration of the pressure. The low 
figure 1.905 just mentioned may be explained partly 
as an intrinsic effect of tension and partly different 
duration. The matter evidently should be studied 
further, but of the existence of the effects there can be 
no doubt. 


SUMMARY 


In this paper previous investigations of the effect of 
pressure on tensile properties have been extended to 
nine new materials: five polycrystalline metals, two 
single crystals, and two amorphous substances, includ- 


ing one plastic and one low melting glass. In general, 


the previous result holds, namely, that pressure tends 
to increase ductility, sometimes by very large amounts. 
There seem to be two classes of material with regard to 
the order of magnitude of the increase, namely, crystal- 
line materials, including polycrystalline materials, and 
noncrystalline materials. The effect is much smaller for 
the latter. 

The polycrystalline metals studied here, nickel, 
tantalum, columbium, molybdenum, and tungsten, all 
have intrinsic strengths of the same order as steel and 
exhibit somewhat similar effects. There are very large 
increases of ductility. Strain hardening at first increases 
markedly with pressure. The strain hardening of 
several of the metals does not continue to increase 
indefinitely, however, as does that of steel, but the curve 
may turn over with eventual strain softening rather 
than hardening. The appearance of the specimens 
suggests that such softening is not an intrinsic property 
of the metal but is a result of insufficient homogeneity 
in the original material. Besides increasing strain 
hardening, pressure raises the whole general level of 
the stress-strain diagram by an amount roughly the 
same as that for steel, that is, by something of the order 
of 5 percent per 10000 kg/cm*. The strain hardening 
curves of the different metals differ greatly in general 
appearance: They may rise abruptly, with a sharp 
turn-over followed by a long tailing off, or they may 
rise gradually to a flat maximum followed by a rather 
abrupt drop. Tungsten exhibits the phenomenon of a 
second yield point under pressure, the effect becoming 
more marked at higher pressures. Molybdenum shows 
the effect to a less degree. All the metals exhibit progres- 
sive changes in the character of fracture: in general the 
original cup-cone disappears and the fracture occurs on 
jagged prongs or on shear planes. At the same time the 
general texture of the fracture becomes finer. 
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The two unicrystalline materials, originally exces- 
sively brittle, acquired ductility under pressure. The 
experiment on gamma-brass was terminated by an 
accident before the maximum amount of ductility that 
could be imparted was determined. Antimony permitted 
a 55 percent reduction of area. 

One of the amorphous materials, the plastic Melmac 
404, broke at the highest pressure with a reduction of 
area of 14 percent. This is much less than that of anti- 
mony and suggests that the occurrence of internal slip 
planes may be important if pressure is to impart a large 
increase of ductility. Boric anhydride glass permitted a 
reduction of area of 87 percent. This very large effect 
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is doubtlessly connected with the low melting point of 
this glass and the retention at room temperature of 
some degree of true viscosity. Both the plastic and the 
glass showed increases of density after pulling under 
pressure of the order of several percent. It now appears 
probable that in general noncrystalline substances are 
capable of permanent increases of density after exposure 
to pressures above some critical value and that pressure 
is more effective in imparting such an increase of density 
if the substance is being plastically deformed, as by 
tension, at the same time that pressure is acting. 

I am much indebted to Mr. L. H. Abbot for making 
most of the readings of this paper. 
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When a specially designed field cathode assembly was inserted in a commercial electron microscope which 
was appropriately modified for the purpose, the geometry of the needle shaped emitter was obtained from 
micrographs of several of its profiles at various stages of emitter fabrication and experimental use. An in- 
vestigation of several methods of fabrication revealed that a smooth, simple, and relatively stable tungsten 
emitter geometry resulted from a refinement of the methods of Benjamin and Jenkins which combines the 
electrolytic etch and the smoothing action of surface migration. The electric field at any point on an emitter 
surface was calculated when the emitter geometry was precisely fitted with one equipotential surface from the 
family surrounding a charged, isolated sphere-on-orthogonal-cone. A theoretical surface distribution of 
current density for a typical emitter was derived from the calculated field distribution and the wave- 
mechanical field emission theory. From this result was calculated a value of the emitting area which was 


in good agreement with experiment. 


INTRODUCTION 


STUDY of phenomena accompanying pulsed field 

emission at large current densities has been in 
progress in these laboratories.'“* The current densities 
predicted by the wave-mechanical image force corrected 
field emission theory‘ and obtained here experimentally 
are sufficiently greater than those reported previously® 
with direct current techniques to stimulate further 
research. 

The interpretation of much of the field emission data 
that have been accumulated requires an accurate evalu- 
ation of both the electric field F and the work function 
¢ at all points on the emitter surface, since according 
to the theory,‘ the current density J depends expo- 
nentially on the ratio ¢!/F. Field emitters are conven- 
tionally needle shaped in order to provide the required 


* This work was supported by the U. S. Navy Office of Naval 
Research, the Microwave Laboratory of the University of Cali- 
fornia, and by Research Corporation. 

1W. P. Dyke and J. K. Trolan, Phys. Rev. 82, 575 (1951). 

2 W. P. Dyke and J. K. Trolan, Phys. Rev. 85, 391 (1952). 

*W. P. Dyke and J. K. Trolan, Phys. Rev. 85, 752 (1952). 

4A. Sommerfeld and H. Bethe, Handbuch der Physik (J. 
Springer, Berlin, 1933), Vol. xxiv, No. 2, p. 441. 
5R. H. Haefer, Z. Physik 116, 604 (1940). 





value of the electric field, i.e., 107<F<10° volts, cm, 
with convenient values of the applied potential. The 
emitter tip is usually a single crystal, approximately 
hemispherical with a radius of the order of 10-° cm. 
Thus both ¢ and F vary appreciably over the emitting 
surface, the former by at least 10 percent in the case of 
tungsten®’ which is usually used, and the latter by as 
much as 30 percent as will be shown herein. The result- 
ing variation in the ratio ¢'!/F causes a total variation 
in J in excess of two orders of magnitude, illustrating 
the requirement for an accurate determination of the 
distributions of both ¢ and F. 

The interpretation of the early field emission experi- 
ments, which are well summarized by Jenkins,® was 
limited by the inability of optical microscopy to resolve 
the emitter geometry upon which the calculation of 
both F and J depend. Haefer*® improved the resolution 
of the geometry by use of electron micrographs of a 
single profile of each emitter. These revealed an emitter 


6M. H. Nichols, Phys. Rev. 57, 297 (1940). 

7G. F. Smith, Abstracts, Field Emission Seminar, Linfield 
College, McMinnville, Oregon (1952). 

®R. O. Jenkins, Reports on Progress in Physics, the Physical 
Society (London) Vol. IX, 177 (1943). 
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configuration that was approximately conical with a 
hemispherical cap. Haefer idealized his emitters as 
hyperboloids of revolution’ for the calculation of Fo at 
the emitter apex, with considerable uncertainty caused 
by the dissimilarities between the experimental and the 
idealized geometries. Neither the hyperboloidal approxi- 
mation nor the paraboloidal approximation introduced 
later by Becker" is useful for the required accurate cal- 
culation of the values of F at all points on the surface 
of the present emitters, as will be shown. 

Such an evaluation of F is enhanced by a smooth, 
simple emitter geometry which can be sufficiently ap- 
proximated by one member from a suitable family of 
equipotential surfaces. It is further desirable that the 
emitter geometry be relatively stable or at least well 
known during both the evacuation of the experimental 
tube, when the emitter is flashed at high temperature 
to remove surface contaminants, and during various 
experimental treatments to which the emitter may be 
exposed. Therefore an arrangement is required with 
which micrographs of several profiles of an emitter may 
be taken at various stages of its fabrication and use, 
permitting observations of the effects of those processes 
on the important emitter geometry. This was accom- 
plished in the present work when a specially designed 
field cathode assembly was inserted in a commerical 
electron microscope which was modified for that 
purpose. 

From an investigation of the geometries of emitters 
fabricated by several well-known and convenient 
methods, it was found that tungsten emitters of the 
desired geometries resulted from a modification of the 
process of Benjamin and Jenkins," which combines the 
electrolytic etch with the subsequent smoothing action 
of surface migration during high temperature flash in 
vacuum. 

The geometry of a present emitter was accurately 
fitted by one equipotential surface from the family 
surrounding a charged isolated sphere-on-orthogonal- 
cone permitting an accurate calculation of the electric 
field at any point on the emitter surface. 

The present paper concerns field emitter fabrication, 
electron microscopy and surface electric field calcula- 
tions ; these results will be of further use in the interpre- 
tation of several other field emission experiments now in 
progress in these laboratories for which further reports 
are planned.” An accurate electric field distribution for 
the emitting surface will permit (1) a more precise com- 
parison between experiment and the field emission 
theory, (2) an evaluation of space charge effects. 
An accurate knowledge of the emitter geometry will 
be useful in the interpretation of mechanisms in- 


* Eyring, Mackeown, and Millikan, Phys. Rev. 31, 900 (1928). 
as J. A. Becker, Bell System Tech. J. XXX, No. 4, Part 1, 907 
51). 
1M. Benjamin and R. O. Jenkins, Proc. Roy. Soc. (London) 
(A) 176, 262 (1940). 
2 W. P. Dyke and J. K. Trolan, Phys. Rev. 89, 799 (1953). 
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Fic. 1. (a) Field cathode assembly. (b) Modified sample rod for 
R.C.A. type EMT electron microscope with field cathode as- 
sembly inserted. 


volved in the field emission initiated voltage break- 
down.? For this purpose the emitter geometry is used in 
the calculation of both J and F just prior to breakdown. 
It is also required for the calculation of heat conduction 
and its generation by the resistive or the Nottingham™ 
processes"* which will be discussed in connection with 
voltage breakdown in another paper. 


MICROSCOPY 


The field emitter has usually been mounted on a 
hairpin filament which was heated to clean, outgas, and 
smooth the emitter by surface migration” in the final 
vacuum, the projection of the emitter beyond the 
filament being limited to about a millimeter in length 
in order to secure sufficiently high temperatures at the 
emitter tip. During the early stages of the present work, 
emitters were damaged when removed from the fila- 
ment to obtain electron micrographs after use.f It was 
more difficult to remount the emitter on its filament for 
further experimental use as was sometimes required. 
Haefer® and Mueller’ have also noted the difficulty 
with which electron micrographs of the field emitter 
were obtained. 

The minute size of the emitter suggests a cathode 


8 W. B. Nottingham, Phys. Rev. 59, 907 (1941). 

“E. W. Mueller, Z. Physik 126, 642 (1949). 

t An R.C.A. type EMU electron microscope was made avail- 
able to this project through the cooperation of F. B. Farquharson 
of the Engineering Experiment Station, University of Washington, 
Seattle. 
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assembly designed for insertion into the electron micro- 
scope as a unit, thus permitting repeated micrographs 
after each of a series of experiments. This was accom- 
plished with the arrangement shown in Fig. 1A, which 
was readily positioned in a modified sample holder 
(Fig. 1B) acceptable in the R.C.A. type EMT electron 
microscope.'® The emitter was mechanically rotated 
with a pair of tweezers to obtain micrographs of several 
of its profiles. Sample holder assemblies are shown in 
Fig. 2A, as supplied with the microscope, and Fig. 2B as 
modified. The latter was divided into two sections; B 
which remained in the instrument as a vacuum seal 
and C which was removed to accept the cathode 
assembly. 


EMITTER FABRICATION 


Needle shaped tungsten field emitters have been 
mechanically ground,’ chemically etched®-" and electro- 
lytically etched" from wire stock; emission has been 
obtained from the jagged end of a broken wire." 
Mechanically ground emitters were judged from their 
electrical behavior to have sub-microscopic surface 
irregularities.’ Electron micrographs of the chemically 
etched emitters® revealed undesirably complicated 
geometries. The electrolytic etch appeared more promis- 
ing in view of the electrical behavior of field emitters 
fabricated in this manner by Benjamin and Jenkins" 
although electron micrographs of their emitters were 
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Fic. 2. Sample rods for R.C.A. type EMT electron microscope, 
(a) normal rod, (b) and (c) modified rod. Section B remains in 
microscope as vacuum seal while Sec. C is removed to insert 
field cathode assembly in cavity D. Electron beam at A. 


aot) H. Reisner and E. G. Dornfeld, J. Appl. Phys. 21, 1131 
Stern, Gossling, and Fowler, Proc. Roy. Soc. (London) (A) 
124, 699 (1929). 
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Fic. 3. Electron micrographs of a tungsten field emitter fabri- 
cated from Callite 200H 5 mil wire (a) following etch without 
prior heat treatment, (b) after subsequent heating at 2800°C for 
five minutes in vacuum. 


not obtained. The electrolytic etch was used success- 
fully in the present work. 

The emitter blank, a short length of 5-mil tungsten 
wire (Callite 200H) was spotwelded in hydrogen to the 
apex of a support filament (Fig. 1A). The latter was 
formed from 20-mil tungsten wire which was beaded 
with uranium glass to insure mechanical rigidity. Its 
apex was reduced to 5-mil diameter and the entire 
assembly was then smoothed, both by electrolytic etch. 
Small projections were removed in the process in order 
to minimize undesired field emission. The emitter tip 
was then shaped by a final etch. For the several etches, 
an electrolyte of normal NaOH was used in which the 
emitter was one electrode and a nickel helix the other. 
A 60 cycle alternating potential of the order of 10 volts 
was used. 

Electron micrographs of a typical emitter following 
etch (Fig. 3A) revealed a gross geometry which was 
approximately paraboloidal. The minute surface irregu- 
larities which are evident were correctly inferred by 
Benjamin and Jenkins from field emission patterns. 
These irregularities were smoothed by the surface 
migration of tungsten-on-tungsten,“ and surface con- 
taminants were simultaneously removed when the 
emitter was heated to 2200°C or more, in vacuum; 
however its gross geometry was undesirably altered as 
shown (Fig. 3B). 

The process was repeated with a wire sample which 
had been preheated at 2800°C for 5 minutes in vacuum 
prior to the etch. Typical emitter geometries following 
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Fic. 4. Electron micrographs of tungsten field emitters electro- 
lytically etched from 5 mil Callite 200H tungsten wire which was 
preheated at 2800°C for five minutes in vacuum. (a, }, and ¢) 
following etch; (a’, b’, and c’) after subsequent heating in vacuum 
as indicated. 


etch are shown in Fig. 4 (a, 6, and c) and in Fig. 4 
(a’, b’, and c’) after further heat treatment as indicated 
in vacuum. Gross changes in geometry were avoided by 
this process. 

The emitter geometries shown in Fig. 4 (a’, b’, and c’) 
were relatively stable to additional heating in vacuum 
at 2200°C which was required to remove surface con- 
taminants such as oxygen during the evacuation of the 
experimental tube. 

It is noteworthy that the final emitter radius de- 
pended on the cone angle of the emitter after the 
adequate heat treatment indicated in Figs. 4 (a’, 0’, 
and c’). The cone angle was readily controlled by the 
duration of the electrolytic etch. If the etch was inter- 
rupted just prior to an appreciable decrease in length 
of the emitter blank, an emitter of small cone angle 
resulted (Fig. 4a). Continued etch resulted in the 
successive forms Figs. 4b and 4c, the latter occurring 
when most of the emitter blank lying beneath the sur- 
face of the electrolyte was removed by etch. 

The emitters in Figs. 4 (a’, b’, and ¢’) had stable 
geometries suited to a number of experimental uses; 
their smooth surface of simple configuration was amen- 
able to improved electric field calculations which are 
presented in the following section. 


ELECTRIC POTENTIAL AND FIELD CALCULATIONS 


Accurate electric field values at all points on an 
emitter surface may be calculated with conventional 
potential theory when the emitter is closely fitted with 
a suitable equipotential surface. 

Emitters produced by the techniques used here have 
two geometric characteristics in common with a sphere 
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mounted on an orthogonal cone; (1) the emitter tip 
closely approximates a sphere at polar angles up to 
30° or more relative to the apex, and (2) the emitter 
shank is essentially conical at distances from the apex 
large compared with the radius of the tip (Fig. 5). That 
these emitters are well approximated by equipotential 
surfaces belonging to the family which surrounds the 
charged, isolated sphere-on-orthogonal-cone is evident 
from Fig. 5. When one such surface replaces the “‘core”’ 
(i.e., the conducting sphere-on-orthogonal-cone) as 
cathode, the anode being another equipotential surface 
from the same family, the electric field at the cathode is 
readily calculable. 

For the potential distribution surrounding a charged, 
isolated sphere-on-orthogonal-cone, one uses:!” 


V=(V r/R") — a7 J P, (cos6) (1) 


where r and @ are ordinary plane polar coordinates 
referred to the center of the sphere as origin and the 
pole of the sphere opposite its contact with the cone 
as zero direction; R is the anode distance, Vr the 
applied potential, a the radius of the sphere, and P, the 
Legendre function with m chosen so that the function 
vanishes for @=a, the exterior half-angle of the cone. 

The theoretical anode corresponding to the equipo- 
tential system defined by Eq. (1) can be described 
by setting V=V a. In this case the second term in the 
parentheses becomes negligible, and the polar equation 


B. 





Section of a conducting sphere-on- 
orthogonal- cone 


—— Sections of equipotential surfaces 


Fic. 5. A comparison between (A) typical field emitter geom- 
etries and (B) equipotential surfaces surrounding ‘a “charged 
isolated sphere-on-orthogonal-cone. 


1 W. R. Smythe, Static & Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1949). 
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Fic. 6. An enlarged profile of emitter N-31 (from an electron 
micrograph) fitted with an equipotential surface from equation 
(1) with n»=0.10, a= 1.235 10-* cm, and r9>=4.00X 10-5 cm. 


of the anode is: 
r” = R"/ P,,(cos6). (2) 


The surface described by Eq. (2) somewhat resembles 
a paraboloid. It can be readily approximated in the con- 
struction of an experimental anode. 

Study of the characteristics of such a family of sur- 
faces (Eq. (1)) reveals three important properties: (1) 


Lo, 





ae 








o 30° 45° 60° 75° 90° 108 
a 
Fic. 7. A graph showing the dependence of the ratio 8/8» upon 
polar angle @ for emitter N-31. Curve 1 from equation (4) with 
n=0.10, ¢a=1.235X10-'cm, and ro=4.00X10-'em; Curve 2 
from the paraboloidal approximation (Reference 10). 


DOLAN, 


AND BARNES 

the neck constriction decreases and disappears as the 
potential above that of the cathode increases; (2) each 
surface approximates a sphere near the vertex ; however 
at intermediate distances from the vertex it is approxi- 
mately conical with larger interior angle than that of the 
core; (3) in the limit at very large distances from the 
apex the surfaces are parallel to the core. 

To draw a chosen equipotential approximating a 
given emitter, one has three variables in Eq. (1) at his 
disposal: n, related through the Legendre function to 
the cone angle of the core, a, the radius of the core, and 
V, the potential above that of the core. After some ex- 
perimentation it is possible to find a combination of 
these parameters that leads to a surface closely approxi- 
mating a given emitter profile. 

The equipotential surface fitted to emitter N-31, as 
shown in Fig. 6, was derived from Eq. (1) where 
n=0.10, a=1.235K10-° cm and ro=4.00K10-> cm 


1.0 
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Fic. 8. A graph showing the dependence of the ratio J/Jo upon 
polar angle @ for emitter N-31 calculated from the field emission 
theory (reference 4) with ¢=4.5ev. Curves A and B resulted 
from the data of Curve 1, Fig. 7 with Fo=7X10" volts/cm and 
Fo=3X10' volts/cm, respectively. Curve C is from the data of 
Curve 2, Fig. 7 with Fo=5X 107 volts/cm. 


(ro is the value of r at 6=0° on the surface which 
approximates the emitter). 

The quantity 8, defined at any point as the ratio of 
the electric field to the difference in potential between 
the anode and the point in question, is 4 useful measure 
of emitter geometry, being independent of the numerical 
value of the potential. For the surface of Fig. 6, the 
value By at the emitter apex is 


= Tot ot n(<)~] — 
ms Rl ro (Vr—V) 





where V z is the potential difference between core and 
anode, V is the potential on the surface which was sub- 
stituted for the emitter, and Vr—V is the potential 
difference between the emitter (i.e., the substitute sur- 
face) and anode. F» is the electric field at the emitter 
apex, i.e., the gradient of V evaluated at r=ro, 0=0°. 
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Fic. 9. Photographic reproductions (positives) of the emission pattern from emitter N-31 as viewed on the metal backed phosphor 
anode of a Mueller type field emission projection tube. (A) Fo=8.6X 10" volts/cm, (B) Fo=3.2X 10" volts/cm. 


Thus for emitter V-31 By=3.6X10* cm, which is the 
best available value. The present strong dependence of 
89 upon cone angle (through the variable m) was over- 
looked when the hyperboloidal or paraboloidal approxi- 
mations were applied to such emitters. 





< [+ (n+ 1) (*)" Ite. on 7 ( ‘- ll Z * oa | , 


The values of 8 defined as F/(Vr—V), at various 
points on the substitute cathode surface are found in 
the usual way when the electric field components are 
derived from the potential gradient, with the aid of 
Eq. (1). There results: 





B (: 
Bo a 


The ratios 8/8» which were thus calculated for emitter 
N-31 are graphed in Fig. 7, curve 1; values of 8/8 that 
were predicted when the paraboloidal approximation” 
was applied to the same emitter are shown in curve 2. 
The data from curve 1 lead to a predicted emitting area 
which is in good agreement with experiment, as will be 
shown next; that in curve 2 was less useful. 

When the values of 8/8» from curve 1, Fig. 7 were 
used with the field emission theory‘ and a constant work 
function ¢=4.5 (for clean tungsten), there resulted the 
predicted dependence of current density J on polar 
angle @ shown in Fig. 8, curves A and B, for values of 
the electric field at the apex Fo=7X10" volts/cm, Fo 
=3X10’ volts/cm, respectively. The experimental 
current density distribution is somewhat more com- 
plicated than those shown in Fig. 8 because of the 
presently ignored but known variation of ¢ with crystal- 
lographic direction.*:7 Nevertheless the present treat- 
ment is adequate in order to calculate the average polar 
angle at which the boundary of the significant emission 


a 2n+1 
To 





is found, leading to an accurate evaluation of the total 
emitting area. 

Emission patterns, Figs. 9A and 9B, were obtained 
when emitter V-31 was operated in a Mueller projection 
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@ (DEGREES) 
Fic. 10. A graph showing the dependence of the ratio F/F» upon 
polar angle @ for the typical emitters illustrated in Fig. 11. For 
Curve A, n=0.14, ro=2.1X 10-5 cm, a= 1.2 10-5 cm. For Curve 


B, n=0.17, ro=1.5X10-§ cm, a=0.35X 10-5 cm. Curves A and 
B correspond to emitter profiles A and B_of Fig. 11. 
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| Fic. 11. Typical emitter 

profiles, (A) with extreme 
neck constriction, and (B) 
without constriction, corre- 
sponding, respectively, to 
curves A and B of Fig. 10. 








tube'*® with Fyo=8.6X10' volts/cm and Fy=3.2X10' 
volts/cm, respectively, the former when a current pulse 
of one microsecond duration was drawn. The periphery 
of emission occurs in the two cases at average polar 
angles that are in expected agreement with those pre- 
dicted by curves A and B, Fig. 8. Curve C of the same 
figure, derived by use of the paraboloidal approximation 
(from curve 2, Fig. 7, with Fy =5X10' volts/cm), is not 
confirmed by experiment. 

Polar angles at various points on the emission 
patterns were identified from the known variation of 
current density with crystallographic direction; the 
periphery of emission was located by a densitometric 
analysis of the calibrated photographic negatives of 
which Figs. 9A and 9B are positive prints. The patterns 
are approximately orthographic projections of the 
cathode surface emission. 

The decrease of field with polar angle @ is further 
illustrated in Figs. 10 and 11, where the ratio F/Fo is 
graphed for two widely different emitter profiles, with 
and without the frequently observed neck constriction. 
As one would expect, the field at the surface of the con- 
stricted emitter falls off less rapidly for small angles 
than in the case of the other emitter, but the fields 
differ nowhere by more than about 10 percent, and are 
again close together at values of 6 corresponding to the 
constricted region (i.e., roughly @= 150°). It is significant 
that at this remote part of the emitter the calculated 
field is still about 30 percent of its maximum value, a 


18 E. W. Mueller, Z. Physik 106, 541 (1937). 
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TABLE I. Values of P,,(cos@) for various values of n and @. 











n=0.21 n =0.16 

r) a™169° n=0.14 n=0.11 2=0.01 @ a 175° 
15° 0.996 0.997 0.998 0.9998 13° 0.997 
30°: 0.982: 0.989) (0.992: 0.9993 29° =: 0.986 
45° 0.960 0.975 0.981 0.9984 39° =: 0.975 
60° = «0.928 = (0.955: 0.965 =: 0.997 55° 0.950 
75° «0.886 0.927 0.944 0.995 65° 0.929 
90° 0.831 0.892 0.917 0,993 75° =0.904 
105° 0.762 0.850 0.882 0.990 90° =: 0.872 
120° 0.673 0.789 0.837 0.986 100° 0.842 
135° 0.557 0.712 0.776 0.981 110° 0.803 
150° 0.395 0.602 0.692 0.974 120° 0.756 
165° 0.250 0.420 0.565 0.959 130° = 0.701 
140° = 0.632 
150° = 0.543 
160° 0.450 








strong enough field to permit appreciable emission in 
this area if Fo is near its highest experimental values. 
This expectation was borne out by the experimentally 
obtained emission patterns for such cases. 

Values of P,(cos#) were obtained from a straight- 
forward though laborious numerical evaluation of its 
definitive hypergeometric series!’ which in some cases 
was carried to 120 terms. Values of P,,(cos@) are given 
in Table I. 

Further work is in progress to apply these results to a 
refined test of the field emission theory and to other 
experiments mentioned in the introduction. Haefer* 
found excellent agreement between experiment and 
theory when {> was calculated from the hyperboloidal 
approximation. Although that method when applied to 
the present emitters yields values of 8) that are some- 
what lower than those obtained from the method de- 
scribed above, it is not necessary to conclude at this 
point that the theory is correspondingly incorrect since 
the effect of the filament structure, previously ignored, 
is such as to compensate in part at least for the error 
introduced by use of the hyperboloidal approximation. 

We gratefully acknowledge the considerable assis- 
tance rendered by J. L. Boling with electron microscopy 
and by students with several of the computations. L. M. 
Perry and D. M. Barney provided valuable technical 
assistance. 
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Elasto-Plastic Stress-Optical Effect in Silver Chloride Single Crystals 
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Department of Civil Engineering, University of Illinois, Urbana, Illinois 
(Received November 28, 1952) 


The use of silver chloride as a material for “photoelastic” stress analysis offers the possibilities of studying 
both elastic and plastic states of stress in a crystalline material on either a micro- or macroscale. It is neces- 
sary, however, to relate quantitatively the stress state and the observed relative retardation and extinction 
angle. In this paper these relationships are developed from a general theory of stress birefringence, according 
to a stress-dependent hypothesis. This hypothesis and the resulting analytical relationships are experi- 
mentally vindicated by measurements made on a variety of single crystal specimens of silver chloride tested 
in simple tension in the elastic and plastic stress ranges. 





INTRODUCTION 


ILVER chloride is an elasto-plastic material with 

many of the properties of metals of structural im- 
portance.' In particular, its behavior at room tempera- 
ture is elastic at low stress levels, becoming ductile as 
the stress is raised. In addition, silver chloride is trans- 
parent and, being a cubic crystal, it is optically isotropic 
in the unstressed state. When stressed, it becomes 
doubly refracting so that its effect on polarized light, 
properly interpreted, can be used to measure the state of 
stress. The present work has been directed toward 
providing a quantitative relationship between the 
quantities which can be observed in the laboratory 
(relative retardation A and extinction angle ¢ are the 
ones most easily measured) and the state of elastic or 
plastic stress in a specimen. 

Crystalline silver chloride is photoelastically aniso- 
tropic; the principal axes of the indicatrix do not 
correspond, in general, to the directions of principal 
stress. The angles between these two sets of directions 
depend on the relative magnitudes of the principal 
stresses and on the relative directions of the incident 
wave normal, the crystal axes and the stress axes. The 
retardation of the transmitted light also depends on 
these quantities. An analysis relating stresses—which 
need not be “elastic—,”’ orientation of the crystal axes 
and relative retardation has been prepared. 

Experiments have been performed to check these 
analytical relationships. Briefly, the experiments have 
consisted in subjecting a single-crystal specimen, the 
orientation of whose crystal-axes had been determined 
by back-reflection x-ray photographs, to a known state 
of stress. The relative retardation and extinction angle 
have then been measured. From these measurements, 
the so-called stress-optical coefficients which appear in 
the theory can be determined. If the theory is correct, 
these quantities should be constant for a wide variety of 
crystal orientations and throughout the elastic and 
plastic stress range. This has been observed to be the 
case, at least within the limits of experimental error. 


' Moeller, Schonfeld, Tipton, and Waber,. Trans. Am. Soc. 
Metals 43, 36-69 (1951). A. B. Stepanov, J. Tech. Phys. 
(U.S.S.R.) 19, 205-217 (1949). 


It is of some interest to speculate on the reasons 
underlying the stress-dependence of the photoelastic 
effect in a crystalline metal-like material. That the 
photoelastic effect should depend on stress rather than 
strain in this case is not unreasonable. Mueller? has 
indicated three sources of birefringence in stressed ionic 
cubic crystals: the anisotropy of the Lorentz-Lorenz 
force; the anisotropy of the Coulomb forces; and the 
deformation of the crystal lattice which occurs when 
load is applied to the specimen. According to Mueller, 
this distortion of the lattice changes the energy levels 
and transition probabilities of the optical electrons, in 
this way altering the refraction of the atoms. Therefore, 
it produces a preferred orientation for polarized light, 
with accompanying retardation and other optical effects. 
As long as the behavior of the specimen is elastic, these 
optical effects will be in proportion to the load; this in 
turn will be proportional to either (macroscopic) stress 
or strain. Plastic deformation takes place when whole 
packets of molecules glide relative to one another. Since 
this does not imply any further stretching of the lattice, 
but only a relative motion of one lattice unit with re- 
spect to its neighbor, it may be inferred that in the 
plastic range the photoelastic effect in a crystalline (or 
polycrystalline) material will be proportional to the 
stress rather than to the strain. 

The distortion of the crystal lattice suggested by 
Mueller as a source of the photoelastic effect, together 
with a relatively simple glide mechanism, appears to 
play a dominating role in the stress-optical behavior of 
ductile crystals such as silver chloride. This observation 
may be supported by contrasting the linearity of the 
stress-optical effect we have observed in AgCl with the 
nonlinear results reported by Maris* for the essentially 
nonductile materials NaCl, KCl, CaF». Although NaCl 
and AgCl have the same crystal structure and their ions 
have the same electrical charge and approximately the 
same size, their macroscopic mechanical properties are 
quite different. This difference in mechanical properties 
is reflected in the photoelastic effect. 


2H. Mueller, Phys. Rev. 47, 947-957 (1935). 
°H. B. Maris, J. Opt. Soc. Am. 15, 194-200 (1927). 


577 





578 Ls &. 


STRESS-OPTICAL EFFECT IN CUBIC CRYSTALS 


“What may be called the elementary theory of double 
refraction caused by stress or strain, on the lines de- 
veloped by F. E. Neumann, has been extended to 
natural crystals by F. Pockels in a series of memoirs‘ 
published in 1889 and 1890.’ In these papers, Pockels 
works with the relations between double refraction and 
strain. A complete treatment of the problem is given by 
Pockels in his Lehrbuch der Kristalloptik.* In A Treatise 
on Photo-Elasticity,»5 E. G. Coker and L. N. Filon 
present the theory in terms of the relations between 
double refraction and stress. No essential difference 
comes into question in their investigations since perfect 
elasticity is assumed throughout. 

Now let 

OX, OY, OZ 


denote the principal axes of a cubic crystal; if ao is the 
reciprocal of the refractive index, then the equation of 
the index ellipsoidf in the unstressed crystal is 


ag? (X*+ Y?+Z*)=1. (1) 


That is, the indicatrix in an unstressed cubic crystal is a 
sphere. Let the components of the applied stress, which 
may or may not be an “elastic” stress, referred to the 
three crystal axes be ox, cy, Oz, TxY, Txz, Tyz- Lhe effect 
of these stresses is to distort the indicatrix into an 
ellipsoid of the form 


By X?*+ Bo¥?+ By3Z*+ 2Bi2X VY 
+2By3ZX+2B,3YZ=1. (2) 


It is now assumed that the differences between the 
coefficients of this ellipsoid and the original sphere are 
small quantities of the first order, linear in the stresses. 
We have, in matrix notation, 





{By — ag? | ‘Cu Cie Cis Cu Cis Cie) fox | 
Bo—a¢? Cua - - - - - oy 
Bys— ae — Cua- - -- - oz 
By | |Ca - - - - - Tyz\|- (3) 
Bu Cs ae ee TZX 
By J Ca---- Cee) LTXY J 

















There are, therefore, 36 stress-optical coefficients} C;; 
in the most general kind of crystal. In the present case, 
for cubic crystals, the axes OX, OY, OZ are all equiva- 
lent. By symmetry we therefore have relations of the 
types, Cee=Cus, C3=Cu, Cre=Ci3=Ca1. Only three 


*F. Pockels, Wied. Ann. Physik Ser. 3, 37, 144-172, 269-305» 
372-388 (1889) ; 39, 440-469 (1890). 

5 E. G. Coker and L. N. Filon, A Treatise on Photo-Elasticity 
(Cambridge University Press, Cambridge, 1931), p. 288. 

* F. Pockels, Lehrbuch der Kristalloptik (B. G. Teubner, Leipzig 
und Berlin, 1906). 

t The surface here designated as the “index ellipsoid” or 
“indicatrix” is referred to as the Fresnel ellipsoid by Coker and 
Filon (reference 5). Fresnel, however, deduced the wave surfaces 
from a single-surfaced ellipsoid having semi-axes equal to the 
velocities. 

t These stress-optical coefficients are the same as the piezo- 
optical constants of Pockels (reference 6) save for a logical re- 
versal of sign; i.e., Cig= —i;. 
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independent stress-optical coefficients remain and the 
above equations take on the form, 


By= ae°+Ci2(oxt+or+oz)+ (Cu—Ci)ox 
Boo= a0? +Ci2(oxt+oey+oz)+ (Cu—Cw)oy 
Bs3= a0?+Ci2(oxt+oyt+oz)+ (Cu—Cyw)oz 


By3= Cutyz 


(4) 


Byu= Cutzx 


By=Curxy. 


In the case of an isotropic material, these equations 
must remain the same in form for any rotation of the 
coordinate axes ; from this it follows that for an isotropic 
material, C4gs=Ci1—C ie. 

In general, the stress components relative to the 
crystal axes are not known; however, these values can 
be readily determined if the stress components are 
known relative to any axes Ox, Oy, Oz. The transforma- 
tion equations are, 


ox=od+o,me2+omnre 
+2 (7 eyimittselynit+r, min) 
oy=od+oyme+omn? 
+2(reyymet Trent Ty MM?) 
oz=od3+oa,ym;+om; 
+2(reylsmst trelsns+Ty2m3n3) 
TYZ=Oddst+oymymsto MMst+T zy (lem3+mols) (5) 
+1 22(lons+ nals) +7 y2(nems+mms) 
Txz=Cdl3+o,ymymst+o minst Try (Limst+mils) 
+722(linst+mils)+7y2(nims+mns3) 
Txy =O dile+oymymeto mynet7 zy (Lymet+ mile) 


+ T22(1yno+ Nyl2)+ T y2(%yM2+mN2) 


in which (1;, m, m1), (l2, m2, m2), (ls, ms, m3) are the 
direction cosines of OX, OY, OZ, respectively, relative 
to the Ox, Oy, Oz axes. 

With these six stress components determined for any 
point in a crystal, and assuming that the stress-optical 
coefficients Cy:, C12, C44 are known, it is easy to obtain 
the equation of the index ellipsoid relative to the crystal 
axes: that is, substitute the B;;’s determined by Eq. (4) 
into Eq. (2). 

It is desirable to be able to calculate the refractive 
indices and axes of polarization for a wave traveling, 
say, parallel to Ox. To determine these factors, the 
magnitude and direction of the semimajor and semi- 
minor axes of the trace of the index ellipsoid in the 
yz plane must be calculated. First the equation of the 
ellipsoid relative to Ox, Oy, Oz is obtained by means of 
the transformation 











4 lL om x 
Y|= l, M2 Ne2\"\¥). (6) 
Z ls M3; Nz Zz 


Now setting x equal to zero, the equation of the elliptic 
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section of the indicatrix in the yz plane is obtained. The 
principal semi-axes of this ellipse give the refractive 
indices and polarizing directions at the point. 

If the coefficients of the index ellipsoid, when referred 
to Ox, Oy, Oz, are denoted by bi, by2--- then the 
section normal to Ox is 


booy'+ bs327+ 2boxyz= 5. (7) 
Or, on setting y=p cosy, z=p sing, then 
1/p = Doo cos’ y+ b33 sin? g+ 2bes sing COS ¢. (8) 


To obtain the directions of the principal axes of this 
ellipse we set dp/0¢=0, therefore, 


tan2g= 2b23/ (be2— 33). (9) 

The values of ¢ obtained from Eq. (9) are the angles 
between the planes of polarization and the Oy axis. 

The magnitudes of the semiaxes of the trace of the 

indicatrix in the xy plane are obtained by substituting 


the value of ¢, given by Eq. (9), into Eq. (8). Conse- 
quently, we obtain, 


= (2)4{ (bee +-b33) FL (b22— b33)?+ 4b03 ]8}-4. 


The refractive indices n; and n2 of the two polarized 
waves passing through the crystal are equal to p max 
and p min, respectively. The square of the difference of 
the refractive indices is therefore 


(m1— 12)? 
” (beo+ bss) _— { (boot b33)?— [ (b22— b33)?-+ 4bo;? |} ; 
(bo2b33— bos?) 





(10) 


In an unstressed cubic crystal, the equation of the 
section of the index ellipsoid normal to Ox is ao?(y’+-2*) 
=1, where 1/a>=n=the average index of refraction. 
When the crystal is stressed, this circle is deformed 
slightly to become the ellipse, b22y’+-b332+ 2bo3yz= 1. 
Since the major and minor axes of this ellipse are nearly 
equal to the radius of the original circle, the coefficient 
bo; and the difference of the coefficients b22 and 533 must 
be very small quantities. In view of this, Eq. (10) can be 
simplified by using the first two terms of the binominal 
expansion of the square root. Also, the denominator of 
this equation is very closely ao‘ or 1/n*: Eq. (10) there- 
fore, simplifies to 


3 


] 
m—m2= TL (baa baa)? + Abas’ } (11) 


It should be noted that the approximations just made 
follow directly from the assumptions upon which Eggs. 
(3) are based. 

If light is passed through a crystalline plate of 
thickness 4, then the two resulting plane-polarized 
waves will have undergone absolute retardations A, and 
As given by 

Ai= h(m— 1), 
A2=h(n2—1). = 


The relative retardation of the two polarized waves is 
therefore, 
A= (A:—A2)=A(m—12) 


or, utilizing Eq. (11),7 
A= dy h[ (bo2— b33)?-+ 4bo;? |}. (13) 
The relative phase difference, measured in radians, is 


2rA/X, \ being the wavelength in vacuum. 


PLANE STRESS IN A CUBIC CRYSTAL PLATE 


The experimental techniques of photoelasticity are 
best suited to the study of two-dimensional (plane 
stress) problems. It is therefore desirable to proceed, on 
the basis of the foregoing theory, with a more detailed 
study of the generalized plane stress problem. 

Considering a single-crystal plate lying in the zy 
plane, then, in the case of plane stress, 


O2=Try=T2:=0. (14) 


Substituting these values into Eq. (5) and the resulting 
expressions for the stress components referred to the 
crystal axes into Eq. (4), the coefficients for the equation 
of the index ellipsoid are obtained in the form 


By= ae°+Ci2(cy+e:) 
+ (Ciur—Ci2) (oym2+o mP+ 27mm), 
Bo= ae+Ci2(ey+e:) 
+ (Cu—Ci2) (oym2?+o n?+2r,.mm), 
B33= ae+Ci2(o,+e2) (15) 
+ (Ciu—Ciz) (oym3?+omne+ 27 y2M3N3), 
B23= Culoymem3+ oMMNst+T ye (nym3+ mms) |, 
Bsi=Cauloymymsto mst Ty2(myms+myns) |, 
By= Culoym IMo+o NNot Ty:2 (nym2+myn2) |. 


The equation of the index ellipsoid at a point in the 
stressed crystal is 


By X?+ Bo Y*+ By3Z°+2B3:ZX 
+2B.3VZ+2By.XV= z. 


We require the equation for the trace of this ellipsoid in 
the yz plane, consequently, we set x=0 and substitute, 


(16) 


X=my+n2 
V=mzy+n2z (17) 
Z=myy+ N32. 

Equation (16) then becomes 


[ Byym?+ Beym?+ B3ym3?+ 2B3:mym3+- 2Boymom; 
+2Byymymz |y’+ [Bin’+ Boon?+ Bsn? 
+2B3nyn3+ 2Bosnons+ 2B nn J+ 2[Biymim, (18) 
+ Boymyn2+ Bsymynst Bs (myns+nyms) 

+Bes (m2n3t+ nyms;)+ Bi2(myn2t+ nym) lyz= 1. 


7J. F. Nye, Part II, Proc. Roy. Soc. (London) A200, 47-66 
(1950). 
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This is an equation of the form of Eq. (7); that is, of the 
form, beey*+-b332"+ 2b23yz= 1. Using Eq. (15) for the 
B,;’s and well-known relationships between the direction 
cosines involved, we obtain 


b= ae+Ci(o yto:)+Cuc, 
+[Cu-—Cr- Cas Lo, (my'+ m+ m;3') 
+oa,(mn?+ m?n?+ m;n;°) 
+27ry.(mni+meine+m;3n;) |, 
b33= ae? +Ci2(o,+<;) 
+(Ci-—Ci—Cu JL (men?+min?+men?)o, 
+o,(ny*+n'+n;') 
+27, 2(minb+mns+ msn) |+Cauo:, 
bo3=Cuty2+l[Cu—-Ciuw—-Cus ] 
X [oy (my ny +m ns+ ms ns) 
+o.(m\n + monF+ m3n;3') 
+ 27,-(mn?+m2n2+m3n;3) |. 


(19) 


These coefficients together with Eqs. (9) and (13) give 
the polarization (extinction) angle ¢ and the relative 
retardation A, respectively. 

In the case of a pure tension stress directed along the 
y axis, the coefficients have the relatively simple form, 


(be2—b33)=0 wl Curt (Cu—Ci2—Cua) (m,'+m- 
+ m;‘— mn ?— min? — mn;°) |, 
bo3= gy(Cu—-Cp— Cus) (m;*n, 


+mno+ms'n3). 


(20) 


EXPERIMENTAL STUDY OF SINGLE CRYSTALS 


By applying a known state of stress to a plane crystal 
of known orientation and by measuring the relative 





Fic. 1. Apparatus (on microscope stage) for applying tensile 
loads to specimens. 
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Fic. 2. Start of yielding in specimen S-10. Stress = 440 psi. Nicols 
at —9° and +81° to the (horizontal) load direction. X 14. 


retardation of normally incident light waves, the fore- 
going theory can be checked experimentally. In the 
tests to be described, single crystal specimens were 
subjected to pure tension loads. The orientations of the 
crystal axes were determined by back-reflection x-ray 
photographs, and the relative retardation of a mono- 
chromatic light ray was measured by means of a Berek 
compensator. Measurements were made in both the 
elastic and plastic stress ranges. 

Disks of clear silver chloride 3.25 in. in diameter and 
0.3 of an in. thick were purchased from the Harshaw 
Chemical Company. These disks contained large single 
crystals which were detected by lightly etching the 
surface with a sodium thiosulfate solution. Single 
crystal slices about 0.1 in. thick were cut from the disks 
with a jeweler’s saw. The specimens were then hand 
polished on metallurgical abrasive papers, utilizing 
kerosene as a lubricant. After washing the polished 
crystal in carbon tetrachloride, the surfaces were etched 
away by waving the specimen in a solution of sodium 
thiosulfate. The crystals were then rinsed in water and 
blotted dry with clean filter paper. The resulting speci- 
mens were about 0.04 of an in. thick, 0.28 of an in. 
wide, and 1.0 of an in. long. 

The crystals were annealed using a technique de- 
scribed by J. R. Haynes.® Silver chloride has a high 
coefficient of thermal expansion and is extremely soft at 
elevated temperatures, consequently, care must be 
taken in the annealing process. The crystals were placed 
on a layer of finely ground quartz powder on top of a 
glass-topped table in the center of a small thick-walled 
copper box. In this box, the crystals were heated to 


8 J. R. Haynes, Rev. Sci. Instr. 19, 51 (1948). 
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Fic. 3. Glide bands in specimen S-10. Stress =490 psi. Nicols at 
—9 and +81 to the (horizontal) load direction. X 14. 


740°F for about three hours after which they were very 
slowly cooled in the furnace. 

Examination of the annealed specimens in polarized 
light revealed that, for all practical purposes, they were 
entirely free from stress. Some stresses were introduced 
while clamping the specimens in the loading device (see 
Fig. 1), however, these were very small; on examination 
between crossed Nicols the specimens initially appeared 
quite dark. When a crystal was subjected to a tensile 
load, such that the stresses were in the elastic range, 
considerable light was transmitted with almost uniform 
intensity over the whole specimen. 

The onset of plastic action was indicated by either the 
growth of birefringent bands or of surface “‘hair-lines” 
or by both. The birefringent bands are caused by 
internal stresses remaining in the material after de- 
formation by pencil glide. Generally, the birefringent 
bands are accompanied by surface lines; these are 
formed by the intersections of glide surfaces with the 
crystal surface. If the glide direction happens to be 
parallel to the surface, the lines will be practically in- 
visible. On the other hand, surface lines will appear 
without birefringent bands if the glide surfaces overlap 
sufficiently. 

Figure 2 shows the onset of plastic action in a typical 
specimen, S-10. In this case, there were two glide 
systems operating simultaneously; the angles between 
the bands and the stress axis were +38° and —56°, 
measured in the plane of the specimen. There were no 
apparent surface glide lines at this load, indicating 
that the glide directions were very nearly parallel to the 
surface of the crystal. In the present case, the angle be- 
tween the two glide directions was approximately 94°. 


This is substantially in agreement with J. F. Nye’s 
conclusion’ that the glide direction in silver chloride is 
[110], since, in cubic crystals, the [110] directions make 
angles of either 60° or 90° with each other. 

As the load was increased, other glide surfaces grew 
between those already present (see Fig. 3). At higher 
stresses, the glide surfaces generally became so closely 
spaced and overlapping that the specimen appeared 
almost homogeneous. Figure 4 shows a double system 
of surface lines observed in specimen S-22. This illus- 
trates the development of surface lines without corre- 
sponding birefringent bands. 

The orientations of the specimen crystal axes were 
determined by back-reflection Laue x-ray photographs. 
The photographs were interpreted by means of a 
Greninger chart together with a Wulff stereographic 
net and a standard projection for a cubic crystal. In 
some cases x-ray photographs were taken both before 
and after annealing the crystal; the heat treatment 
described did not affect the original orientation. 

The cross-sectional dimensions of each annealed 
specimen were obtained using a micrometer caliper. 
Various reference lines were lightly scratched on the 
surface of the crystal, after which it was clamped in a 
small loading frame mounted on the stage of a Leitz 
polarizing microscope (Fig. 1). A measured tension load 
was then applied to the specimen and various measure- 
ments were made. The angles from the direction of the 
applied load to the planes of extinction and subtraction 
(g+45°) were observed at various marked points. 
Using a Berek compensator, the relative retardations of 





Fic. 4. Surface lines in specimen S-22. Stress =580 psi. Nicols 
horizontal and vertical, load applied horizontally. x 42. 


9J. F. Nye, Part I, Proc. Roy. Soc. (London) A198, 190-204 
(1949). 
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Fic. 5. Typical relative retardation versus stress curve, 
specimen S-10. 


monochromatic (5461A) light waves were measured at 
these same points. In addition to these measurements, 
strains in both the axial and transverse directions were 
measured using a screw-micrometer eyepiece. Measure- 
ments were made for loadings corresponding to stress 
increments of about 200 to 400 lb per sq in.; the speci- 
mens were unloaded before each increase in load. 

Stresses were computed based on the actual area of 
the strained specimen; this was determined by dividing 
the initial measured area by unity plus the measured 
axial strain. The observed retardations A were reduced 
to retardation per unit thickness, A/h, based on the 
actual thickness at the time of the observation. This 
thickness was determined by dividing the corrected area 
by the specimen width corrected in proportion to the 
measured transverse strain. 

Eight groups of specimens were tested, each group 
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Fic. 6. Relative retardation versus stress for specimen S-9; this 
specimen showed the least linear stress optical effect. 
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having different orientations of the crystal axes relative 
to the principal stress and observation directions. For 
all except Group I, the specimens had one crystal axis 
(Oy) lying in the plane containing the axis of the 
specimen and normal to the surface of the specimen, 
that is, in the xy plane. The orientations of these 
specimens can therefore be described by two angles 
denoted 


a= the angle between the Oz and the OZ axes or be- 
tween the xy plane and the OX axis, and 

@= the angle between the Oy and the OY axes (both of 
which lie in the xy plane). 


In matrix notation, the direction cosines defining the 
crystal orientation are then, 


lL, m, cosa cosQ cosasinO —siny 
le m2, m2|=| —sinOd cosO 0 (21) 
ls ms M3 sina cosO sinasinO cosa 


In general, retardations were measured at three points 
on the central cross section of the specimen. The 
average of these three measurements (which, in general, 
were nearly equal) was then used to obtain a stress 
versus retardation graph such as shown in Fig. 5. The 
linearity of the stress-retardation curve shown in this 
figure is typical of those obtained for all specimens in 
Groups I, III, VII, and VIII, and also for specimens 
S-12 and S-13. The corresponding graphs for specimens 
of Groups II and VI were more erratic. In these 
specimens the retardation was difficult to measure 


TABLE I. Summary of experimental results. 











4 

Orientation Specimen aie rw Aue. © 

Group a(deg) ©@(deg) No. (in.*/lb) (deg) 
| ig 12.5 12 S-1 20.1 (10)-8 73 
S-3 20.8 (10)-8 73 
S-10 21.1 (10)-8 72 
II 57 30 S-4 9.8 (10)-* 24 
III 57 ~—- 50.5 S-5 31.3 (10)-8 12 
S-7 30.0 (10)-8 14 
IV 57 39 S-8 20 (10)-8 11 
S-9 20 (10)-8 8 
S-12 18.5 (10)-® 12 
V 22.5 0 S-13 29.8 (10)-8 85 
S-14 28.7 (10)-8 83 
S-22 29.0 (10)-8 86 

VI 22.5 25.5 S-15 6.7 (10)-* 80 

S-16 5.7 (10)-8 varied 
Vil 22.5 68 S-19 29.5 (10)-* 32 
S-21 29.5 (10)-8 33 
VIII 22.5 89 S-17 31.8 (10)-* 43 








* Angles a and © given for Group I are only approximate. Calculations are 
based on the follo measured orientation, 


ll om m +0.959 +0.187 —0.215 
[: mi m| = [ —0.212 +0.973  —0.099 
le ma 1 +0.191 +0.141 +0,.971 
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TABLE IT. Summary of analytical results. 











4 
—— Orientation Pe ¢ 

group a (deg) 6 (deg) (in.?/Ib) (deg) 
I 12.5 12 23.4 (10)-8 74.8 

II 57 30 5.3 (10)-8 17.5 
III 57 50.5 30.9 (10)-8 10.6 
IV 57 39 18.8 (10)-® 9.5 
Vv 22.5 0 28.9 (10)-8 90.0 
VI 22.5 25.5 6.0 (10)-8 77.1 
VII 22.5 68 29.4 (10)-8 31.6 
VIII yeh 89 33.0 (10)-8 41.5 








accurately, because it was quite small and was super- 
posed on a double set of prominent birefringent bands. 
The stress-retardation curves for specimens S-14 and 
S-22 showed a slight concavity upward while those for 
specimens S-8 and S-9 were concave downward. Figure 6 
(for S-9) shows the most nonlinear stress versus A/h 
relation obtained. It should be regarded as exceptional 
in the same way as Fig. 5 is typical. 

In several cases, relative retardations were measured 
during reloading of a plastically strained specimen. In 
each case the retardation per unit thickness agreed 
quite well with that measured during the initial loading. 

The results of all of the tests are summarized in 
Table I. The angles a and 0 define the crystal orienta- 
tion of each group as determined from the x-ray 
photographs. The average retardations per unit thick- 
ness were obtained directly from graphs such as shown 
in Figs. 5 and 6. 


COMPARISON OF EXPERIMENTAL AND 
THEORETICAL RESULTS 


Before the theory discussed can be used to predict the 
optical effects in a stressed specimen, the stress-optical 
coefficients (C1;—C12) and C4, must be determined. In 
the present study, these constants were determined such 
that the theoretical retardations would agree as closely 
as possible with the experimentally observed values. 
The accuracy of the theory is vindicated by the fact that 
these two constants could be chosen such that the 
optical effects predicted by the theory substantially 
agree with those observed for all of the specimens tested. 

In Table II, the theoretical retardation coefficients 
and polarization angles are summarized for crystals 
oriented and stressed the same as the various groups of 
specimens tested. The values of the stress-optical 
coefficients used to compute the data given in this table 
are, ; 


(Ciy—C 2) = —6.5 (10)-8 in.?/Ib 
and 
Cyu=+8.3 (10)-8 in.?/Ib. 


The refractive index, n, was taken as 2.07. The parame- 
ters A/h and ¢ were calculated using Eqs. (13) and (9), 
respectively, together with Eqs. (20). The dependence 
of these parameters on the crystal orientation is illus- 
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Fic. 7. Dependence of relative retardation on crystal orientation 
for uniaxial stress. 


trated by Figs. 7 and 8. Also shown in these figures are 
the experimental results. Within the limits of experi- 
mental error, these agree with the theoretical pre- 
dictions. 


CONCLUSIONS 


Tests of single-crystal specimens of silver chloride 
have shown that the optical effect in this crystalline 
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metal-like material depends on the stress state rather 
than on strain. The experimental data obtained from 
these tests have checked the accuracy, in both the elastic 
and plastic stress ranges, of a general theory which 
quantitatively relates optical effects to the stress state. 
In addition, these tests have provided data necessary 
for the determination of the so-called stress-optical 
coefficients (for silver chloride) which appear in the 
theory. 

Silver chloride seems to be a very suitable material for 
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“photoelastic” studies of the effects of plastic yielding 
on the state of stress in a crystalline material. 


ACKNOWLEDGMENT 


This work has been part of a study of the possibility 
of using optically active materials in the study of plastic 
states of stress, conducted at the University of Illinois, 
Department of Civil Engineering, under the sponsorship 
of the National Advisory Committee for Aeronautics. 
The authors are indebted to F. Seitz with whom some of 
the work has been discussed. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 24, 


NUMBER 5 MAY, 1953 


The Gas Flow Past Slender Bodies 


Max M. Munk 
Naval Ordnance Laboratory, Silver Spring, Maryland 
(Received November 7, 1952) 


The following relates to moving objects immersed in a perfect gas otherwise at rest. The momentum of 
the resulting gas flow is defined. It is shown that it ultimately approaches a definite magnitude as the 
object assumes a steady motion, said magnitude being independent of the history of the previous motion. 

This result is applied to the two-dimensional flows of airship theory, and thus the airship theory is extended 


to include compressibility effects to a limited extent. 


INTRODUCTION 


HE motion of a perfect fluid past slender bodies 
inclined by a small incidence angle relative to the 
direction of advance was studied many years ago by 
this author and forms the subject of his so-called air- 
ship theory.' The unsteady flow in air layers at right 
angles to the flight path, that is ordinarily in vertical 
air layers, stands in the center of the discussion (see 
Fig. 1). Use is made of the fact that this flow differs 
little from the plane two-dimensional flow for the 
boundary conditions in question so that the latter may 
be substituted for the respective components of the 
three-dimensional flow. Otherwise spoken, it is observed 
and utilized that the effectively incompressible air is 
flowing dominantly crosswise around and past the 
slender spindle and that the cross motion is only 
secondarily relieved by flow in the meridian planes. 

As the flight velocities increased and as it became 
necessary to take the compressibility of the air into 
account, it was pointed out by Jones? that, and in 
what manner, the same thoughts and even the same 
equations apply also to supersonically moving slender 
bodies. The cross flow is still supposed to have small 
compressibility effects, the large and supersonic velocity 
being lengthwise in the steady flow picture and playing 


1 Max M. Munk, “The Aerodynamic Forces of Airship Hulls,” 
tion) Advisory Committee for Aeronautics Report No. 184 
(1 % 

* Robert T. Jones, “Properties of Low Aspect Ratio Pointed 
Wings at Speeds below and above the Speed of Sound,” National 
Advisory Committee for Aeronautics Technical Note No. 1032. 


no decisive part. in the unsteady cross flow. Missile 
bodies terminate ordinarily abruptly, flat bases being 
the rule. The cross flow produced immediately in front 
upstream the base persists then downstream the body. 
The cross flow is not suddenly annihilated at the base. 
The missile will, therefore, experience a resultant force 
equivalent to the effective momentum of the terminal 
cross flow. 

The airship theory assumes gradual changes of the 
geometric dimensions along the missile axis. Fins con- 
tradicting this requirement call for special treatment. 


APPARENT ADDITIONAL MASS 


The airship theory takes account of the necessary 
information regarding the properties of the aerodynamic 
cross flow by utilizing the concept of the apparent addi- 
tional mass of the cross-section contour. The fluid is 
supposed to be incompressible and free of viscosity, so 
that the ensuing flow has a potential and is uniquely 
determined by the instantaneous motion of the cross- 
section contour. Since at any point, positioned relative 
to the contour, the flow velocity v is exactly proportional 
to the velocity of advance V of the contour, the kinetic 
energy of the entire fluid motion set up by the contour 
moving in an otherwise resting fluid is proportional to 
the square of the velocity of advance. Hence it is equal 
to the kinetic energy of a fictitious mass moving with 
the same velocity as or being attached to the contour. 
This is the apparent additional mass. With a circular 
contour this mass is the same for motions of the contour 
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GAS FLOW 


in any direction. In the general case the kinetic energy 
associated with equal velocity of advance may be 
different for different velocity orientations and stands 
then in a more involved relation to the components of 
the velocity of advance. 

The force acting on a missile slice per unit axis length 
is derived from the rate of change per unit time of the 
momentum m associated with the kinetic energy K 


K=MV%p/2=3mV; m=2K/V. (1) 


If the missile moves unsteadily itself these apparent 
momenta enter directly, the change being derived from 
the change of the velocity. If the body moves steadily 
itself at a small incidence angle, the rate of change of 
the momentum with reference to the axial coordinate 
enters. 

The energy stored in the incompressible fluid is 
merely the kinetic energy of the fluid motion. Let p 
denote the constant fluid density, » the magnitude of 
the local velocity, and S the space volume. Then the 
kinetic energy is equal to the space integral 


K= f dSV2p/2. (2) 


The integral (2) is finite, no infinite energy is required 
to set the fluid into motion. The integrand is essentially 
positive. The kinetic energy is concentrated in the 
vicinity of the moving body. When surrounding the 
body by a control or integration surface of increasing 
magnitude, concentric spheres say, and carrying out 
the integration successively through the volumes en- 
closed by larger and larger integration surfaces, larger 
and larger spheres say, the integral reaches asymptoti- 
cally but very rapidly its upper and final value. The 
same does not depend on the selected shape of the con- 
trol surfaces, provided the control surface increases its 
smallest distance from the body beyond any bound. 
Thus the kinetic energy (2) is well defined and is truly 
determinate. No special stipulation or limitation is 
necessary or in any manner called for. 

An apparent additional momentum m can be com- 
puted from the kinetic energy K 


m=2K/V. (3) 


It is not possible to compute this momentum immedi- 
ately as a space-integral of the momenta of the indi- 
vidual fluid particles occupying the space elements dS. 
The momentum is a vector quantity. If for reason of 
symmetry the momentum is parallel to the velocity of 
advance, we may confine our attention to the mo- 
mentum component parallel to the velocity of advance. 
The space integral 


m= f dSV p. (4) 


has then positive and negative contributions. The sum 
of all positive contributions by themselves is infinite 
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and so is the sum of all negative contributions by them- 
selves. In consequence, the computed value of the in- 
tegral depends entirely on the shape of the boundary 
or integration surface; however, this boundary may be 
enlarged and become distant from the body. It is thus 
seen that the space integral (4) without further stipula- 
tions does not define any definite momentum at all. 

This is in harmony with the physical conditions. 
When setting up the flow, momentum is exchanged not 
only between the fluid surrounding the body and the 
body, but also between the fluid immediately surround- 
ing the body and more outer portions of the fluid, 
surrounding said inner portions again. The fluid beyond 
the integration surface also contributes momentum, 
however distant that boundary may be from the body. 
An infinite amount of momentum changes place. The 
momentum contained in the entire fluid does not stand 
in any direct relation to the kinetic energy stored in 
the fluid which latter is equal to the energy transmitted 
from the body onto the fluid. 

The term “momentum of the fluid” is made meaning- 
ful and definite, and for the present purpose the am- 
biguity and vagueness is removed by taking cognizance 
of the use we intend to make of the momentum. We are 
not interested in the momentum per se but we are 
only interested in the momentum as an intermediate 
quantity for the computation of the fluid force acting 
on the body. The momentum obtains its genuine mean- 
ing with this in view. The force on the body does not 
depend on the change of all momentum contained in 
the fluid or in any portion thereof, but it depends on 
and only on the momentum transmitted from the body 
to the fluid or vice versa. The term “momentum of the 
fluid’? must and will therefore be interpreted as meaning 
that portion of the momentum, if a portion, which has 
been transmitted from body to fluid. 

We may express the same thought by saying that the 
space integration for the computation of the momentum 
has to be carried out up to an outer integration 
boundary through which no momentum has been trans- 
mitted. It is sufficient to know that such boundaries 
exist; it is not necessary to determine them explicitly. 
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The process of integration may be carried out by first 
reducing the volume integral to a suitable surface 
integral. The existence of outer boundaries of zero- 
momentum transmittal justifies then disregarding the 
outer surface integral. Thus the integration is carried 
out over the surface of the body only. 

The reduction to a surface integral is also used for 
the evaluation of the kinetic energy. With the incom- 
pressible fluid having constant density the essential 
integral is 


2K/p= { asve-v= f do-ve— f asev-v, (5) 


@ denoting the potential of the velocity field, S de- 
noting the volume, and o the boundary surface area. 
The right-hand space integral (5) is zero for the incom- 
pressible fluid. It is thus seen that the kinetic energy is 
substantially determined by the surface integral of the 
product of the flux and the potential. The portion of 
the pressure not balanced and not pertaining to the 
steady flow, that is the difference between the pressure 
and the Bernoulli pressure is equal to pd¢/dT, T de- 
noting the time. Hence (5) represents the time integral 
of the rate of energy hydraulically pumped or forced 
into the fluid while the flow is set up. 

If the body executes a translationary motion V in 
constant direction the flux rate element is also equal to 
doV -do. Hence the kinetic energy can also be derived 
from the surface integral 


2K/Ve=V- f doo. (6) 


Integral (6) is formally equal to the space integral for 
the momentum 


m/o= [ asvo= { doo. (7) 


The integration surface for zero-momentum transmittal] 


is consistent with 
f doo=0. 


The flow momentum in the narrower and special sense 
explained above is, therefore, associated with the energy 
and is concentrated in the vicinity of the body like the 
energy. It is equal to p times the surface integral of the 
potential taken over the body surface. 


INFLUENCE OF THE COMPRESSIBILITY. ENERGY 


This paper is directed to the discussion of the com- 
pressibility in connection with the relations discussed. 
As the Mach number of the velocity of advance of the 
slender body, or as its angle of incidence increases, 
the Mach number of the cross flow will also increase and 
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will become noticeably larger than zero. We assume the 
cross flow to remain subsonic but not incompressible. 

We have accordingly to inquire into and to discuss 
the meaning of the energy and of the momentum of the 
three-dimensional flow set up by a body moving through 
a gas otherwise at rest. We assume the fluid to be free 
of viscosity and to expand barotropically, that is the 
density p is a function of the pressure / alone. 

The ensuing gas flow is not solely determined by the 
instantaneous motion of the body. The flow depends in 
large measure on the past history of the motion of the 
body. The energy of the flow is also not determined by 
the instantaneous motion of the body as consequence 
thereof. 

This energy consists of two distinct parts: the kinetic 
energy and the elastic energy. The kinetic energy is 
defined as with the incompressible fluid Eq. (2) taking, 
however, account of the variation of the density. The 
elastic energy represents the work stored in, or removed 
from, the fluid elements by virtue of their change of 
volume in conjunction with the pressure prevailing. 
The elastic work per mass element of the gas element is 


defined by 
1 
aw= f pa(-), (8) 
p 


and the volume element dS is occupied by the mass pdS 
so that the elastic work per volume element becomes 
pJS pd(1/p). Thus, the elastic work is basically equal to 


s p 1 
w= f asp f pa(-). (9) 
p 


This integral (9) suffers from the same imperfections as 
the integral (7) for the momentum. The integrand assumes 
positive and negative values, the integral of the positive 
values only is infinite, and thus the integral has no 
definite value at all but the outcome of the integration 
depends on the integration process. The physical reason 
for this is also very similar. Elastic energy is not only 
exchanged between the body and the surrounding gas 
but also between an intermediary mass of gas and the 
outer mass of gas surrounding the intermediary mass. 
The reasoning and remedy removing the vagueness 
follows also the arguments laid down above. We are 
only interested in the elastic energy transmitted from 
body to the gas. At sufficiently large distances from the 
body the pressure becomes virtually constant, and equal 
to the ambient pressure. This ambient pressure delivers 
elastic energy equal to its magnitude multiplied by the 
change of volume of the enclosed gas. Hence the 
integration has to be performed for an outer control 
surface such that the volume of the enclosed gas is 
equal to the volume occupied by the same gas in the 
undisturbed state. It is again sufficient to realize that 
such integration surfaces exist. Again the volume in- 
tegral is reduced to a suitable surface integral and only 
the body surface is considered in the integration. 
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In the case of a polytropically expanding gas with exponent y this leads to the following expression for 


the elastic energy per unit volume 








— ¥(y—-1) 
W = Co" po 





L 


For very small density changes this reduces to 
4c?(p—po)*/po?, a product containing the square of 
the density increment; co denoting the ambient velocity 
of sound. 

The total energy of the fluid is the sum of its kinetic 
energy and its elastic energy. It is considered that both 
be separately computed for any specific flow. 

A simplification of the computation is possible if the 
Mach number of the steady flow is very small. Equa- 
tion (5) becomes then approximately true and appli- 
cable. In (5) the potential but not the density has to be 
modified to reflect the somewhat larger Mach number. 
The steady almost incompressible flow is then supposed 
to decline or fade out at infinity almost like the incom- 
pressible flow. It is supposed that the motion is created 
infinitely gradually, with gradual change of the Mach 
number of the velocity of advance from zero to a small 
value. It is assumed that all these steady flows follow 
each other successively and continuously. Such a suc- 
cession of steady flows is not really or strictly a solution 
of the equations of motion. For very small Mach 
numbers, however, the error becomes negligible. That is 
to say, the change of the potential is carried to terms 
proportional to the square of the Mach number, but 
the density is still considered equal to the ambient or 
undisturbed density. The total energy becomes thus 
approximately equal to 


K=4p. f do-v4', (11) 


¢ denoting the potential of the slightly compressible 
flow. 

For the circular contour having the diameter D=2R, 
the most important contour in conjunction with the 
airship problem, the potential of the flow now two- 
dimensional is given by the expression® 


1 1 
+5) cos0 
12 r5 


‘fs @°3 
+(---+—5 
4r 127° 


131 11 


¢ = omu—0t R var 
12r 2Fr° 


cosso | - 


Rr and @ being the polar coordinates. This leads to the 


* Carl Kaplan, “Two Dimensional Subsonic Flows Past Elliptic 
Cylinders,” National Advisory Committee for Aeronautics Report 
No. 624 (1938). 


le BEY DM o%(V/Vo)*)P (1-30 — )Mo*(V/V0)) 4 1—3(y— 1) Mo’) 








y 
10) 
(1—3(y—1) Mo?) 
+ | 
y-1 
total energy 
K=4V"poD*x[1+2M?2+---] (13) 


in an expansion in terms of powers of the Mach number. 


THE MOMENTUM OF THE GAS FLOW 


We proceed now to the discussion of the momentum 
of the three-dimensional gas flow. The energy integral 
does not yield a definite apparent additional mass, 
because the energy not only fails to be proportional to 
the square of the velocity of advance but it is not even 
a unique function of the velocity of advance. In general, 
a body immersed in a compressible fluid does not move 
under the action of external forces as if its actual mass 
was increased by an apparent additional mass, not even 
a variable one depending on the velocity of advance. 
In consequence the energy does not lead to a corre- 
sponding momentum. The momentum cannot be com- 
puted from the energy but it is independent of it. 

A study of the conditions leads now to the somewhat 
unexpected discovery that the momentum stands in a 
much simpler and more definite relation to the motion 
of the body than the energy does. To obtain clearer 
insight into this we have to analyze the ensuing motion 
in more detail. We assume that the fluid was first at 
rest. The body is next made to carry out a succession 
of motions finally assuming a constant velocity in 
constant direction. In the vicinity of the body, extend- 
ing farther and farther out, the fluid will then assume a 
definite pattern which we will call quasi steady. It is 
not quite steady in that within finite time it never 
extends to infinity. It is rather bounded by a more or 
less spherical outer shell within which the fluid carries 
out an unsteady wave motion. The wave moves with 
velocity of sound towards infinity. The energy of the 
flow can be divided into two portions, the energy of 
the quasi-steady part and the wave energy. The energy 
of the quasi-steady flow assumes asymptotically, but 
rather rapidly, a definite value depending on the 
velocity of the body only. (The final velocity of ad- 
vance of the body is assumed to be subsonic.) The 
energy carried away by the wave represents the addi- 
tional energy depending upon the history of the body 
motion. In general it has no upper bound but depends 
entirely on how the motion was created. An upper bound 
exists under certain restrictions, namely, if the velocity 
of advance is always in definite direction and orientation 
and changes monotonously, so that the acceleration is 
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always in direction of and never opposite to the velocity 
of the body. 

We have in mind a compressible fluid that expands 
barotropically, that is, the density is a function of the 
pressure alone. The fluid is free of viscosity and heat 
conduction. In that case there prevails a substantial 
difference between the behavior of the energy and that 
of the momentum in relation to the substantially de- 
veloped steady motion. The energy transmitted from 
the body to the fluid depends on the mode of creation 
of the steady flow. The momentum does not. The same 
steady or quasi-steady flow is always associated with 
the same momentum transmitted from the body to the 
fluid, regardless of how the flow was created. This im- 
plies that if in a large and ever growing region about 
the body the fluid comes to rest again, because the body 
has come to rest and stays now at rest, no momentum 
has been transmitted in foto from the body to the fluid. 
The remaining wave system carries off energy but not 
momentum. 

This relation is of significance in the two-dimensional 
case for extending the airship theory to cases of com- 
pressibility effects of the cross flow. The proposition 
has now to be demonstrated. We still have the three- 
dimensional flow in view. The absence of momentum of 
the actual wave system requires in the first place that 
really linear or acoustical sound wave systems, governed 
by the well-known equations of acoustics, are free of 
momentum. Acoustics disregards density differences in 
comparison with the basic density, and it disregards 
velocities in comparison with the velocity of sound. 
The velocity of sound is supposed to be constant. All 
this leads to linearization of the equations. Any wave 
motion can thus be obtained by linear superposition of 
symmetrical spherical waves and also by superposition 
by pairs of opposite plane waves. The superposition is 
. linear, the momentum is also linear, and the elements 
of superposition are free of total momentum. It follows 
that any linear or acoustical wave is free of total 
momentum. 

The actual wave is not precisely described by a linear 
equation. Indeed the separation of the flow into the 
wave and the quasi-steady flow portion takes place 
gradually and asymptotically only and is never quite 
completed. The two portions remain intermixed to some 
degree; the wave leaves the quasi-steady flow behind 
and deposits it, so to speak. The wave emerges more 
and more but never fully into a linear wave. 

The wave occupies an ever increasing volume; it is 
contained between two concentric spheres of constant 
distance so that the wave volume increases propor- 
tional to the square of r, the distance from the body. 
The momentum per unit volume is not precisely pro- 
portional to the velocity, and hence to 1/r, but it has 
also terms proportional to the square of the velocity, 
and higher terms. It has to be shown that all these 
quadratic terms cancel sufficiently so that the aggregate 
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sum diminishes faster than proportional to 1/r?, at 
least like 1/r’. 

Now the pertinent portion of the wave is bipolar, 
like a doublet. At the two ends of a diameter parallel 
to the direction of advance of a symmetric body, the 
velocity profile is sensibly the same in equal direction 
absolutely, but the one profile orientated inwardly the 
other outwardly. The momentum per unit wave front 
cancels locally as far as the first power of v is concerned. 
It is now noted that all momentum contributions 
ascribable to or porportional to the squares of the 
velocity are in the same directional relation to the 
radius, that is, they are all outwardly directed from 
center to periphery. This can for instance be seen with 
the density variation. If the velocity is outward, the 
density change is positive; if the velocity is inward, 
the density change is negative. In either case the mo- 
mentum change has equal sign relative to the radial 
direction. And since this is the case with one such term, 
it must be the case with all. The square of the velocity 
has no direction. The radial direction is the only one 
available. There is no other sufficient reason why it 
should vary. Distinct discontinuities would follow from 
any other state of things. It would be impossible to 
write down the direction in any other way. Since now 
the profile is the same at opposite ends of the diameter 
only turned around, and since the quadratic terms have 
the same direction nevertheless, the remaining differ- 
ence is ascribable to differences in the radial distances. 
These are by themselves of the order 1/r relative to 
each other. Hence the momentum will cancel up to 
terms proportional to 1/r* will ultimately approach zero; 
whatever momentum the wave system carries is ulti- 
mately wholly and entirely deposited in the quasi-steady 
flow, as the passing wave builds it up. 

It follows that the steady flow including any wave 
system associated with it is associated with a definite 
momentum depending on the body velocity only. This 
momentum can be expressed by the motion of an 
apparent additional mass, but this mass depends itself 
on the velocity of the body, and hence its use is not 
particularly useful. 


COMPUTATION OF THE MOMENTUM 


The momentum uniquely associated with the steady 
flow at a specific subsonic Mach number can be com- 
puted from the minimum energy associated with the 
successive steady flows. It is assumed that the flow is 
infinitely gradually produced by changing the Mach 
number M continuously. The infinite pressure changes 
giving rise to the change of momentum are not readily 
computed and are not even unique. The force can, 
however, be computed from energy considerations. The 
force necessary to accomplish the flow change is com- 
puted from the increase of the flow energy K. This 
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gives for the momentum m, 


1 f dK dM 1 f dK 
m=-— —— — =— a, 
too%¥, AMM wtyo M 


For small Mach numbers, the momentum is more con- 
veniently computed from (11). For extremely small 
Mach numbers the momentum and minimum energy 
results the same as with the incompressible fluid. 

The knowledge of the momentum enables us to com- 
pute the energy for a special but widely applicable case. 
Suppose the Mach number is very small but not zero. 
Suppose further the motion of the body is instanta- 
neously created from zero and then kept constant, so 
that the moment is then transmitted to the fluid. The 
momentum is thus transmitted not with evenly in- 
creasing velocity but with constant velocity. The force f 
is an unknown function of the time, such that 


f fdT=K/V, 


Ko=mV/2, 


(14) 


(15) 


k= f V fdT= v [ saT=mv=2Ke, (16) 


f denotes the force required to act on the body, m de- 
notes the momentum, V the velocity. It follows that by 
the described mode of creation of the flow the energy is 
doubled. Half of the energy stays in the quasi-steady 
flow and the other half is carried out by and into the 
wave portion of the flow. 

For the special case of a sphere, the problem has 
been solved by means of full detail computations by 
Longhorn. The special result obtained by him is in 
agreement with the general theory here presented. 

The flow momenta occurring in the airship theory refer 
to two-dimensional flows caused by moving contours. 
Two-dimensional sound waves are almost analogous to 
three-dimensional ones; they are, however, not strictly 
contained between a pair of concentric circles moving 
approximately with the velocity of sound. They are 
that only substantially and effectively. The preceding 
proof relating to the three-dimensional case requires, 


*L. Longhorn, Quart. J. Mechanics and Appl. Math. V, Part 1 
(1952). 
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therefore, some elaborations to make it applicable to 
the two-dimensional case. It is unnecessary to carry 
this out in the present paper as the formally two- 
dimensional flows of airship theory represent really 
aspects of three-dimensional flows about very elongated 
objects moving broadside. 


APPLICATION TO THE AIRSHIP THEORY 


The airship theory employs the momentum of the 
flow, not the energy of the flow. Furthermore, it assumes 
a very slender body or spindle, so that there is time for 
the steady flow to establish itself, provided the body is 
well inside the Mach cone originating at the nose of 
the airship. It appears that under these circumstances 
the airship theory is applicable, even if the cross flow 
is subject to moderate compressibility effects. The mo- 
mentum of the cross flow has then to be computed for 
the particular Mach number of the cross flow in ques- 
tion. It has been shown in the present paper that this 
momentum does not depend on the mode of creation 
of the flow. Hence the momentum does not depend on 
the airship shape. The compressibility and the necessity . 
to wait for the establishment of the steady flow will 
shift the cross forces slightly downstream. 

The additional apparent mass increases with the 
Mach number. It follows that the lift slope must in- 
crease with the angle of incidence. It is true that the 
same increase is observed even in practically incom- 
pressible flow. But then the stern forms a sharp end, 
and viscosity and vorticity effects explain this; par- 
ticularly at excessively large angles of attack. This 
explanation is less acceptable for spindles terminating in 
flat base ends. The curvature of the lift curve with such 
spindles is then to a dominant part explained by the 
change of the apparent additional mass of the cross 
contour or else by the increase of the momentum 
ascribable to the compressibility. 

This author has analyzed a number of wind tunnel 
tests with this in view, using Eq. (13). The report 
presenting the outcome has not been published. The 
lift slope points computed from the tests scatter a 
great deal for a number of reasons. However, the com- 
putations based on the theory of this paper gives an 
order of magnitude of the lift slope variation in agree- 
ment on the average with the experimentally observed 
facts. 








JOURNAL 


OF APPLIED PHYSICS 


VOLUME 24, 


NUMBER 5 MAY, 1953 


Space Charge Spread of Reflected Electron Beams Studied by a Photographic Method 


J. T. WALLMARK 
The Royal Institute of Technology, Stockholm, Sweden 


(Received December 3, 1952) 


The spread of electron beams of rectangular cross section is studied (a) in a field free space, (b) in a 
reflection space. An experimental! method is tried to trace the electron paths from the excited gas molecules 
left behind by directly photographing the beam in a high vacuum. The results are checked with published 
theoretical calculations in case (a), and with results obtained through an iterative method in case (b). 





INTRODUCTION 


ANY attempts have been made to find con- 
venient ways of studying electron paths and have 
resulted in successful practical methods such as the 
rubber model, electromechanical path tracers, graphical 
methods, etc., which are now widely used. However, 
when one wants to find the influence of space charge on 
the electron paths there are no accurate methods avail- 
able and mathematical treatment is as yet confined only 
to special cases. 

This article deals with the spread of an electron beam 
of rectangular cross section in a retarding electric field, 
a problem which arose in the development of a new 
kind of electron tube. In order to study such a beam a 
photographic method has been tried that, although not 
new, has not been described earlier in spite of its obvious 
merits in handling complicated space charge problems. 

Photographic methods have been employed for 
studying electron paths in a large number of cases since 
the discovery by Wehnelt? that electron paths could be 
made visible by keeping the rest gas pressure between 


certain limits. Then the space charge of the ions formed 


counter-balanced the negative space charge of the 


R 
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Fic. 1. Electron beam in a reflecting space. 


1 J. T. Wallmark, Proc. Inst. Radio sm 40, 41 (1952). 
2A. Wehnelt, Z. physik. chem. Unterricht. 18, 193 (1905). 


electrons and a well-focused “thread” ray resulted. 
Further work, especially that by Briiche,* showed that 
these thread rays are a vivid and accurate means of 
studying electron paths where space charge influence is 
not the chief concern. 

If the rest gas pressure is reduced below a certain 
limit the space charge balance is lost and the electron 
beam loses its character of thread ray, spreads, and soon 
becomes invisible to the naked eye. However, even then 
some light is given off by the few gas molecules that are 
hit by electrons of sufficient energy, and by long time 
exposure of a photographic plate the light can be 
recorded and thus the beam traced. Even in the vacuum 
that is normally present in electron tubes this light is 
sufficiently intense to be detected at the same time that 
space charge conditions are very little disturbed. This is 
the method that will now be described applied to a 
practical problem. 


THE SPACE CHARGE PROBLEM 


The problem at hand was to find the current density 
and the electron paths in a beam with rectangular cross 
section being sent out at an arbitrary angle from a plane 
A (see Fig. 1) at a positive potential towards another 
plane R parallel to the first and at an arbitrary negative 
potential. All other methods being inadequate, the 
photographic method mentioned above seemed to be 
the only one that could solve the problem. However, 
although the accuracy of this method supposedly is high 
it was considered desirable to test a case where the re- 
sult could be obtained by other means. Consequently 
the general case was temporarily put aside and a first- 
order approximation, namely a beam shot out perpen- 
dicularly to the planes, was chosen for study. This case 
was considered to give good enough information for 
many practical purposes at the same time as the re- 
liability of the method could be checked in two ways. 
First, with the reflector R at the same positive potential 
as the emitting plane A, the beam progressed through an 
approximately field free space, and earlier theoretical 
results** could be applied. In case of good correlation 

3 E. Briiche and W. Ende, Z. Physik 64, 186 (1930). 

*B. J. Thompson and L. B. Headrick, Proc. Inst. Radio Engrs. 
28, 318 (1940). 

5 F. G. Houtermans and K. H. Riewe, Arch. Elektrotech. 35, 
686 (1941). 


6 J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand Company, Inc., New York, 1949), p. 151. 
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the experimental results would also serve as a confirma- 
tion of these calculations. Second, for the case of the 
reflector at cathode potential a mathematical solution 
was worked out and again checked with the photo- 
graphic method. 


EXPERIMENTAL ARRANGEMENT 


The experimental electrode system is shown in Fig. 2. 
The system consists of an essentially flat cathode- 
grid structure of conventional design and a reflector 
parallel to the screen grid plane. The width of the 
electron beam is defined by two aperture plates mounted 
close to the screen grid. Only the current from one side 
of the cathode is studied, the current from the other side 
being collected on a screen electrode. 

End effects have been neglected in the following 
calculations as the length of the cathode is supposed to 
be large compared to the width of the beam. In the ex- 
perimental set-up this ratio amounted to a factor of four 
and consequently end effects were not entirely negli- 
gible. These could be studied from the appearance of 
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Fic. 2. Experimental electrode system. 


burnt spots on the electrodes, probably caused by 
broken down hydrocarbons from greased seals in the 
vacuum system. Figure 3 shows such spots on a disas- 
sembled system. From the form of such spots it was 
possible to conclude that end effects do not seriously 
affect the middle part of the beam, except for returning 
beams of high current density. 


GAS PRESSURE 


In all electronic apparatus utilizing an incandescent 
cathode as electron source the light from the cathode 
will appreciably mask the light given off by gas mole- 
cules. The first step is to minimize this light as far as 
possible. This can be done by the choice of a rest gas 
with strong spectral lines in the blue part of the spec- 
trum. Then the use of a blue filter makes it possible to 
differentiate against the reddish light from the cathode. 
As it has been shown by Strandell,’ COz is a suitable gas 
for this purpose. 

The intensity of the light is highest at high pressure 
but so is the neutralization of the space charge. Thus the 
best compromise has to be found. 


™N. Strandell, private communication. 








Fic. 3. The electrode system taken apart after some hours use and 
showing “burnt spots.” 


Let us investigate then what pressure can be allowed 
for a certain maximum neutralization, say 10 percent. 
Let us for simplicity neglect the different distribution in 
space for positive and negative space charge. Then the 
ratio of ion space charge to electron space charge is 


f= pPion/pPei= (mion/ Mei) in ion/ Mel, (1) 


where p is the space charge, m is the mass, and m is the 
number of free ions and electrons, respectively. The 
probability of ionization for CO, in the interval 0-100 
volt varies from zero at the ionization potential 14.3 
volt to approximately 20 percent at 100 volt. An average 
figure of 15 percent may be assumed. In terms of 
electrode dimensions and mean free path, Eq. (1) 
becomes 


{=0.15 (mion/me1) d/l, (2) 


where d is the traveled distance of the electrons, and / is 
their mean free path. 
The mean free path of an electron is 


l= (Nr), (3) 


where r is the effective radius of the gas molecule 
(2.3-10-* cm for CO2), N =9.68-10'*p/T is the number 
of gas molecules per cm’, p is the gas pressure in mm 
Hg, and T is the absolute temperature. Then the mean 
free path for room temperature, say 300°K, is shown by 
Fig. 4. From these data one can compute the gas pres- 
sure for a maximum space charge neutralization of 10 
percent to be p=8-10-° mm Hg. Correspondingly a 
pressure of less than 8-10~* mm Hg gives a space charge 
neutralization of less than 1 percent. At higher pres- 
sures, 10-*—10~* mm Hg, the space charge of the ions 
is equal to the space charge of the electrons, corre- 
sponding to the phenomenon of thread rays described 
above. While from a theoretical point of view pressures 
lower than 10-' mm Hg are desirable to eliminate the 
influence of ion space charge, the photographic method 
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is of course applicable also to higher pressures and to 
any percentage of positive space charge. 

It has to be remembered in the case of electron beams 
in “field free” systems that the transit time of the ions is 
considerably increased and consequently the space 
charge neutralization more severe than for the case 
treated. 

Reducing the pressures below 10-*— 10-* mm Hg, on 
the other hand, increases the exposure time to im- 















































Fie. 5. A typical picture of a reflected beam. 
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practical values, as the exposure time varies more than 
linearly with the vacuum. 

Consequently a pressure of 1—7-10-* mm Hg was 
chosen and kept constant with the help of a small con- 
trolled leak. 

The camera used had a focus distance of 20 cm in 
order to avoid parallax in the pictures and an opening of 
f/2.9. The exposure time ranged from approximately a 
minute at high currents to as much as two hours at low 
currents. 

The current was varied by varying the cathode tem- 
perature rather than the control grid voltage in order to 
avoid changes of electrostatic focusing. 


A TYPICAL PICTURE 


Let us first discuss what can be seen on a typical 
photograph such as is shown in Fig. 5. The electrons 
start with a velocity of 100 volts from the emitting 
(screen grid) plane. At 100 volts the probability of 
excitation to higher states is high and rapidly decreases 
to become zero near the ionization potential (14.3 volts 
for CO.). This explains why the light is strong in the 
beginning of the path, and does not decrease on the 
returning path although the current density continu- 
ously decreases. The excitation probability for the 
lowest excitation potential (10 volts for CO2), on the 
other hand, is very low in the beginning of the path but 
reaches a sharp maximum at the lowest excitation 
potential. This shows up as a bright zone nearest to the 
reflector. For potentials lower than 10 volts, the electron 
collisions with gas molecules are entirely elastic and no 
light is given off. In this photograph the current density 
is high so that the virtual cathode* has retreated con- 
siderably towards the emitter, especially in the center of 
the beam. On the edges the space charge conditions 
correspond to a lower current density, and the retreat is 
less pronounced. The bright zone along the aperture 
plates is caused by light from the cathode that has been 
reflected or scattered by the end micas. 


THE REFLECTOR AT POSITIVE POTENTIAL 


A first test of the photographic method was made by 
keeping the reflector R at the same potential as the 
emitting plane A. This means that as a first approxima- 
tion the beam progresses with constant velocity through 
a field free space. 

Consider then a parallel, homogeneous flow of elec- 
trons with constant velocity V4 (see Fig. 1), emitted 
from a plane A perpendicularly toward another plane R 
on the same potential as and parallel to A on the 


* It seems useful to extend the term virtual cathode from the 
traditional definition : “an emitting plane where the potential and 
the electric field are both zero” to “an emitting plane where the 
potential is zero.” The first definition is analogous to a thermionic 
cathode with space charge limited current, the second definition is 
analogous to any thermionic cathode, even with temperature 
limited current. This has been suggested earlier by Salzberg and 
Haeff (reference 9) and others. 
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SPACE CHARGE 
distance d. Assume a cross section of the beam with 
dimensions 2Y 4X/(I>Y «).’ 

With the coordinate system of Fig. 1 the equations of 
electron motion are 





d*V 
——=-p/e Poisson’s equation (4) 
dy? 
i= —pv continuity equation 
< 
mv?/2=eV energy equation 

@Y . 

—=-—eE/m force equation. (5) 
dt? 


From (4) the electric field strength at the edge of the 
beam can be integrated: 


E= <—_ LA Y A ‘eo(2eV A /m)*. 
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Fic. 6. Spread vs current of a constant velocity electron beam. 


Combination with (5) gives the solution 
Y= Y all + exis V4 /2meo(2eV 4/m)? }. 


As usual in space charge calculations introduction of the 
relative quantity : 


T= i4/4e(2e/m)*V 43(922)-, 
gives a much simpler expression: 
Y=Y,[14+//9]. 


I is the relative current compared to space charge 
saturated current between planes at a distance x and 
with the potential difference V4. This equation repre- 
sents a straight line and has been drawn in Fig. 6 with 
practical data inserted and with the effect of initial 
velocities included. 

Some experimental results are shown by the series of 
photographs in Fig. 7. The beam width at the reflector 
is plotted in Fig. 6. 
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(a) 


(b) 


(c) 


(d) 


(e) 





Fic. 7. Photographs of a constant velocity beam. Beam po- 
tential 100 v. Pressure 7-10-' mm Hg. Beam current (a) 2 ma, 
(b) 1.5 ma, (c) 1.0 ma, (d) 0.5 ma, (e) 0.1 ma. 


The experimental and theoretical curves have the 
same form but two differences occur. First the experi- 
mental curve has a higher slope than the theoretica- 
curve. This is probably caused by the space charge del 
pression of potential in the x direction and the conse- 
quent increase in transit time with current, which had 
to be neglected in the calculations. Second, the experi- 
mental curve shows a spread approximately three times 
the spread caused by initial velocities. This may be 
contributed by the aperture plates which act as a 
spreading lens. 

A rather special case is shown by Fig. 8 where the 
reflector is at a moderately positive potential and conse- 
quently gives off secondary electrons which are col- 
lected by the aperture plane. The secondary electron 
stream of course increases beam spread. 
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Fic. 8. Photograph of a retarded beam releasing secondary 
electrons. Pressure 7-10-§ mm Hg. Beam current 1.8 ma. 
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Fic. 9. Electron velocity dY/dt vs distance for determination 
of the turning point. Dotted lines show first approximation, solid 
lines second approximation. 


THE REFLECTOR AT CATHODE POTENTIAL 


This case has been treated earlier by Moss,* who, 
however, considered circular beams. Consider a parallel, 
homogeneous flow of electrons with a velocity V4, 
emitted from a plane A at the potential V4, perpen- 
dicularly toward another plane R, parallel to A at the 
distance d, and of zero potential. Assume a cross section 
of the beam with dimensions 2Y 4X/(I>Y4). The 
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Fic. 10. Electric field strength at the edge of the beam vs distance. 


equations of motion are 





Let us further assume that V is linear in x. Then elimi- 


nation of v and p and integrations give 
E=—[4i4V 4(V 4!—V*)/eoV (2e/m)*}}. 


®H. Moss, Wireless Engr. 22, 316 (1945). 
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SPACE CHARGE SPREAD OF REFLECTED 


Combination with (6) gives 


a’y 


ae GR (2e/m)*[isV 4(Vat—V#)/eo¥ }}. (7) 


dt 


Equation (7) has been solved by an iterative method, 
whereby first V and Y have been assumed constant, and 
the consequent change in Y after a small distance has 
been calculated from (7). This new value of Y together 
with a new value of V have been used for the next 
distance, etc. The turning point has been obtained from 
a plot of dY/dt versus distance as the point where the 
velocity in the y direction is equal to the potential at 
that point. This is shown in Fig. 9. Figure 10 shows the 
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(a) 


(b) 


d) 


(e) 








Fic. 13. Photographs of a reflected beam. Pressure 1- 10-5 mm 
Hg. Beam current (a) 2 ma, (b) 1.5 ma, (c) 1.0 ma, (d) 0.5 ma, 
(e) 0.1 ma. 


electric field strength at the edge of the beam versus 
distance for different current densities. After a first 
calculation and determination of the turning point, a 
second approximation is made by recalculating the 
spread, taking into consideration that v= (v2+1,?)!. 
The resulting electron paths are shown in Fig. 11 again 
with current density as parameter. The resulting spread 
is plotted in Fig. 12 as a solid curve. 

Some experimental results are shown to the series of 
photographs in Fig. 13, and from measurements on such 
photographs the points in Fig. 12 have been plotted. 

The theoretical curve fits the experimental points 
very well except that the spread is again somewhat 
larger than calculated. This would be even more so 
especially at low currents if the current values were in- 
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(a) 


(b) 


(c) 








Fic. 14. Photographs of a reflected beam with reflector voltage 
negative (a) —10 v, (b) —50 v, (c) —100 v. Pressure 7-10-§ mm 
Hg. Beam current 1 ma. 


creased to take into consideration also the returning 
beam. Then the slope would also be higher for the ex- 
perimental curve than for the theoretical curve for the 
same reason as in the foregoing case. 


THE REFLECTOR AT NEGATIVE POTENTIAL 


The electrode system did not allow longer beams to 
be tested. Shorter beams, however, could easily be made 
by giving the reflector a negative potential. Some results 
are shown in Fig. 14. The peak towards the reflector is 
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Fic. 15. Relative width of returning beam vs relative 
beam length. 
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formed by ions. The gradual retreat of the virtual 
cathode closely follows theory." 

Figure 15 shows measured values of the widening of 
the returning beam versus beam length. The figures have 
been normalized by division with initial beam width. 


RETROGRADE MOTION OF THE VIRTUAL 
CATHODE 


As can be seen from the photographs in Fig. 13 the 
beam seems to get shorter for higher currents, not only 
on the edges where the retrograde motion is due to a 
gradual pick-up of dynamical energy in the sidewise 
direction, but also in the center of the beam. This is due 
to a retrograde motion of the virtual cathode at the 
reflector—the turn around point of the electrons. This 
retrograde motion has been calculated for the simple 
case of an infinitely wide beam." Assume a contact 
potential difference between the cathode and the re- 
flector of 1 volt. Then the position of the virtual cathode 
as a function of current can be calculated. Knowing this 
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Fic. 16. Retrograde motion of 10 v equipotential line vs current. 
Dotted line theoretical, solid line experimental values. 


position the equipotential line V=10 volts can also be 
calculated and is shown in Fig. 16 as a broken line. The 
experimental curve does not fall as rapidly as the 
theoretical curve for two reasons. First, the spread of 
the beam causes the current density to change much 
slower than the beam current. Second, the returning 
beam adds to the current density although the magni- 
tude of this effect is difficult to determine. An approxi- 
mate calculation brings the theoretical and experimental 
curves very close to each other. 


CONCLUSION 


The data given here on the spread of reflected electron 
beams are valid for a certain width-to-length ratio of 
the beams. The method may be applied with good ac- 
curacy also to narrow beams, i.e., beams with a lower 
width-to-length ratio, where the assumption of V as a 


* B. Salzberg and A. V. Haeff, RCA Rev. 2, 336 (1938). 

” Fay, Samuel, and Shockley, Bell System Tech. J. 17, 49 
(1938). 

1 J. T. Wallmark (to be published). 
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linear function of x would hold. However, in that case 
the retreat of the virtual cathode, which is a function 
of current density, would appear first at higher beam 
currents. 

For broad beams, on the other hand, the retreat of the 
virtual cathode can be easily calculated; but there 
additional spread of the beam would appear near space 
charge limited current density, due to increased transit 
times of the electrons. Or in other words V as a linear 
function of « would be a poor approximation near space 
charge limited current density. The accuracy of the 
iterative calculation method is of course dependent upon 
the number of successive steps involved. In this case 
twelve steps were used, and recalculating a third ap- 
proximation on the most unfavorable case (high beam 
current) showed less than 10 percent deviation in beam 
width. As this is within the accuracy of the assumptions 
made, further calculations do not improve the over-all 
accuracy. From the very good agreement between 
theoretical and practical results it is concluded that the 
photographic method is a very useful tool in complicated 
space-charge problems of static or quasi-static nature. 


SPACE CHARGE SPREAD OF REFLECTED ELECTRON BEAMS 
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Even the interior of beams or space charge systems 
can be investigated as long as a contrast can be created, 
e.g., by preventing the emission over a small area of the 
cathode thereby introducing a dark part in the beam. 
It is of course also possible to investigate space charge 
clouds in which the electron velocity is below 10 volts if 
a small search beam having a velocity greater than 10 
volts is used and photographed. Special care has to be 
taken in places where trapping of ions may take place. 

The accuracy of the photographic method is mainly 
limited by photographic difficulties such as contrast, 
parallax, etc., and the difficulty of opening up the in- 
terior of vacuum tube systems to the line of sight 
without disturbing the electrical conditions. The in- 
trinsic accuracy of the method itself can be expected to 
be better than any other method known. 
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Since 1941 we have been working on the development of new types of cathodes, using elements such as 
barium or thorium as emitters. If provided with a suitable base, these elements are able to migrate and, 
acting as an atomic layer, reduce the work function of the base material. By introducing a separate supply 
source below the emitting surface, a work-function-reducing substance will be caused to migrate to the’ 
cathode surface through small capillaries. Evidently a wide range of new types of cathodes is feasible, since 
the independently stored emitter of a metal capillary cathode can be held at a temperature different from 
that of the cathode surface. The subject of this paper is the description of some of these cathodes. 


I. INTRODUCTION 


HE principle of metal capillary cathodes may be 
understood from the following example.’ The 
crosses in Fig. 1 represent a source of material which 
will yield barium at high temperatures. This source is 
confined to a metal cup ““M”’ which contains a porous 
disk “‘T” tightly welded to the rim. Therefore, as the 
source evaporates, the barium can escape only by 
passing through the pores of the disk. Both cup and 
disk are heated by a heater “H.” By means of evapora- 
tion, free barium from the source is deposited on the 
back of the disk. From there it reaches the surface 
through capillaries, where it forms a film which acts to 
reduce the work function of the tungsten. If the rate of 
evaporation of barium from the source is kept within 


1 See French Patent Specification Nr. 903976, published October 
23, 1945; German priority August 19, 1942. 


proper limits, and if at the same time it is high enough 
to replace the amount lost from the surface, a steady 
rated emission can be expected over a long period. This 
period may be extended by providing a correspondingly 
larger source. 

A metal capillary cathode will operate properly 
under the following conditions: 


(1) The back of the cover of the cathode must be 
within reach of a substance reducing the work function 
continuously spent by an independent source. 

(2) Capillaries have to be formed through which the 
active material can get through to the cathode surface. 

(3) The cathode has to stay covered by the material 
that is coming through the capillaries. 

(4) The rate of evaporation from storage has to 
correspond to the rate of loss from the activated surface. 
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Fic. 1. Basic structure of a MK cathode. 


These conditions can be fulfilled in a variety of ways. 
We shall examine the individual points more closely. 

(1) Elements which reduce the work function of 
tungsten are such as barium, thorium, cesium, lan- 
thanum, cerium, yttrium. Thorium, for example, may 
be evaporated from a source of thoria or, otherwise, 
directly from metallic thorium. 

(2) Capillaries may be formed in various ways. 
Either the cover of the cathode should be made of 
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Fic. 2. Brightness vs true temperature—brightness (A=0.65y) 
of porous tungsten. True temperature was measured by producing 
a number of holes (diameter 0.3 mm, depth 2 mm) in compressed 
disks of 3-mm thickness. Increased pressure generally yielded 
increased difference between true temperature and brightness. 


wires or bands abutting on one another, or as an 
alternative, of a porous material.” 

(3) The coating of the cathode surface can be effected 
by migration. A suitable material and a suitable base 
must be provided for this purpose. Thorium is known to 
migrate easily on tungsten and molybdenum. 

(4) The rate of evaporation from the source can be 
regulated by choice of materials used; for instance, at 
the same given temperature less thorium will evaporate 
from thoria than from metallic thorium. This is due to 
the fact that thoria has to be reduced first. Given a 
source of the same material, however, the rate of 
evaporation can be considerably modified by regulating 
the temperature, since, if metal capillary cathodes are 
used, there is no need to keep both source and cathode 
surface at the same temperature. 

It is felt necessary to give the new cathode type a 
common designation with an addition to distinguish 
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Fic. 3. Total emissivity of porous tungsten 
(approximate measurements). 
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them from each other. MK is to characterize its funda- 
mental design and stands for “metal capillary.’ The 
remainder of the designation refers to the base material 
and to the source material filled into the cup. The 
formula MK-W-Ba(Sr)CO; thus signifies a metal capil- 
lary cathode with tungsten as base material and 
Ba(Sr)CO; as stored emitter. The cathode attracting 
top interest at present will be the type containing a 
porous base material. As an example we will therefore 
proceed to discuss the production and characteristics 
of porous tungsten. 


II. POROUS TUNGSTEN AND SOME OF ITS 
CHARACTERISTICS 


Porous tungsten is, of course, easier to produce then 
a dense material. A heavy suspension of powder in 
butylacetate is poured into a mold and compressed as 


?H. Katz, “Metal capillary cathodes, a new type of cathode.” 
Siemens and Halske AG., Research Bulletin, II, 123-126 (1951). 
* Capillary in German is Kapillar. 
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the purpose may require with pressures up to 16 tons 
per cm*. Sintering of the molded body is thereupon 
effected in purified hydrogen at temperatures close to 
2000°C. j 

Figure 2 shows our measurements of true tempera- 
ture versus brightness of our porous tungsten. The 
pressure is of little influence. The values of total 
emissivity as shown in Fig. 3 are derived from the 
heating power which had to be applied to cathodes 
enclosing the heater as far as possible, taking into 
account an estimated value for the heat by-pass. It may 
be noted that for the same temperature, values for 
porous tungsten do not exceed those for BaO+SrO 
layers of customary thickness on nickel. 


Ill. EXAMPLES OF MK CATHODES 


A. The Tungsten-Barium-Strontium-Carbonate: 
MK-W-Ba(Sr)CO; Cathode 


This cathode was the first type we arrived at in 
applying some of the principles set forth in our introduc- 
tion. Since the properties of this cathode—under the 
designation “LL” cathode—are being frequently dis- 
cussed beginning with a comprehensive paper;* we 
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Fic. 4. Structure of MK-W-Ba(Sr)CO; cathode. T=porous 
tungsten disk, Mo=molybdenum container, N=gap, initially 
left open for pouring in the stored material. The container Mo is 
arc-welded on the tungsten disk in such a way that the pores at 
the side of the tungsten disk are closed. 


“ose Jansen, and Lossjes, Phillips Tech. Rev. 11, 349 
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Fic. 5. MK-W-Ba(Sr)CO; cathode for large storage of 
emitting material. 


think it unnecessary to go into close details. Considering 
that the cathodes described below are more interesting 
today than this MK-W-Ba(Sr)CO; cathode, it may 
be sufficient to include a sketch of this original model 
(Fig. 4). It consists of a cup made of thin pressed 
molybdenum sheet arc-welded to the porous tungsten 
disk. A notch stamped into the rim of the Mo cup 
is left open temporarily for pouring in the Ba(Sr)CO;, 
and this rim is closed later on by welding. A particularly 
durable model is shown in Fig. 5. 

In our conception of the operation of an MK cathode 
it is immaterial from which source the substance is 
supplied which serves to reduce the work function of 
the cathode surface. Barium-strontium-carbonate may 
be only one among a number of possible materials. In 
future, a compound will be sought which yields barium 
without previously freeing large quantities of gas. The 
number of compounds feasible for such use will be 
substantially increased when recourse is taken to the 
possibility of holding source and cathode surface at 
separate temperatures. 


B. The Tungsten-Thoria: MK-W-ThO, Cathode 


The design principle of this cathode is the same as 
of the MK-W-Ba(Sr)CO; cathode, except that barium- 
strontium-carbonate is replaced by thoria as source 
of emitting material. Because of the high operating 
temperature the molybdenum also has to be replaced 
by another material. However, as this cathode is only 
intended for experimental use, it may be constructed in 
the manner that thoria is sprayed on a tungsten wire; 
and this combination is closely surrounded by a coil 
of tungsten wire (0.03 mm). This cathode is heated 
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directly. Its behavior has previously been described in 
detail.* After the formation process, at a temperature 
around 2000°C, it acquires a high specific emission. Of 
far greater interest, however, are the inertia effects oc- 
curring during a change of temperature. This may lead 
to the conclusion that good emission might also be ob- 
tainable at lower temperatures if more thorium could 
be freed from the thoria source to cover the cathode 
surface. It is true that the amount of thorium can be 
increased by raising the temperature of the cathode, 
but in this case the evaporation rate of the thorium at 
the surface would also go up. As a result, the gain in 
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Fic. 6. Specific emission (pulsed) of a MK-W-TH cathode. 
¢ Parameter true temperature in centigrade. 





























emission would be achieved only at the expense of life 
and an intolerably high amount of heating power. To 
attain our ends we may once again attempt to keep 
the source at a higher temperature than the surface. 
This can certainly be done by structural modification. 
The method we have adopted, however, has been to 
increase the rate of reduction, or, more precisely, to 
avoid reduction by employing metallic thorium as a 


source. This brings us to the cathode to be described 
next. 


* H. Katz and K. L. Rau, Frequenz 5, 192 (1951). 


C. The Tungsten-Thorium: MK-W-Th Cathode 


The migration of thorium on tungsten was first 
recorded in a paper by Brattain and Becker.* Other 
authors’ subsequently arrived at the same conclusion 
after electron optical means had been applied for a 
direct observation of this migration.* Migration is, 
therefore, no longer in doubt. The paper by Brattain 
and Becker also provided insight on the required 
temperature. Migration was observed to start at 1535°K 
and is considerably accelerated at 1655°K. The proof 
of migration makes it unnecessary to search for another 
explanation for the functioning of cathodes, and it 
permits a reliable prediction of the behavior of a cathode 
under various operating conditions. The data on tem- 
perature governing the migration of thorium on a base 
material also refer to the temperature to be used for 
the formation process, and to the minimum working 
temperature. 

We have based our first experiments with MK-W-Th 
cathodes on a construction similar to that shown 
in Fig. 4. The cup contains metallic thorium. The 
tungsten disks have been made according to a pro- 
cedure described in a former publication? by sintering 
tungsten powder with molybdenum powder and ex- 
tracting molybdenum by acid. Heating is effected by 
electron bombardment from an auxiliary cathode. 
Activation of the cathode is performed by operation at 
1700°K after normal outgassing procedures of tube 
elements. Once the anode voltage is applied, emission 
continually increases and soon attains its final value. 
The formation process has been continued for several 
hours after removing the tube from the pump. 

The cathode attains good emission at temperatures 
appreciably lower than those required by the MK-W- 
ThOs, or by the ordinary thoriated tungsten cathode. 
Figure 6 shows emission values of an average sample 
at various temperatures. Measurements of the work 
function g and the constant A, according to Richard- 
son’s equation J,= AT*e~" ®/T, have proved that ¢ 
nearly agrees with the values already known for 
thorium on molybdenum and tungsten, the constant 
A, however, reaches much higher values. At the best 
model we have had so far* 100 A cm~-deg~. The emis- 
sion obtained with this MK-W-Th cathode is in accord- 
ance with the predictions based on the behavior of the 
MK-W-ThO:2, to which reference has already been 
made. 

Further cathodes of this kind, with indirect heating 
and tungsten disks produced without molybdenum, are 
being tested. Difficulties may arise by the diffusing of 
thorium through the dense cup material at high 
temperatures. Of further interest is the fact that the 
carburization customary in the case of thoriated tung- 
sten cathodes has not been performed with this cathode. 


* W. H. Brattain and J. A. Becker, Phys. Rev. 43, 428 (1933). 
7M. Benjamin and R. O. Jenkins, Phil. Mag. 26, 1049 (1938). 
* E. Briiche and H. Mahl, Z. Tech. Physik. 16, 623 (1935). 
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It may be possible that carburization is advantageous 
with a required high specific emission and a correspond- 
ing increase of cathode temperature. 


D. The Carbon-Thorium: MK-C-Th Cathode 


Although this cathode, with porous carbon? replacing 
porous tungsten, does not greatly differ from others 
described here, its existence is perhaps of some interest. 
Structurally it is rather similar to the MK-W-Th 
described under C. Activation is more complex and 
requires more time, but the ultimately obtained 
emission is also good. This cathode also possesses high 
operation stability. 


E. The Tungsten-Barium Beryllium and the 
Molybdenum-Barium Beryllium: MK-W-(BaBe) 
and MK-Mo-(BaBe) Cathodes 


The principle of holding source and cathode surface 
at different temperatures will now be elucidated for 
example by the cathode mentioned above. In the case 
of replacing thoria by thorium, we have been guided by 
the desire to avoid reduction and provide a larger 
amount of thorium for coating the cathode surface. 
We now follow the same principle in replacing barium- 
strontium-carbonate or a similar compound by barium. 
With the MK-W-Th cathode it was found that as a 
rule no special means are required to adjust the rate 
of evaporation of the metallic thorium to the rate of 
consumption at the surface. This does not apply to 
barium. If the operating temperature of a cathode is 
assumed to be, for example, 800°C, the metallic barium 
would, evaporate too quickly for the cathode to work. 
Metallic barium will, of course, not be used in any 
case because of its instability. But there are alloys such 
as BaAl or BaBe in which the barium is fairly stable. 
The latter above all possesses the additional advantage 
that its barium content evaporates at a higher tem- 
perature than pure barium. Its rate of evaporation 
would, however, still be too high, and, therefore, the 
source must be spatially separated from the cathode 
surface, and the heater placed in a manner that the 
source could remain at a lower temperature. A model 
of this cathode is shown in Fig. 7. 

The amount of barium evaporating to the cathode 
surface will depend on how large a source is used and 
how high a temperature is applied. Long life is secured 
if the storage is large and its temperature low. In the 
course of time, and even when the temperature of the 
source remains constant, the yield of barium will 
diminish, but if a tube has been sufficiently aged, 
disturbing influences and consequently the requirement 
of barium will also diminish. 

The adjustment of the source temperature with 
respect to that of the cathode surface is, of course, a 
matter of spacing. The temperature of the source can 


* Porous carbon disks of high purity have been produced for us 
by the Schunk and Ebe Company at Giessen. 

















Fic. 7. Basic structure of a MK-W-BaBe cathode. 


be regulated by conductivity, thickness, length, and 
radiation characteristics of which its container is made 
and which connects it to the cathode. 

The cup should preferably be held at a somewhat 
higher temperature so that an adequate yield of barium 
is assured. If highly porous tungsten disks are used for 
cathodes, a barium deposit may possibly be formed 
within the tube, but its growth will soon decrease. In 
this connection tungsten disks of greater density have 
proved highly suitable. These, manufactured at a pres- 
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Fic. 8. Specific emission (pulsed) of a MK-W-BaBe cathode 
of good quality. Parameter true temperature in centigrade. 
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Fic. 9. Specific emission (pulsed) of a MK-Mo-BaBe cathode. 
Parameter true temperature in centigrade. 


sure of 16 tons per cm’ at high sintering temperature, 
will diminish the deposition of barium on tube com- 
ponents even if the temperature of the source is some- 
what high. A slightly prolonged activation period would 
not be a disadvantage. 

The construction of this cathode assures the supply 
of any required amount of barium to the surface. 
Consequently, as seen in comparing MK-W-ThO; 
and MK-W-Th, the MK-W-(BaBe) also attains more 
interesting emission values at lower temperatures than 
the MK-W-Ba(Sr)CO;. Figure 8 shows the pulsed 
emission of a cathode of this type. The lower working 
temperature and the resulting lower heating power are, 
however, not the only merits of this cathode. The 
activation, for instance, is also appreciably simpler 

















Fic. 10. Basic structure of a MK-W-BaCO;-+Si cathode. 


KATZ 


due to the nonoccurrence of chemical reactions forming 
gases which would have to be pumped out. Depending 
on the porosity of the tungsten disk, full emission is 
obtained within a period between 10 minutes and 1 
hour at an activation temperature of 1100°C. After 
sealing off the tube, the cathode once more will have 
to be aged by several hours. 

Besides constructive simplification partly based on 
the usability of nickel there is above all the possibility 
of using porous molybdenum as disk material. This has 
favorable emitting properties (see Fig. 9). Our life 
tests are directed to ascertain whether the life of this 
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Fic. 11. Specific emission (pulsed) of a MK-W-BaCO;+Si 
cathode. Parameter true temperature in centigrade. 


cathode may not be limited by the molybdenum losing 
its porosity also at low temperatures. 


F. The Tungsten-Barium-Carbonate-Silicon: 
MK-W-BaCO;-+Si Cathode 


The MK cathode with barium-beryllium as Ba- 
source will not be advantageous in all cases despite its 
good properties. This may be the case if there are 
special, necessary constructive means in tubes, which 
make it difficult to maintain the different temperature 
of the cavity and the surface of the cathode. Therefore, 
we have devised a MK cathode (Fig. 10), which has 
the same temperature everywhere, but still shows 
good emission properties of the MK-W-(BaBe) cathode. 
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We used the knowledge that it is of utmost impor- 
tance to supply the cathode with a sufficient amount 
of barium. This necessary amount cannot be obtained 
using barium-carbonate only. But there are admixtures 
accelerating the reduction of the barium-carbonate. 
Many elements are usable therefore, such as carbon, 
titanium, magnesium, and others. We used silicon, 
adding it to the barium-carbonate in coarse-grained 
form. The now increased production of free barium 
decreases the cathode’s operating temperature. Figure 
11 shows that with this cathode one can get about 
as good an emission as with the MK-W-BaBe cathode. 
An operating temperature between 850 and 900°C 
ought to be sufficient in most cases. It may be advan- 
tageous to replace BaCO; by BaO because the reaction 
products of the freed gases with tungsten sometimes 
diminish the emission. 





Fic. 12. Electron image of a MK cathode 
with pencil inscription. 


The emission curves for all MK cathodes in this 
article refer to such temperature ranges, promising a 
long life of the cathode in vacuum tubes. The life of 
these tubes will primarily be determined by the barium 
evaporation. This evaporation will be essentially lower 
if the cathode works in gas filled tubes. Such 
MK-W-BaCO;-+ Si cathodes have been working already 
for quite a while in our rectifier tubes for emission tests, 
at temperatures of about. 1100°C. Peak currents up to 
50 A/cm? are drawn in 50 cycle operation, and even 
at 150 A/cm? there are no signs of saturation of the 
cathode. 


IV. CONCLUSION 


We believe to have shown with the examples of 
MK cathodes discussed in this article that a sufficient 
amount of substance from the storage has to be pro- 
vided for the coverage of the surface in order to achieve 


TABLE I. 








Working temperature 


d Specific emission 
true temperature in °C 


Type of cathode (pulsed) in A/cm? 





MK-W-Th 1500 3 
MK-W-Ba(Sr)CO; 1000 3 
MK-W-BaBe 900 5 
MK-Mo-BaBe 850 5 
MK-W-BaCO;+Si 900 4 








large emission at low temperatures. But on the other 
hand, the subsequent delivery should not essentially 
exceed the amount necessary for optimal coverage. 
The disappearance of the coating on the cathode 
surface can be diminished by reducing evaporation 
from it, therefore, a low operating temperature is 
advantageous. Furthermore, the coverage of the 
cathode is a function of the migration speed on the 
surface. Consequently the best cathode is the one 
showing lowest evaporation and highest migration speed 
of the work function reducing substance on the surface 
of the cathode. Whether or not tungsten is already an 
ideal base for migration of barium must be left un- 
decided. 

Other substances, which may be more favorable in 
terms of evaporation and migration, will not always 
maintain their porosity at the required temperatures. 
However, one may try porous tungsten as substratum 
material for other layers with perhaps better properties. 
A simple experiment we have made in this respect was 
to write with an ordinary pencil ““MK-Kath” on the 
porous tungsten disk, and to produce the electron image 
of this cathode (Fig. 12). It is very surprising to see 
bright areas forming themselves around this pencil 
line, which represent a considerable increase of emission 
on the hardly visible cathode surface. If the cathode 
already is entirely dark in consequence of lowering its 
temperature, these areas are still considerably bright. 

While these experiments showed a distinct increase 
of emission at certain areas on the cathode, other 
experiments have not shown a clear result. Like Ryde 
and Harris'® we have “‘poisoned”’ fully seasoned cath- 
odes by admitting air. Thereafter, these cathodes were 
rebaked. The second process of formation takes some- 
what longer than the first one, but the result is a stable 
cathode, the emission of which is hardly different to 
that of non-oxidized cathodes. Reimann" attributed to 
the W-O-Ba system the emission from a tight layer 
of barium atoms on a tungsten filament, which was 
the result of the same treatment. Additional oxidation 
did not affect a distinct increase of emission in our 
experiments. 

See Table I which shows specific emissions that can 
be expected from the various MK cathodes at long 
life. 

The writer wants to thank Mr. S. Costa and Mr. H. 
Benda, who have done most of the experimental work. 


10 Described by A. L. Reimann, Thermionic Emission (Chap- 
man and Hall, Ltd., London, 1934), p. 169. 
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When a static magnetic field is applied in the longitudinal direction to a wave guide containing a ferrite 
material, the medium within the guide becomes anisotropic. It has been shown by Polder that when a 
microwave field is propagating within such a medium, the relation between the components of B and H is 
given by: B,=yH,—jy'H,, By=ju'H.+uH,, B.=H,, where yu and y’ depend on the static magnetic field. 
Using these equations, an investigation of the wave-guide modes is made. Formal solutions are obtained for 
guides having circular symmetry. These solutions depend on the solution of some rather involved eigenvalue 
equations which determine the propagation constants, and which probably can be solved only by numerical 


methods. 


INTRODUCTION 


ECENT researches with ferrite materials'~* demon- 
strated the possibility of producing large changes 
in phase or rotation of polarization for electromagnetic 
waves at microwave frequencies. Normally, when these 
waves pass through such materials, the materials behave 
essentially like isotropic dielectrics. If, however, a static 
magnetic field is impressed upon the ferrite, it becomes 
anisotropic in its magnetic properties. As a consequence 
of this anisotropy, either the phase or the polarization of 
the microwave field upon passing through the ferrite can 
be made to vary with the static magnetic field. Since 
this field can be made to vary by purely electrical means, 
it is possible, with the aid of the ferrite materials, to 
construct microwave components that will rapidly vary 
either phase or polarization electrically. 

The results obtained in a theoretical investigation of 
the modes in wave guides containing ferrites represent 
only a first step towards a more complete understanding 
of their behavior. Much more work, both theoretical and 
experimental, remains to be done. 


GENERAL RELATIONS 


Polder' demonstrated that if a static magnetic field is 
established in a ferrite medium in the direction of the z 
axis and if a microwave field is propagating in the ferrite 
medium, the components of B and H of the electro- 
magnetic field are related by equations of the following 
form: 


2=vH.—jw'H, ([j=(—1)4), 
By=jwH.+vH,, (1) 
B,= ueH,. 


* While the material contained in the present paper was being 
prepared for Naval Research Laboratory Report No. 4027, 
August 8, 1952, a letter to the editor by H. Suhl and L. R. Walker 
appeared on the same subject in the April 1, 1952, issue of The 
Physical Review. From this letter it appears that results similar 
to those of the present paper were obtained. 

1D. Polder, Phil. Mag. 40, 99 (1949). 

2F. F. Roberts, J. phys. et radium, 12, 305 (1951). 

3C. L. Hogan, Bell System Tech. J. 3i, 1 (1952). 

4C. H. Luhrs, Proc. Inst. Radio Engrs. 40, 76 (1952). 

5 Sakiotis, Simmons, and Chait, “Applications of Ferrites to the 
Microwave Antenna Problem,” Reprint No. 28-52 from NRL 
Progress Report (January 1952). 


Formulas for uv, uw’, and uw, were obtained by Polder for 
the case in which the static magnetic field H, saturates 
the ferrite and the magnitude of the microwave H is 
small compared to H.. Polder pointed out, however, 
that if the ferrite is uniformly magnetized in the direc- 
tion of the z axis, Eqs. (1) will represent the most 
general linear relationship between B and H. This 
hypothesis will be assumed for the remainder of the 
discussion. 

Consider now a cylindrical wave guide (a) with its 
axis in the direction of the z axis and (b) filled with 
ferrite material uniformly magnetized in the direction 
of the z axis. It will be assumed that the medium is 
isotropic and homogeneous with respect to its dielectric 
properties and that yu, uw’, and uw, are independent of 
position. Let 1, denote the unit vector in the direction 
of the z axis. The subscript / will be used to denote the 
projection of a vector on the x—y plane. The relations 
between B and H and D and E may now be expressed in 
vector form by 


B= wH + ju'i.X H+ ue A. 
and 


D= cE. 


Assuming fields which have an e’*‘ time dependence and 
an e’* g dependence, the space-dependent parts of the 
field will be represented by 


E(x, y, ) = E(x, y)e??7, H (x, y, s) =H (x, y)e7?, 
B(x, y, 2) = B(x, ye’. 
In the remaining part of the discussion the vectors E, 
H, and B will denote the vector functions of x and y 
only. 
From Maxwell’s equations, 


V.XE+7i-X E= — juwB 


and 
V.XH+71.X H= jwek, 
but 
Vix E= Vix E,+ V.E.Xi, 
and 


Vv. XH=V:XH-4+V-A-Xi. 


Substituting the last pair of equations into the preceding 
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pair we get 


VXE-+i.X (yE,— ViE,) = — joB 
and 
V.XH-+i.X (yH.-— V.H,) = jweE. 


Equating the longitudinal and transverse components, 
respectively, gives 


ViXE.=—jwu.Ha., (2a) 

V.XH,=jueEi,, (2b) 

1X yErt jouHi—ou'iXHi=i,XViEs, (2c) 
LX yH.—joeE=i.XVH. (24) 


If we let P=weu, k’?=w'ev’, and K?=w*eu+7’, then 
from Eqs. (2c) and (2d) we find that 
K‘E.+-jK°*k'4,.XE, 

= K*{yV.E.+ jouizX V:H.+ou'V:H,}, (3a) 


RE + jK7*k'4,XE, 
= jk*{yizX VE.— jouV :H.+on'i,XViH.}. (3b) 


The last pair of equations and a similar pair which can 
be obtained for H, can be solved for E, and H,, giving 


(K*— k’*) E c= Vi(K°yE.+ wy’ H,) + jis 
XV {o(K¢u—KYw)He—yRE,}, (4a) 


(K*— k’*)H = V(K?yH,+-wekE,) — jis 
XV (K*weE,+ yk"H,). (4b) 


From the divergence equations V-Ee?*=0 and V-Be* 
=0 we find 


Ve-E.=—vyE, 

and (S) 
Vi . B,= —_ vB;. 

Expressing B in terms of H, the last equation leads to 


’ 


Me A 
Viv t= — y—H,—we—E,,. 
u i 


Taking the divergence of both sides of Eqs. (4) and 
combining the results with Eqs. (5) leads to 


VZE.+aE,4+6H,=0 
and (6) 
V2H.+cH.+dE,=0, 


where a=K?—k?p’/u, b=—wyueu'/u, c= K*u./p, 
d=wyeu'/u. (A list of special symbols appears in the 
appendix.) 

The boundary conditions needed for solving Eqs. (6) 
are obtained by equating to zero the tangential com- 
ponents of E on the surface of the wave guide. If the 
boundary of the cross section of the guide is denoted by 
C, then the tangential components of E are E, and the 
component of E, which is tangent to C. If K‘—k’*+0, 
then the latter may be obtained from Eq. (4a). Thus the 


boundary conditions are 
E,=0 7 


and 
-on C, 





__ aE, aH, aH, 
jk? y—+ wy? u'—— jo(K*n— k?p’)—=0 
on Or on ) 


where 0/dn and 0/07 represent the normal and tan- 
gential derivatives on C, respectively. 


NONEXISTENCE OF TE, TM, OR TEM MODES 


Let us first consider the possibility of having modes 
for which E, or H, is identically zero. We shall assume 
first that y~0 and hence that 6 and d in Eqs. (6) are 
both different from zero. It follows at once from the 
same equations that neither Z, nor H, can be identically 
zero unless both are zero. If both E, and H, vanish, we 
see from Eq. (4a) that either E,=0 or K*—k’*=0. If 
E,=0, then the field vanishes identically. Suppose, 
then, that K*— k’4=0. It then follows from Eq. (3a) that 


E.=+ji-X Ei. (7) 
From Eq. (2a) it follows that when H,=0, 
ViXE.=0, 
Hence a function (x, y) exists such that 
E,=Vi. (8) 
From Eqs. (7) and (8), then 
Ve=+fiX Viv. (9) 


If we now let y=u(x, y)+jv(x, y) where u and v are real 
functions, we see that Eq. (9) is simply the vector form 
of the Cauchy-Riemann equations which express the 
fact that y is an analytic function of the complex 
variable ¢=x+/y. Since the tangential component of 
E, must vanish on C, we see that 


oy 
| (E,) tan | _ 


T 


= |¥/(5)| =0 on C. 








Since y¥’(¢) = 0 on C, it follows from function theory that 
¥(¢) is constant within the region bounded by C. 
Hence, 

E,= Va = 0. 


Thus, if y#0, no modes are possible for which either E, 
or H, is identically zero. In other words, no TE, TM, or 
TEM modes exist. 


CUT-OFF FREQUENCIES 


Let us now consider the case of y=0. Here Eqs. (6) 
take the form 
V2E,+aE,=0 
and (10) 
V2H.4+cH,.= 0, 
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and the boundary condition becomes 
E,= 0) 


and 
on C. 
oH, 
——=() 
on 


Thus, it is seen that when y=0 the solutions can be 
separated into TE and TM modes as in the case of a 
homogeneous isotropic medium. If we define the cut-off 
frequencies as those for which the wavelength becomes 
infinite, or in other words, for which y=0, then these 
- cut-off frequencies can be determined from the allowed 
values of a and c. Let K2 denote the values of a or c for 
which solutions exist to Eqs. (10) that satisfy the 
boundary conditions. Since when y=0, 
—wreyu’?/u and c= w*eu,, we find that 


a= w'eu 


K. w 


w,.= = 
, , 


f-OT EO! 


K, uw} 
w= = (=) w. for TE modes, 
(eu,)! Mz 


where w,” denotes the cut-off frequencies in a homo- 
geneous isotropic medium of permeability uy. 





for TM modes 


and 





TRANSFORMATION TO A PAIR OF WAVE EQUATIONS 


Returning to Eqs. (6), let us attempt to transform 
them to a pair of wave equations by expressing E, and 
H, in terms of two new variables ~; and “2 as follows: 


E.= pitt pote 
and 


H,= qiti+ Joke, 


where 1, p2, gi, and gz are constants to be determined. 
In order not to lose generality we impose the condition 


Pi po 
qi Q2 
Substituting for Z, and H, in Eqs. (6) we get 
PiV P+ (api t+bqi)uit poV Put (apetbq2)u2=0, 
QV Puy+ (cqit-dps)ust+q2V Puet (cq2t+dp2)u2=0. 
Now let 


~0. (11) 








(12) 


api+bqi=Ssipi apetbqe=Seopo (13) 
dpitceqg=sigir dpotcq2=52q2, 


where s; and 52 are two more constants to be determined. 
Equations (12) then take the form 


Pil V Puy ts 11) + pol V Pet seve) =0 
and (14) 
qi(V Put 511) + 92(V Pu2tseue) =0. 


KALES 


If Condition (11) is satisfied, it follows from Eq. (14) 
that 
V 2u;+s\u,=0 
and (15) 
V Puet Sote=0. 


In order that Eqs. (13) have a nontrivial solution, we 
must have 
a—s,; |b ‘ea b 


=0. (16) 
d C— $1) d 








C—Se 


Equations (16) and (11) will be satisfied if we take for s, 
and Ss» the two (in general) distinct roots of the quadratic 
in s, 








a-—s b 
w 
| d c—s| 
For convenience we can let 
Pi=S1, p2=Se. 
Then 
(si—a@)s) (Ss2—@) 52 
geo——————, g2= _ 
b b 


If we now express the various quantities appearing in 
Eqs. (4) in terms of the new variables, we find that 


be 
K4—k'4= —S$1S2, 
LM: 


m 
K*vE.4- oyu’ H.= y—S152(1+ 2), 
Mz 


$i @ 





Se—a 
w(K By). Eons uta), 








3 — K? So— K? 
Kyl tock *E,=y55( ‘i uy+ , us), 


m 
K*weE,+ yk’? = we—s1S2(Ui+ U2). 
Mz 


Substituting these results in Eqs. (4) and combining 
them with results previously obtained, leads to the 
following solution. 

Let s; and se be the two roots of the quadratic 
equation 


a—s b 
=(. 








d c¢-s 
Let “ and uz be solutions of the wave equations 


Veuytsimy =0 
and 


V uot Sqtk2= 0, 
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subject to the boundary conditions 
Siu cea Squa= 0 } 


and 
-on C. 





Pr Wed @) y+ (S2—a) U2} =0 
OT yu’ on 


Then the field inside the guide is given by the following 
equations: 


4 


E,= Sit Soto, (17a) 


(si—a)s; (so—a)S2 
H,= : M+ ; Uo, (17b) 





jp. 
E,= yVi(ui+u2)-—1, 
Yu 


X Vif (Si— a) 1+ (Se—a)u2}, (17c) 


1 
H.=—Vif (K?—s,)u)+ (K?—s2)uo} 
wa 
—jwd:XVi(uy+u2). (17d) 


CHARACTERISTIC EQUATION FOR THE FILLED 
ROUND GUIDE 


Up to this point the cross section of the wave guide 
has been assumed to be arbitrary. To carry the solution 
a step further, we shall now restrict ourselves to the 
case of a circular cross section. Let the radius be ro, and 
assume solutions which have an e"® 6-dependence. 
Then 

u,= AJ ,(s;'r)e”® 
and n=0,+1,+2,--:-, 
U2= Ao] n(So'r)ei”® 


where J,,(x) denotes the Bessel function of order m and 
A, and A, are constants. Imposing the boundary con- 
ditions, we get 

S1J n(Si*r0)A it SeJ n(So'r9)A 2=> 0 
and 


ny rm 
—{Jn(si'ro)A it+J n(S2'r0)A 2} RRK 
ro Yu 
X {(si— a) 515 a! (S140) A 1+ (S2— 2) 52h n' (S249) Ao} = 0. 


For a nontrivial solution we require that the determi- 
nant of the coefficients of A; and Ag in the last pair of 
equations be zero. This leads to the equation 


i Gore Maaco 
-(-Z)en 


+m'n*(—-—) = 0. (18) 


The quadratic equation in s whose two roots are s; and 
S_ may be written as follows: 


ae Ms 
- (x4 eee s+—(K*—k')=0. 
rm rm 


Since K?= k?+-y”, we see that s; and Ss, are functions of 
y*. In addition, a= K*—(k’y’/u) is a function of ’. 
Thus the left-hand member of Eq. (18) may be regarded 
as an analytic function of y* whose zeros determine the 
propagation constants. Alternatively, y? may be elimi- 
nated and a pair of simultaneous equations in s, and s2 
obtained. Once s; and s2 are known, 7 as well as the 
functions “; and “2 may be determined. To see how this 
can be done, we observe that from the quadratic 
equation which determines s; and s2 


Le p’ 
Sitse=a+c= x(1+) — = 
b 


and 
$1S9= ac— bd= p,/u(K*— k’*). 


Eliminating y’, we find 
w(SitSe)+k’2y’— k?(u+ we) 








v= (19) 
ut Mz 
and 
w(SitSe) +R py’ > 
——5$)So— k’4=0. (20) 
ut ue Mz 


If we now eliminate 7? from Eq. (18) with the aid of 
Eq. (19), then Eqs. (18) and (20) become a pair of 
simultaneous equations for the determination of s; 
and Se. 

Before concluding this section let us consider the 
special case m= +1. On the axis of the guide 


VJ 1(s*r)e** ],~0 


P J (str). ; 
= {s!J,'(s'r)i,+-7 ise | 
r r=() 
si 


= 7 jisye**, (21) 





where i, and ig denote unit vectors in the directions of 
increasing r and increasing 8. From Eqs. (17c), (17d), 
and (21) it follows that for n= +1, E, and H, represent 
right- or left-hand circularly polarized vectors on the 
axis of the guide. However, excluding the exceptional 
cases where y=0 or s1=S2, the propagation constants 
for n=1, or —1 will be different. This can be seen from 
Eq. (18). If we assume that a common solution y exists 
for n=+1, substituting m=+1 in Eq. (18) and 
subtracting would lead to the excluded equation 


1 1 
“oI 
$i Se 
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Thus, if two modes for which n= +1 are propagating in 
the same direction along the guide, the corresponding E, 
and H, vectors will be rotating in opposite directions on 
the axis. If the amplitudes of E, for the two modes are 
equal on axis, the resultant vector sum will be linearly 
polarized. Since the velocities of propagation of the two 
modes are different, the relative phase between the two 
circularly polarized components will vary with position 
along the z axis; hence the orientation of the linearly 
polarized E, vector will vary with position along the z 
axis. The same will be true for H;. This is the well- 
known “Faraday Effect.” 


CHARACTERISTIC EQUATION FOR THE PARTIALLY 
FILLED ROUND GUIDE 


In many applications the ferrite material only par- 
tially fills the wave guide. In this case the equation 
which determines the propagation constants becomes 
rather formidable. For the sake of completeness, how- 
ever, the derivation of this equation will be outlined 
briefly. 

Let the region 0=r=r, contain the ferrite, and let the 
region r3=r=r» be filled with a homogeneous isotropic 
dielectric. Quantities associated with the latter region 
will be denoted by the subscript 1. Assuming again 
solutions with an e’"’ @-dependence, we find for the 
portion of the cross section which does not contain the 
ferrite 








J (Kir) Y ,(Kyr) 
Ey,=A ; —_ fener A sP(r)e™ 
J (Kio) Y ,(Kiro) 
and 
JAKir) Yn(Kir) 
Hy=As,4 = fein rein 
Jn'(Kiro) Yn'(Kiro) 





where Y,(x) is the Neumann function of order n, 
K/=w*e,u,+ 7’, and the prime denotes differentiation 
with respect to the argument. In the ferrite region 


E,= {5:J n(Si'r)A1+S2J n(S2'r) A 2}ein? 
and 


(s;—a) (So—a)S2 
H,= SiJ n(sitr)A + Salsa) dah 





KALES 


Note that y is the same for both regions. From the 
expressions for E, and H, in both regions, the transverse 
components of E and H which are tangent to the circle 
r=r, can be obtained. Imposing the condition that the 
tangential components of E and H are continuous across 
the boundary r=r; leads to a set of four linear homo- 
geneous equations in the constants A, Ae, As, and Ay. 
The characteristic equation for determining the possible 
values of 7 is then obtained by equating to zero the 
determinant of this system of equations. This leads to 
the equation 

P:Q.— P.0:=0, (22) 
where for i= 1, 2 ; 


| Py= {ny n'u(K2—s)G(1) 


+ wiuriG’ (r1)si(si— a) } J n(sin1) 
— pp.K YG(r1)(si— a)sr,J »'(si4n1), 


QOi= {n(K?—s,)K PF (11) ust nus,(s;—a)F (11) 
+ wey’ uriF’ (11)si}J a(sitnr) 
— wey’ KF (ri)sAriJ n (sini). 


CONCLUSION 


Equations (18) and (22) determine the possible values 
of y for the case of the wave guide of circular cross 
section which is filled or partially filled with ferrite. 
Once the values of + are found, the corresponding modes 
can be obtained from the appropriate equations which 
have been given. It does not appear likely that Eqs. (18) 
and (22) can be solved explicitly for y as a function of 
the various parameters involved. For given values of the 
parameters, however, solutions can probably be ob- 
tained by numerical methods of calculation. 


APPENDIX. SPECIAL SYMBOLS 


P= wen 
R27 = oP ep’ 
KR?=wet+y* 
a= K*—k’y’/u 
b=—wypen'/ pu 
c= Ky,/e 
d=wyeu'/ pu 


$1, Sg=the two roots of the quadratic equation in s 
s?’—(a+c)s+ac—bd=0. 
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Response of Linear Time-Dependent Systems to Random Inputs 


D. B. Duncan 
Electro-Mechanical Engineering Department, North American Aviation, Inc., Downey, California 
(Received December 15, 1952) 


A nonstatistical differential equation is derived for the mean square response of linear systems to random 
inputs. This equation can be used to determine analytically the steady state and transient response of 
systems with constant coefficients. It is also applicable to time dependent systems. While the solution cannot 
in general be obtained analytically in this case, the equation is of the type that can be immediately mecha- 


nized on analog computers. 





INTRODUCTION 


ECHNIQUES are now known which can be used 
to calculate the transient and steady-state values 
of the mean square output of a constant parameter 
linear system excited by noise. The results can be ex- 
pressed either as integrals in the frequency domain of 
the power spectrum of the input and the transfer func- 
tion of the system or as integrals in the time domain of 
the autocorrelation function of the input and the 
weighting function of the system. These results can be 
generalized to time dependent systems without formal 
difficulty, but the resulting integrals cannot in general 
be evaluated analytically and are in a cumbersome form 
for numerical evaluation. One method that has been 
used when it is necessary to obtain numerical results 
for the time dependent case is to simulate the system 
with an analog computer and excite it with a noise 
source. This approach has the serious disadvantage of 
requiring a large amount of data to obtain reliable 
results. 

In this paper another approach to the problem of 
determining the mean square output of a linear system 
is developed. A single differential equation for this 
quantity is derived; the driving function for this equa- 
tion is nonstatistical in nature. For constant parameter 
systems, this equation can be solved to give an analytic 
expression for either the transient or steady-state value. 
It appears that this process involves about the same 
number of mathematical steps as the standard tech- 
niques. For time-dependent systems, however, it ap- 
pears to offer definite advantages. The problem is 
reduced to that of finding the solution of a linear time- 
dependent differential equation. Although an analytic 
solution cannot in general be obtained, the well-de- 
veloped theory of differential equations can be used for 
results of a general nature and computational methods, 
such as the use of an analog computer, can be employed 
directly to obtain a numerical solution. 

In the first section, this differential equation is 
derived with the restriction that white noise is exciting 
the system. It is then shown that the general case where 
the noise has a known autocorrelation function or power 
spectrum can be reduced to that form. 


SYSTEM EXCITED BY WHITE NOISE 


The equation describing a linear time-dependent 
system excited by white noise is 


d"x d*-\z 
+A n—1(t) 


A ,(t) 
dt” ae! 








+---+Ao(x=f), (1) 


where the coefficients A; are known functions of time 
and f(t) is a random variable with an autocorrelation 
function ¢(/)=6(t). It will be shown later that this 
restriction on the form of the autocorrelation function 
can be made without loss of generality. 

The response of the system described by Eq. (1) can 
be obtained formally and is, for zero initial conditions, 


x)= f g(t, u) f(t—u)du, (2) 


where g(t, u) is the response at time / to a unit impulse 
at time /—. An expression for the transient value of the 
mean square error which can be obtained immediately 
is 


(22) n= f f g(t, u)g(t, 2)o(u—v)dudv. (3) 
0 0 


While this equation gives the formal solution, its 
practical usefulness is limited. In general, g(t, «) must be 
obtained as a function of the two variables by computer 
techniques. It is then necessary to carry out the 
integration numerically. The problem is particularly 
unsuited for solution with an analog computer. 

An alternate method of obtaining (x*(f))» is the 
following: Form the set of equations 














dfd‘x dix, d*t'xdix dix di x 
| 4 a rE seg 
dit dt‘ dtij dt*'= dti dt‘ dit 


i, 7=0, 1, oo*, —1; (4) 


for t and j less than n—1, terms of the same form result 
from the differentiation process. For i or 7 equal ton—1, 
a term involving the nth derivative is obtained. How- 
ever, from Eq. (1), this can be expressed as a function of 
the lower order derivatives. The process will be to 
substitute A, [f—A »-1d""'x/di™™— - - -— Aox ], wher- 
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ever d"x/dt" occurs and to take the ensemble average of 
the resulting equations. 

In this process, it will be necessary to calculate 
ensemble averages of terms of the form fd*x/dt*, where 
k has values from 0 to n—1. Analogous to Eq. (2), the 
kth derivative of x is given by 


d*x ¢ 


_- f ge(t, u)f(t—u)du, (5) 


where g;(/, u) is the response of d*x/dt* at time ¢ to a 
unit impulse at time ‘—wu. Multiplying by f(t) and 
averaging, one obtains 


d*x t 
fF) J ge(t, u)8 (udu. 6) 


Since this equation involves a delta-function at the 
origin, this average value depends only on g,(t, 0). Since 
this function does not depend on past history, it is the 
same for the system under consideration as for a system 
with constant coefficients having the values A ; at time / 
and is equal to A, for k equal to n—1 and zero other- 
wise. This same result can be obtained, perhaps with 
more rigor, from the mathematical definition of g;(t, «) 
as a solution of the homogenous equation with certain 
discontinuities in its derivatives at u=0.' Carrying out 
the integration, a factor of } is introduced because of the 
delta-function at the end of the range of integration, and 
one obtains 


d*x ; ‘ (7) 
j—) = 3A a Se~t J 
dt* Ay 
where 6,_,* is the Kronecker delta. Define the variables 
dix d’x 
6;;= (— —) ’ 
dt’ dt! Ay 


where 7 and 7 have values from 0 to n—1. Note that 








6,;=0;;, so that there are $n(m+1) independent 
variables. 
Forming the ensemble average of Eq. (4), one obtains 
: B« 
= O41, ;+6;, 541 7, 7=0,1, ---,n—2, 
dt 
16, n—1 
Ax =A Bits, n—1— [A n—10;, nr tA ni, n—2 
dt 
(8) 
+-+-+AGio] i=0, 1, n— 2, 
d9 »—1, n—1 
A a =1-—2A nL A a~Wa~t, n—1, 
dt 


+A a-P a1, It soaks +A Bn-1, o |. 


1E. L. Ince, Ordinary Differential Equations (Dover Publica- 
tions, Inc., New York, 1926). 
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These are now a set of $n(n+1) equations in 3n(n+1) 
independent variables and serve to determine the solu- 
tion for (x*),,=0, as well as other stochastic variables. 


REDUCTION OF EQUATIONS TO THOSE OF A SYSTEM 
EXCITED BY WHITE NOISE 


The solution outlined above depends upon the random 
variable having an autocorrelation function which is a 
delta-function. By the artifice of passing white noise 
through the appropriate filter, the results can be made 
applicable to the general case. The power spectrum 
(jw), which is the Fourier transform of ¢(f), can be 
factored into V(jw)¥(—jw)y.2 If white noise of unit 
power per unit frequency is introduced into a system 
whose transfer function is [W(s) }’, with initial condi- 
tions corresponding to steady-state values, the output 
will be a random variable of an autocorrelation function 
¢(t). Thus, one can consider white noise introduced into 
an over-all system consistIng of a linear constant coeffi- 
cient system followed by the variable system under 
consideration. Mathematically, this result can be ob- 
tained by operating on Eq. (1) with the differential 
operator [W(p) | and identifying [W() }'f(é) as white 
noise. A higher order equation [with the same form as 
Eq. (1)] is obtained by this process with coefficients 
which are functions of the coefficients A; and their 
derivatives. It must be noted that the higher order 
initial conditions of this new equation are no longer 
arbitrary but are determined from the relationships 


dip dx dif 
~|4. eet (0) 
dt’ dt” Ji-9 dt’ Jing 





This process, therefore, permits the results of the previ- 
ous paragraph to be applied when the random variable 
has a general autocorrelation function. The initial con- 
ditions implied in Eq. (9) must be used in the solution. 


DISCUSSION 


For the case of constant coefficients, Eq. (8) can be 
solved by analytical methods and the result obtained in 
closed form. Both the steady state and the transient 
values can be found. The important feature of the 
process, however, is that it reduces the problem, even 
for the time variable system, to the solution of a 
nonstatistical differential equation. Although the equa- 
tion will generally not be solvable in closed form, the 
powerful and well-developed theory of ordinary differ- 
ential equations can be used for results of a general 
nature. Furthermore, the form of the equation is ideal 
for mechanization on an analog computer such as the 
REAC. 


2N. Wiener, Exirapolation, Interpolation and Smoothing of 
Stationary Time Series (John Wiley and Sons, Inc., New York, 
1949). 
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RESPONSE OF LINEAR SYSTEMS TO RANDOM 


ILLUSTRATIVE EXAMPLE 


As an example, consider the solution of the following 
simple equation with constant coefficients: 


dx 
—+ax= f(t), (10) 
dt 


subject to the initial condition x«(0)=0, where f(?) 
is a random variable with autocorrelation function, 
oo exp(—b|t|). For this autocorrelation function, 
[W(p) |= (20b)-*(p+5), so the solution of Eq. (10) 
reduces to the solution of the following equation: 


d*x dx 
—-+ (a+b)—+ abx= (29b)'g (2), (11) 
dt? dt 


subject to the initial conditions «(0)=0, dx(0)/dt= f(0) 
and where g(t) is white noise. Equation (8) becomes for 
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this case 
60 
ts wir ae 26:9=0, 
dt 
619 
eid a (a— b)6:0—811=90, (12) 


d61; 
2466 10+ — 2 (a+ 6)011= 2g0b, 


which must be solved subject to the initial conditions 
Go0=0, 910=0, 011=¢0. The solution for (x*(¢)) in this 





case is 
1 e-2at Qe fat b)t 
(n= 0oo= + —_ | (13) 
a(a+b) a(a—b) @—P 
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A method is described for measuring the temperature variation of the low frequency fluctuations of 
emission current (flicker effect) in diodes with oxide-coated cathodes. In order to vary the cathode tempera- 
ture and at the same time avoid the effects of space charge and the variation due to changes of the mean 
current, it is necessary to operate the test diodes under retarding field conditions. The results show that the 
majority of tubes exhibit minimum fluctuations at a cathode temperature in the region of 1000°K, although 
both rising and falling temperature characteristics are encountered. It is concluded that the flicker effect is in 
fact a combination of at least two separate phenomena. Finally, the various theories are examined in the light 
of the new information, and none is found to be completely satisfactory. 


INTRODUCTION 


N a previous report! experiments were described 
which proved that the low frequency fluctuations of 
current in thermionic emitters are reduced by space 
charge to a greater extent than are the normal shot noise 
fluctuations. In these experiments, it was necessary to 
operate the test diodes under retarding field conditions, 
because the magnitude of the low frequency fluctuations 
(flicker effect) was found to be dependent on the tem- 
perature of the cathode. At the conclusion of the above 
work, it was decided to examine this temperature de- 
pendence in greater detail in order to obtain new infor- 
mation on the origin of flicker noise. The following is an 
account of this investigation and the results obtained. 


OUTLINE OF METHOD 


It is well established that the mean square value of 
the low frequency noise current for a given band width 


'T. B. Tomlinson, J. Appl. Phys. 23, 894 (1952). 


increases both with increasing mean current and with 
decreasing midfrequency of the pass band. Conse- 
quently, all measurements must be made at a given 
current and at the same midfrequency. Furthermore, 
the noise current to be measured must not be reduced by 
space charge which would obscure the variation due to 
temperature. These conditions can be satisfied over a 
range of cathode temperatures only by operating the 
diode under retarding field conditions.' An unavoidable 
disadvantage is the restriction of the measurements to 
low current levels; this is especially true at lower 
cathode temperatures where only a very small current 
range is available under true retarding field conditions. 
As the flicker noise component of the fluctuations is de- 
pendent on the mean current to a higher degree than the 
shot noise component, the latter may be the larger of the 
two unless a sufficiently low midfrequency is chosen. On 
the other hand, a lower midfrequency leads to a nar- 
rower band width, and this increases the recording time 
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Fic. 1. Characteristics of a test diode when operated in the 
retarding field region. For low currents the product Jar, has a 
constant value which is a measure of the cathode temperature. 


necessary to achieve a given accuracy of measurement 
of the mean square value. In addition, a limit is set to 
the sensitivity and accuracy by the masking effect of the 
noise introduced by the following amplifier tubes and 
circuit elements. As a compromise, a midfrequency of 
20 cps was selected and the test diodes operated at a 
mean current of 2 wa. For the average tube this gave a 
temperature range of some 800°K to 1300°K in which 
retarding field conditions could be maintained. The 
upper temperature limit is set by the rapid rate of 
evaporation of the oxide layer from the emitting surface 
and the danger of burning out the heater filament. 

In order to calculate the fluctuations of anode current 
(zero load) from the fluctuations of voltage measured 
at the anode, the diode internal resistance r, had to be 
evaluated for the selected working conditions. The ac 
bridge method was again used for this purpose. 


MEASUREMENT OF CATHODE TEMPERATURE 


The temperature of a cathode is not uniform over the 
whole surface, therefore, it will be realized that any 
measurement of temperature is relative rather than 
absolute. Also, no special diodes were available for these 
tests, so that use had to be made of the best of the known 
indirect methods. 

The bridge measurements of r, were extended to 
higher values of anode current J, and the product J.r, 
plotted against corresponding values of J, (Fig. 1). For 
a given cathode temperature, the product J4r, is con- 
stant over a limited range of currents, where the diode is 
working under true retarding field conditions and in- 
creases as soon as space charge limitation of current sets 


TOMLINSON 


in. The value of Jar, over the region in which it is 
constant is a measure of the temperature of the cathode? 


RT =e-T aha 


where e=electronic charge and k= Boltzmann’s con- 
stant. It was particularly convenient to use the above 
method, because the apparatus for measuring r, was 
already available. 

For confirmation, readings were taken of the heater 
supply voltage and current so that the heater power P,, 
corresponding to the various measured r, values could 
be calculated. According to Widdell*® the cathode tem- 
perature is proportional to P,,'; by plotting J.r7, against 
P,* the experimental points were found to lie closely 
distributed about a straight line through the origin 
(Fig. 2). As the accuracy of the P,* values was within 4 
percent, corrected values of J,r, and the corresponding 
temperatures were deduced from the straight line rela- 
tion. In view of the likely variation along the cathode, 
the figure for the temperature obtained in this manner is 
probably more realistic from the emission point of view 
than any derived from a direct method. 


MEASUREMENT OF FLUCTUATIONS 


The test vacuum tube was a normal type indirectly 
heated diode with oxide-coated cathode; the only 
special requirement was that the physical dimensions of 
the anode and cathode would be suitable for the main- 
tenance of retarding field conditions down to low tem- 
peratures.” A selection of close-spaced diodes was made 
with this requirement in view. 

The apparatus used for measuring the fluctuations of 
the diode current was the same as that described previ- 
ously,’ so only a brief description will be included here. 
The noise voltage appearing across the diode load 
resistor was amplified by a high gain selective amplifier 
having a stable over-all frequency band width of 1.7 cps 
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Fic. 2. Comparison of two methods of estimating the 
cathode temperature. 


2 R. Firth and D. K. C. MacDonald, Proc. Phys. Soc. (London) 
59, 375 (1947). 
3 E. G. Widdell, RCA Rev. 5, 106 (1940). 








cent 


ther 
to % 
jun 
chal 
que 
and 
ave’ 


tion 
whi 


inte 
pot 
cat 
hea 
noi 
at 1 


BeBeSoeMwe So 


0! 





ler 


on) 





TEMPERATURE DEPENDENCE OF 
centered on 20 cps. The mean square value of the 
amplified noise voltage was measured by means of a 
thermojunction whose output was fed via a dc amplifier 
to a recording milliameter. The signal level at the 
junction was kept sufficiently low for a square law 
characteristic to apply. The thermojunction and subse- 
quent stages were calibrated as a whole for ac signals, 
and the mean square value was obtained by visually 
averaging the noise recording. 

The filament of the test diode was fed via a poten- 
tiometer from two large capacity 6v storage cells 
which, after an initial discharge period, could be relied 
upon to give a steady filament voltage over a long time 
interval. The circuit was connected so that the mean dc 
potential of the heater was positive with respect to the 
cathode. This insured that no direct emission from 
heater to anode could occur; the error due to additional 
noise introduced by such emission could be appreciable 
at the low anode current concerned. 


Calibration 


To obtain an absolute measure of the noise output 
voltage, its magnitude was compared with that of the 
thermal noise voltage appearing across resistors of 
known value connected across the input terminals of the 
first amplifier stage. A recording was also taken with 
these terminals shorted. As a refinement on the previous 
method the mean square output voltage V?, as measured 
by the recorder, was plotted against the total resistance 
Ro in the input circuit including the parallel grid leak of 
the first amplifier tube. According to the Nyquist 
formula, 


y= ae f Gf-df 
0 


in which T is the temperature (°K) and G; is the over- 
all voltage gain of the amplifying system expressed as a 
function of frequency f. The mean square output 
voltage V? was plotted against resistance Ro and a 
straight line graph was obtained (Fig. 3). By extrapo- 
lating the straight line back to zero noise level the 
equivalent noise resistance R,, of the first amplifier and 
subsequent stages was read off directly. Its value was 
found to be 65kQ. This method of calibration avoids the 
evaluation of the integral /[°G/?-df as will be seen 
later. 


Experimental Procedure 


The heater supply voltage to the test diode was ad- 
justed to give the required cathode temperature, and the 
anode supply voltage was adjusted to give the required 
2 wa anode current. After a settling down period of 20- 
40 minutes, the noise output voltage V,? was recorded 
over an interval of some 20 minutes. Recordings were 
made at progressively higher temperatures up to the 
maximum. The temperature was then reduced to the 
original values and recordings taken again in order to 
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Fic. 3: Calibration curve for the amplifying and recording 
equipment. By extrapolation back to zero noise volts, the equiva- 
lent noise resistance R., of the amplifier and associated circuits is 
found to be 65k. 


see if repeatable results had been obtained. It appeared 
that the results were affected by the previous operating 
temperature of the cathode especially in the low tem- 
perature range. The effect was most noticeable in the 
V922A, but in no case was it sufficiently pronounced to 
obscure the general trend of the temperature variation 
curve. 

An attempt was made to reduce the discrepancy by 
allowing the cathode to cool down between successive 
measurements, but this was not successful. Apparently 
the state of the cathode coating is “frozen in” during 
inactive periods. Consistent results were obtained by 
setting up a separate chassis in which the test valves 
were caused to draw the 2-ya current at the selected 
cathode temperature for a period of several hours before 
being transferred to the test equipment in which they 
were then operated under identical conditions. By this 
procedure, the temperature plots of several diodes were 
taken concurrently, and this greatly speeded up the 
process. 

As a precautionary measure all diodes were tested for 
any additional noise due to small leakage currents across 
the micas or glass envelope. For this purpose, a noise 
recording was taken with the cathode hot but with the 
anode voltage sufficiently negative to prevent the flow 
of anode current. The diode was then removed from the 
test apparatus, and the new noise voltage recorded. 
Unless the new mean square value was closely equal to 
that of the first recording, the specimen diode was 
discarded. Only one such defective diode was dis- 
covered ; it was noticed that the additional noise due to 
leakage produced a less regular, more peaky type of 
recording. 


Calculation 


The mean square noise output voltage V,.? con- 
tributed by the amplifier was read off from Fig. 3. Then 
V,2—V,2 is the total mean square noise voltage origi- 
nating across R, the effective diode load. R consists of 
the parallel combination of the diode load resistor and 
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the amplifier grid leak and had a value of 9022. A 
correction must be made for the thermal noise Vz 
arising in R. By direct proportion Ve=V,.-R/Reg 
=1.38V,.. Due to the shunting effect of the diode, 
internal resistance the thermal noise voltage set up 
across the anode load circuit is reduced by a factor 
*,/(rat+R), so that the mean square output voltage 
solely due to fluctuation of anode current is 


Vi2—V.2—1.9V,.77.?/(ra+R)’. 


Therefore, the mean square value (6/,)*4 of the anode 
current fluctuations (zero load) per unit band width is 


V,? V oc* = 1.9 V se a?/ (ra +R)? 
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Fic. 4. (a), (b), (c). Observed variation of the flicker noise 
factor Fy with cathode temperature for a number of test diodes. 
Curves (a) are the most usual type encountered. 


From the calibration, 


Vo=4kTRee f G?-df 
0 


so that 








rotR\? 1.9V ac") 4kTReg 
(81 a)w?= | (V,? inne v.2)( ) _ . ° 


raR R? Veet 


It isconvenient to express the anode current fluctuations 
in terms of the equivalent shot noise fluctuations (6/,)s 
for the same anode current, i.e., (67 a)? = F*(67,)x, where 
F is a factor to be evaluated. For unit band width, 


(61 ,)n?=2el q 
so that 


fv. rat R\? 1.9) 2kTR., 
“oes a 
oe rR R? el q 

The term 2kTR,,/el, is a constant and need be evalu- 
ated once only, although the calibration must be tested 
from time to time. The shot noise component included 
in (67 4)a? has yet to be taken into account. If the mean 
square value of the current fluctuations arising solely as 


flicker effect is (67 ;),? and the corresponding factor is 
F/, then 














(8I sm? = (6I a)? — (51 5) av? 
and 
F,= (Fe— 1)}. 


RESULTS 


A total number of 17 diodes were investigated in the 
manner described and the measured values of Fy were 
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plotted against the corresponding cathode tempera- 
tures. (Figure 4.) The curves (a) are examples of the 
variation most commonly encountered ; they show F; to 
have a minimum in the region 1000°K to 1100°K and to 
increase by some 100 percent at the lowest and highest 
temperatures observed. The curves (b) indicate an 
exponential increase of F; with increase of temperature; 
these are the only results of this type that were 
observed. In comparison the curves (c) show a pre- 
liminary fall of Fy with increasing temperature and a 
tendency to level out near 1200°K. 

As a test of the method, a set of results was obtained 
at the higher frequency of 4 kcps for the diode CV140 Al. 
At this frequency and ‘at the 2 wa anode current the 
flicker effect should be negligible compared with the shot 
effect. The latter phenomenon concerns fluctuations of 
purely statistical origin, so that no temperature varia- 
tion should be apparent. The results obtained are 
graphed in Fig. 4(a) and show F to be close to the 
expected value of unity at all temperatures. 


CONCLUSIONS 


The results suggest that two separate effects are in- 
volved in low frequency fluctuations of emission from 
oxide coated cathodes. One of these has a rising tempera- 
ture characteristic and is the dominant effect in the 
curves (b), the other has a falling temperature charac- 
teristic and is dominant in the results (c). In the most 
common case, as exemplified by the results (a), the two 
effects are of similar order and a characteristic showing a 
minimum value of F; is observed. 

The various theories of the flicker effect may now be 
examined more critically in the light of these results. In 
the retarding field condition there is no potential mini- 
mum due to the space charge and the point of lowest 
potential is at the anode. The anode current is then de- 
pendent only on the initial velocities of the emitted 
electrons, the anode-cathode potential difference and the 
work function of the anode material. It cannot be 
changed by the alteration of the potential barrier at the 
emitting surface unless such alteration causes the height 
of this barrier to rise above that at the anode surface. 
In Macfarlane’s earlier theory‘ the fluctuations of cur- 
rent were assumed to be due to surface changes including 
the formation at the surface of a dipolar layer which 
lowered the potential barrier in that region. It is clear 
that this model would not account for fluctuations under 
retarding field conditions. 


*G. G. Macfarlane, Proc. Phys. Soc. (London) 59, 366 (1947). 


In a second theory of contact noise, Macfarlane® 
introduces an increased potential barrier at the surface 
due to the presence of negative ions. As stated above, 
this effect could be an explanation of the presence of 
flicker noise under retarding field conditions provided 
that only increases of the surface barrier above the level 
of the anode potential barrier were considered. A de- 
tailed examination of the modified theory is in prepa- 
ration. 

In Schottky’s theory,® the fluctuations were assumed 
to be due to the influence of foreign atoms in the surface 
in accordance with Langmuir’s doublet theory. The 
emission over a small surface region could either be 
increased or decreased according to the surface condi- 
tion. Again a modification to the theory is necessary in 
order to include the retarding field conditions. The 
changes in the effective work function of the cathode 
must be restricted to increases only and these must be of 
such magnitude as to momentarily cause the potential 
barrier at the cathode to be the determining factor. 

Van der Ziel’ has suggested that more than one form 
of flicker effect is likely to be present in oxide-coated 
emitters, and this is in agreement with the above experi- 
mental observations. He describes a new model in which 
fluctuations of current are the result of spontaneous 
fluctuations in the conductivity of the semiconducting 
material which forms the activated oxide layer. In one 
respect this theory is incorrect; it is assumed that the 
potential difference across the oxide coating does not 
fluctuate. However, qualitative tests using a special 
diode with a probe embedded in the oxide coating show 
that a noise voltage is set up between the probe and the 
cathode, even when the mean current through the probe 
contact is zero. The mean square value of this noise 
voltage is independent of the mean anode current 
flowing through the coating but increases as the temper- 
ature is reduced. It would seem certain that this 
fluctuation of potential difference across the oxide 
coating must influence the anode current so that a noise 
component which decreases with increase of the cathode 
temperature is to be expected. This mechanism could 
explain the results of Fig. 4(c). 

One concludes that no completely satisfactory expla- 
nation for the flicker effect has so far been given and 
that further experimental investigation of the spontane- 
ous variations of conductivity of the oxide coating may 
yield useful information on the origin of the current 
fluctuations. 

5 G. G. Macfarlane, Proc. ro. Soc. (London) B63, 807 (1950). 


6 W. Schottky, Phys. Rev. 28, 74 (1926). 
7A. Van der Ziel, Physica 16, 359 (1950). 
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The X-Ray Shadow Microscope 
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Cavendish Laboratory, Cambridge, England 


(Received December 30, 1952)t 


Shadow projection permits higher resolution and simpler operation than other methods of x-ray micros- 
copy. A point source, less than 1y in diameter, is obtained by the use of magnetic electron lenses and used for 
projecting shadow images at a primary magnification up to 100X with an exposure time in the order of 
minutes. The use of a metal foil as target and tube window insures high intensity at the specimen, which is 
in air. A resolving power little short of the best optical performance has been obtained with an accelerating 
voltage of 10 kv. The practical limitations to resolution, contrast, and exposure time are discussed in detail. 
A resolution of 100A should be practicable, but only with longer x-rays and an exposure of the order of 


1 hour. 





1. INTRODUCTION 


SUITABLY designed microscope, using x-rays, 

would give images of adequate contrast at a reso- 
lution much better than the 1000A of the best optical 
microscope, and without the specimen having to be 
placed in a vacuum as in electron microscopy. 

Other advantages of x-ray microscopy may be listed 
as (a) greater penetration of the specimen than is 
possible with light or with electrons; (b) determination 
of minute masses in the specimen by the known laws of 
x-ray absorption;! (c) use of heavy metal stains to 
accentuate contrast in selected parts of the specimen. 

In addition, with a shadow type of microscope, all the 
specimen is in focus at once and stereographic presenta- 
tion of the image is possible, even at the highest 
magnification. 

The simplest method of obtaining x-ray micrographs 
is to place the specimen in contact with a photographic 
film of the maximum resolution type and expose it to the 
radiation from a normal x-ray tube. All the enlargement 
is obtained photographically and the resolution is pri- 
marily limited by the grain size of the emulsion. 

Several workers! have obtained micrographs with a 
resolution of 1u, but in any case the resolution can- 
not exceed that of the optical system used to enlarge 


the x-ray negative, even if a grainless emulsion were’ 


available. 

A second and more difficult method is to use curved 
crystals as x-ray mirrors and construct an x-ray 
microscope similar to the reflecting optical microscope 
used for ultraviolet light. An original theoretical limit 
of resolution of 70A claimed* for this method has since 
been revised to 2000A (0.2).** A resolution of 1p has 
Been reached experimentally by a few instruments of 
_ this type.® 








* Present address: General Engineering Laboratory of the 
General Electric Company, Schenectady, New York. 

t The original manuscript was received August 11, 1952. 

‘A. Engstrom, Progress in Biophysics (Butterworth Company, 
London, 1950), p. 164. 

2 W. Ehrenberg and W. E. Spear, Nature 168, 513 (1951). 

* PKirkpatrick and A. V. Baez, J. Opt. Soc. Am. 38, 766 (1948). 

*W. Ehrenberg, J. Opt. Soc. Am. 39, 741 (1949). 

* E. Prince, J. Appl. Phys. 21, 698 (1950). 

®C. M. Lucht a Harker, Rev. Sci. Instr. 22, 392 (1951). 
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The third possibility is to make an x-ray shadow 
microscope, as first proposed by Sievert.’ A practical 
system has been constructed for the first time in the 
present work, giving a resolution less than 0.54 with an 
exposure of 5 min. In this method, a thin metal foil 1p 
thick, which forms part of the vacuum wall of the x-ray 
tube, also acts as the source of x-rays.* Magnetic 
electron lenses focus an intense beam of electrons on toa 
small area of this target, producing a point source of 
x-rays which casts an enlarged shadow image of a nearby 
object on to a distant photographic plate. Electron 
probes of 100—-200A have been produced for other pur- 
poses,® so that the theoretical limit of resolution of this 
type of x-ray microscope approaches that of the electron 
microscope, while the specimen is still at atmospheric 
pressure. 

A brief initial account of this shadow method has 
recently been amplified by a description of some applica- 
tions in biology, especially in entomology.’ The present 
contribution is concerned with the physical aspects of 
the method, the construction and operation of the 
apparatus, and a detailed discussion of its limitations. 


2. PHYSICAL PRINCIPLES 


The arrangement of the apparatus is shown in 
Figs. 3-5. Electron lenses are employed to form a 
greatly reduced image of a tungsten filament on a metal 
foil which seals the evacuated tube. The fine x-ray focus 
thus formed projects a shadowgraph of the specimen on 
to a recording emulsion at a distance. Limitations arise 
of two kinds, which need separate discussion. First, 
the size of the electron spot is limited by the finite size 
of the source and by the aberrations of the final electron 
lens; in turn, the spot size limits the resolution in the 
x-ray shadowgraph. Second, the intensity of the 
emitted beam of x-rays is limited by the emissive power 
of the electron source and by the rate of energy dissipa- 


7R. Sievert, Acta Radiologica 17, 299 (1936). 

8M. von Ardenne, Naturwiss. 27, 485 (1939); V. E. Cosslett, 
Research Project, London University (1939). 

9 J. Hillier and R. F. Baker, J. Appl. Phys. 15, 663 (1944). 

10 V. E. Cosslett and W. C. Nixon, Nature 168, 24 (1951); V. E. 
Cosslett and W. C. Nixon, Proc. Roy. Soc. (London) B140, 422 
(1952). 
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X-RAY SHADOW MICROSCOPE 


tion in the target foil. Other quantities, such as target 
thickness and accelerating voltage, are fixed within 
narrow limits by practical considerations. The recording 
conditions (contrast and exposure time) depend on the 
two primary limiting factors, and will be discussed 
subsequently. 


Resolving Power and Size of Source 


The size of the electron spot on the target governs the 
size of the x-ray source and hence the resolution attain- 
able. The shadow image will have an unsharpness 
caused partly by the penumbra resulting from the finite 
size of the source of x-rays, and partly by Fresnel 
diffraction, as shown in Figs. 1 and 2 for the simple case 
of an opaque straight edge E illuminated from a source S$ 
of finite diameter s, at a distance 6 from it forming a 
shadow image on a screen A at a distance a. 

The spacing p of the Fresnel diffraction fringes 
formed on the screen (Fig. 1) is given by the optical 
relation 

p=a/b-v-(db(a—b)/2a)}, 

















E A 


Fic. 1. Formation of Fresnel fringes at straightedge E illuminated 
by point source S. 


where J is the wavelength. The value of v is given by the 
Fresnel integrals, and is approximately v2 for the first 
intensity maximum, measured from the geometrical 
shadow of the edge. Taking this distance as equivalent 
to the resolution at the screen, the least resolved dis- 
tance in the object becomes 


5r= p/M=(d)}, (1) 


on writing (a—b)=a. As the wavelength is fixed by 
contrast considerations, the object distance must be 
kept as small as possible. For \=2.4A and a resolved 
distance of 1p we find <4 mm, but for 6p=0.1p, 
6< 40x. A resolving power of optical order thus requires 
precise location of the specimen with respect to the focal 
spot ; this is practicable when the spot is formed on the 
window of the x-ray tube. 

If Fresnel diffraction is made negligible in this way 
then the finite size of the x-ray source becomes the 
limiting factor. A penumbra of width ’ extends from 
the edge of the umbra (Fig. 2), and two neighboring 
edges will no longer be distinguishable if their respective 
umbras fall closer together than p’. In the object space 
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<4 + 
, a x | 
E A 


Fic. 2. Effect of finite size (s) of source in blurring image of 
straightedge E received on screen A. 


we have 6p= p'/M=s(a—b)/a=s, since a>>b. Hence, 
the least resolved distance in the x-ray image cannot be 
smaller than the spot size. 

The size of the x-ray source may be taken as that of the 
exciting electron spot, if the latter is larger than the 
range of electrons of given voltage in the target foil and 
if the foil*is thin, compared with the range of the 
generated x-rays. The target metal must be of high 
atomic number, to give high efficiency of x-ray produc- 
tion, and the voltage must be low, to give x-rays 


_ sufficiently soft to be absorbed in biological material. An 


operating voltage of 10 kv gives an electron penetration 
in tungsten of 0.2u; ie., at this distance the most 
probable terminal velocity is zero."' The x-rays produced 
have a minimum wavelength of 1.2A and a maximum 
intensity at a wavelength between 2 and 4A. Such radia- 
tion is negligibly absorbed in tungsten foil of thickness 
similar to the electron penetration. So long as the size of 
the electron spot is larger than 0.2y, the x-ray spot can 
be assumed to be of the same size. The smallest spot so 
far obtained is about twice this value. 

The electron spot is limited in size by the geometry of 
the electron optical system and by the aberrations of the 
focusing fields. In first approximation the image radius 
r2 is given by the thin lens expression r2=1,-v/u, where 
r, is the radius of the effective source, u, its distance 
from the lens and », the image distance. The effective 
value of 7; will be the radius of the emitting cathode as 
seen from the lens, which will differ from that of the 
actual emitting area owing to aberrations in the electric 
fields in front of it. Suitable operating conditions can be 
chosen” to minimize these effects; very fine wire is used 
for the cathode filament, to make r; small (<50u). The 
image size then depends on the ratio v/u, made small by 
placing the filament a long way from the lens and using a 
lens of shortest possible focal length, so that v= f. Two 
considerations set a limit to the demagnification obtain- 
able with a single lens. Since the permissible aperture is 
fixed by spherical aberration the gathered intensity falls 
off in proportion to «’, and exposure times become 

" R, Whiddington, Proc. Roy. Soc. (London) A89, 554 (1914); 


H. M. Terrill, X-Ray Technology (D. Van Nostrand Company, 
Inc., New York, 1930). 


2M. E. Haine and P. A. Einstein, Brit. J. Appl. Phys. 3, 40 
(1952). 
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unduly great if « is made too large. Secondly, the focal 
length of a magnetic lens cannot be indefinitely reduced, 
owing partly to saturation effects in the iron pole pieces 
and partly to practical restrictions on the minimum size 
of their bore. It becomes difficult to obtain a focal length 
less than 1 mm." A focused spot of $4 radius can be 
obtained from a source of radius 50u with a demagnifi- 
cation ratio 1/m of 100. For v= f=1 mm the object 
distance must then be 100 mm; in the present apparatus 
it was made 380 mm to permit the formation of a spot 
much smaller than 1yu in diameter. The condenser lens 
between source and objective lens allows the effective 
value of « to be varied. 


Spherical Aberration 


The actual size of the cathode image will be larger 
than calculated for paraxial conditions, owing to aber- 
rations in the objective lens. The relative importance of 
these has been well established by electron microscopy. 
The chromatic error may be easily reduced below the 
resolution here sought by providing well smoothed 
electrical supplies ; a stabilization of 1 part in 1000 gives 
a chromatic disk of confusion less than 0.1 in diameter 
in normal operating conditions. Astigmatism is reduced 
by insuring the highest precision in machining the lens 
bore; an accuracy of 5y is required to reduce the diame- 
ter of the astigmatic disk below iy.“ Any residual 
astigmatism caused by errors in machining or by 
inhomogeneity of the iron could be compensated with 
radial rods.'* Space charge effects are too small to 
produce measurable spreading of the beam, even at the 
high current density obtained in a spot of 0.14 diameter. 

The chief restriction is imposed by spherical aberra- 
tion, as no means are known of correcting it in electron 
lenses. It produces a disk of confusion of radius 6, given 
by 

6,=C 202", (2) 


where a is the semi-aperture of the beam in the image 
space and C, is a factor linear in dimensions and of the 
order of the focal length. Hence a physical aperture 
must be fitted in the lens to reduce a2 below the value 
for. which 6,=r2. For C,=f=1 mm and r2=0.5y the 
maximum permissible aperture=8-10~ radian, i.e., a 
physical aperture of radius 80y at the principal plane of 
the image space. The smallest stop used in the present 
work has been of radius 35u, equivalent to 25,=2r2 
=0.14; with C,=1 mm, Eq. (2) then gives a2=3.7-10-. 


Energy Balance in the Target 


In x-ray tubes of conventional design, the attainment 
of maximum output intensity requires forced cooling of 
the target since the rate of heat dissipation is less than 


1 G.°Liebmann and E. M. Grad, Proc. Phys. Soc. (London) 
B64, 956 (1951). 

“4 P. A. Sturrock, Trans. Roy. Soc. (London) A243, 387 (1951). 

‘6 J. Hillier and E. G. Ramberg, J. Appl. Phys. 18, 48 (1947). 
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the rate of energy supply from the electron beam. How- 
ever, it was shown by Goldsztaub"* and by Oosterkamp"” 
that as the spot size is reduced the conditions of energy 
equilibrium change in such a way that greater specific 
loading becomes permissible. With a very small spot the 
rate of dissipation of heat is relatively so high that the 
limitation on x-ray intensity becomes the specific emis- 
sion of the electron source.'® 
For a target cooled on the side far from the electron 
spot and for a spot large compared with the thickness of 
the target (¢), but small compared with its radius, heat 
flow is almost entirely along the normal from the front 
to the rear surface (axial flow). The permissible specific 
loading W,, is 
W .=k(T,— T>)/t, (3) 


where k is the thermal conductivity, T, the temperature 
of the cooled surface and 7, the maximum permissible 
temperature in the spot, usually taken as 0.75 of the 
melting temperature of the target metal. When the spot 
radius r2 is of the same order as /, radial heat flow be- 
comes appreciable and may finally be more important 
than axial flow. Oosterkamp" has calculated a correc- 
tion factor for Eq. (3), to take account of this change. 
For a spot of diameter 1 on a copper target 1y thick, 
W , is then 680 kw/mm*, compared with specific loads of 
the order of 1 kw/mm? in the best designs of x-ray tubes 
with spots of normal size. The energy flux, E=zr,?-W, 
proves to be approximately proportional to r2, so that 
total x-ray output falls proportionally as the spot size is 
reduced. For a iu spot and 1, target thickness, E,=0.50 
watt on copper; on tungsten, E,=0.60 watt. 

The rate of supply of energy E, is determined by the 
emissive power of the electron source and by the 
gathering aperture of the objective lens. The former is 
measured by the product of the current emitted per unit 
area per unit solid angle (8) and the accelerating 
voltage V2. As in an optical system, the brightness 8 is 
invariant in the absence of absorption or scattering. Also 
the total current is constant, 7:7:?= jor2’, if 71 and j2 are 
the current densities at object and image, respectively. 
Expressing the optical invariance rule in the Helmholtz- 
Lagrange form: rym sina;= rene Sina2, where m; and mz 
are the refractive indices of object and image space, 
determined by the respective potentials V; and V2, then 


V2 
jo/ji= r?/r2= No" sinas/n ? sina,|= —a?’, (4) 
1 


since a,=2/2 and sinae+ a: in the experimental con- 
ditions. V; is given by the velocity of thermal emission 
of electrons (about } V at the filament temperatures 
here used), and V- is the accelerating voltage between 
cathode and anode, usually 10.kv. The remaining 
quantity a, is fixed by the necessity of minimizing the 








16S. Goldsztaub, Compt. rend. Acad. Sci. (Paris) 224, 458 (1947). 
17W. J. Oosterkamp, Philips Tech. Rev. 3, 303 (1948). 
18 V. E. Cosslett, Proc. Phys. Soc. (London) B65, 782 (1952). 
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X-RAY SHADOW 


effect of spherical aberration (Eq. (2)). For a resolution 
of 1p, a2=8-10- for a lens of f=1 mm, so that Eq. (4) 
yields j2= 256). 

The current density incident at the target can now be 
related to the rate of energy dissipation (Eq. (3)). Since 
E,=0.60 watt for a spot of 1» diameter, the permissible 
maximum current density at a tungsten target for 
V2=10 kv, will be 72.=7500 amp/cm’. This would call 
for a specific emission from the source of 7;= 30 amp/cm’, 
which is much higher than that given by a filament at 
ordinary operating temperature (~1 amp/cm’). It 
might be obtained by raising the temperature, but only 
at the cost of reducing the life of the filament to a value 
smaller than the exposure time needed for a single 
micrograph. In practice the beam intensity is less than 
the value which would raise the target to the maximum 
permissible temperature, that is, the specific emission of 
the electron gun replaces the energy balance in the 
target as the limiting factor in operating the x-ray tube. 
With the objective lens operating at maximum power, 
further increase in resolution requires reduction in a2 to 
satisfy 6,=r2, and the amount of energy that can be 
delivered to the target diminishes rapidly while the rate 
at which it can be dissipated increases. For a resolution 
of 0.14, the target could dissipate a maximum intensity 
j2=7.5-10* amp/cm?. But a filament operated at 10 
amp/cm? could only supply, through the required 
aperture a2s=3.7-10-*, an intensity j2=557,:=550 
amp/cm?. 


Efficiency of X-Ray Production and Absorption 


The proportion of the energy in the electron beam 
that is converted into x-rays depends on the accelerating 
voltage V2 and the atomic number Z of the target 
material. To a close approximation the efficiency « is 
given’? by 

e=1.1-10-®- ZV2=1.35-10-*Z/Am, (5) 


where A» is the minimum wavelength of the generated 
x-rays (in A). It is thus desirable to work with as high a 
voltage as possible, but considerations of contrast re- 
quire the converse. The absorption coefficient 7 for soft 
x-rays in biological material is approximately given™ by 


r=k-Z4-y3, (6) 


so that the wavelength should be as long as possible, the 
voltage as low as possible. As a compromise between 
efficiency and contrast, a voltage was selected which 
gave an intensity sufficient for a reasonably short ex- 
posure and a wavelength long enough for adequate 
contrast in biological specimens. Experience showed 
that a reasonable degree of contrast was obtained with 
\~2A, requiring a voltage (12 kv) corresponding to 
Am~1A because of the shape of the intensity-wave- 
length distribution. 

194. H. Compton and S. K. Allison, X-Rays in Theory and 


~< - oee (D. Van Nostrand Company, Inc., New York, 1935), 
p. 90. 
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To minimize loss by absorption of such short x-rays 
in the target, it must not be thicker than is required for 
efficient absorption of the electron beam and for me- 
chanical strength to withstand atmospheric pressure. A 
tungsten foil 1u thickf is strong enough if supported on 
a thick washer with a very small exposed area; an 
opening of diameter 250u (0.010 inch) was used in most 
of this work. The absorption loss of 2A x-rays in 1p of 
tungsten is 44 percent. When a spot smaller than 1p 
diameter is employed, with correspondingly weaker 
x-ray output, it is clearly desirable to use a thinner foil. 

The camera must similarly be kept short to minimize 
absorption of x-rays in the atmosphere. With object 
distance b= 1 mm and M=40, the camera length a= 40 
mm and the absorption loss is 10 percent; a has usually 
been in the range 30-80 mm. 

Considerations of efficiency also govern the choice of 
target metal, since maximum production of x-rays is 
required (Eq. (5)) and maximum dissipation of heat 
(Eq. (3)). On the first ground a metal of high Z is 
indicated, and on the second one of high thermal con- 
ductivity. A survey of the data” shows that gold has the 
required combination of properties in the highest degree, 
followed by silver, with copper and tungsten equal 
third. When the melting point is taken into account also, 
the order of preference becomes tungsten, gold, silver, 
copper. In the present work tungsten foil has usually 
been used as target. 


Recording the Image 


The x-ray shadowgraph is recorded on a photographic 
emulsion at a suitable distance from the source. The 
choice of distance is conditioned by several considera- 
tions: diffraction effects, exposure time, the need for a 
large primary magnification, and photographic grain 
size. The last is the decisive factor as the resolving power 
is not usefully employed unless the primary magnifica- 
tion is at least enough to ensure that two separated 
points in the image do not fall on the same grain; if the 
plate is placed too close to the object, resolved detail 
will not be distinguished in the negative. Since the grain 
size in the usual type of x-ray emulsion is of the order of 
20u, a minimum primary magnification M of 20 times 
is needed at a resolution of 14; a further photographic 
enlargement of 10X will make the resolved points 
directly visible, assuming the resolving power of the 
unaided eye to be 200u. As the grain of the emulsion 
might then be obtrusive, it is desirable to arrange a 
higher primary magnification, say 40, with a corre- 
spondingly smaller final enlargement. The maximum 
object distance b for a resolution of 1p is 4mm (Eq. (1)), 
but this should be reduced in the interest of short ex- 
posure. With 5=1 mm, the camera length would be 40 
mm, small enough to give an exposure time of the order 
of 1 min with maximum target loading on a spot of 

t Provided by Philips Research Laboratories, Eindhoven, 


Holland, through the kindness of W. J. Oosterkamp. 
20 W. J. Oosterkamp, Philips Tech. Rev. 3, 58 (1948). 





620 


OBJECTIVE 
—=———— LENS 

















1FT 





























Fic. 3. Schematic diagram of x-ray shadow microscope. 


diameter 1. For higher resolution, b has to be reduced 
proportionally to 17 (Eq. (1)), while the primary 
magnification (a/b) should be varied in inverse pro- 


portion tc rz. A resolution of 0.14 requires )<40y and © 


M> 200, which demands a=8 mm, a length which 
begins to be inconveniently small. 

The exposure time is not at first radically altered as 
the size of spot is reduced: As the power of the objective 
is raised its angular aperture can be increased because 
the spherical aberration constant falls with the focal 
length. In magnetic lenses of present design, it results'® 
that the power E delivered to the spot is proportional to 
r2. As the camera length is also proportional to re, the 
intensity on the plate is proportional to r2/r2’, or r=~'. In 
such conditions the exposure time would actually be 
reduced at higher resolution, but only so long as in- 
creasing the lens power reduced the focal length and 
hence r2 also. With an object distance of 150 mm and 
with a minimum focal length of 1 mm, this limiting 
value of rz is 0.34. Any further reduction in spot size can 
be achieved only by reducing the size of the electron 
source or by increasing its distance from the lens, 
directly or by use of a condenser lens. The lens aperture 
must then be reduced, according to Eq. (2), to insure 
that spherical aberration gives a disk of confusion 
always less than the required resolution. Then E« 1,5, 
and the reduction in exposure offered by reduced 
camera length is more than offset by the fall in incident 
energy. The intensity on the plate now depends on r! 
and the exposure time at optimum magnification is pro- 
portional to 1/r!. Improvement in resolution from 0.34 
to 0.14 would require an increase in exposure of slightly 
more than four times, even with a reduction in camera 
length to one-third. Some compensatory increase in 8 
may be obtained by raising the filament temperature, 
but only at the cost of shortening its life. 


V. E. COSSLETT AND W. C. 
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Two other points must be noted. First, the x-ray 
dosage of the object will not increase unduly as the 
resolution is raised; it varies to the same degree as does 
the exposure of the photographic emulsion. 

Second, there is little to be gained by choosing a 
recording emulsion of greater sensitivity or higher reso- 
lution than average. Higher resolution can be obtained 
only by sacrificing sensitivity, so that although the 
emulsion may be used nearer the source, the exposure is 
not appreciably shortened. In any case, emulsions of 
very high resolution would have to be brought very 
close to the source of x-rays: if the grain size were 1y, 
and the focal spot were 0.14, the emulsion would have 
to be no more than 1 mm from the spot for optimum 
use. We have preferred to use a lantern type of plate and 
a more convenient length of camera. 

Stereography can be carried out very simply in this 
shadow projection method. All the specimen is in focus 
at once and with the same resolution, although different 
planes are magnified by different amounts. Three- 
dimensional imaging can thus be obtained by taking two 
photographs from slightly different viewpoints; as 
divergent illumination is employed, the specimen may 
either be tilted or translated between exposures. The 
latter method has been used, since it is simpler. The 
resulting stereographic pairs show directly the spatial 
configuration of a specimen in a way which is not pos- 
sible in high power optical microscopy, owing to the 
limited depth of focus. 


3. APPARATUS 


The complete x-ray tube is shown in Figs. 3 and 4; it 
is mounted vertically to simplify the alignment of the 
parts. The electron gun emits a narrow beam, which is 
collimated by the condenser lens before reaching the 
objective, and this lens forms a focal spot on the target 


foil mounted on a washer of narrow bore to form a | 

















Fic. 4. Photograph of x-ray shadow microscope and 10-kv 
power supply. 
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Lenard window. The tube is mounted on a tripod to 
give mechanical stability, and is continuously evacuated 
by a mercury diffusion pump fitted with liquid air trap. 
The construction of the objective pole-pieces and the 
position of the specimen are shown in greater detail in 
Fig. 5. 

Electron Gun 


The electron beam is produced in a gun of triode type, 
as employed in electron microscopes. Wire of 50u 
diameter is normally used for the V-shaped filament, but 
experiments have been made with 25y wire. The 
centering of the filament tip in the shield aperture and 
its axial distance from it are critical if maximum 
brightness is to be obtained. The aperture in the shield 
is 1 mm and that in the anode 4 mm in diameter. 

The anode voltage is generated electronically in a 
voltage doubler rectifier circuit operating at 100 kc. The 
output is variable between 3 and 13 kv, smoothed to 1 
part in 2000. The total current drawn from the cathode 
is 60 u-amp of which about 10 y-amp is obtained in a spot 
of in diameter at the target. The lenses are supplied 
with de from a 120-v bank of batteries and the filament 
from 6-v accumulators in order to insure constancy. 


Electron Lenses 


The condenser lens has 3600 turns of copper wire and 
a bore of 19 mm. It is usually used to vary the effective 
distance of the electron source, without forming a real 
image of it before the objective lens. To minimize 
aberrations it is desirable to keep the latter at maximum 
strength and vary imaging conditions by means of the 
condenser. For attaining a still smaller focal spot pole- 
pieces could be fitted to the condenser, allowing a 
demagnified first image to be formed for subsequent 
further demagnification by the objective. An inter- 
mediate viewing screen can be inserted at S (Fig. 3) for 
observing the form of the beam entering the objective; 
it also assists preliminary rough alignment. 

The objective lens first used was a modified version of 
an electron microscope objective. The pole-pieces had 
an internal bore of 6.3 mm and separation of 4.7 mm; 
at 1700 amp-turn excitation it gave a minimum focal 
length of 2.2 mm. Later, a projector lens of the original 
type EMB electron microscope was fitted with special 
pole-pieces, designed from the data of Liebmann and 
Grad," having a bore of 3 mm and gap of 1.6 mm. It 
gives a minimum focal length slightly greater than 1 
mm. With the condenser out of action the object dis- 
tance is 380 mm, so that the maximum demagnification 
obtainable is 380 times. As the condenser is increased in 
power, the demagnification first decreases and is 150 
when the electron beam is parallel to the axis between 
the lenses; later it increases again. 

The arrangement of the target and specimen carrier in 
the objective is shown in Fig. 5. The electron beam is 
brought through the lens in a thin-walled vacuum liner. 
The target of tungsten foil is mounted on a disk having 
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Fic. 5. Position of aperture, target, and object in objective lens 
pole pieces. 


a central aperture 250 in diameter, which is sealed to 
the end of the tube by Apiezon sealing compound. A 
smaller aperture within the tube limits the angular 
width of the beam reaching the target. The tube is 
mounted on a metal bellows which allows the target to 
be moved axially in the center of the lens until it is at the 
focal point. The specimen is mounted at the end of a 
short tube, which projects into the bore of the pole 
pieces and is fixed at its other end in a stage plate. 
Adjustments are provided for axial motion to bring the 
specimen close to the target, and for lateral motion to 
search the specimen. The shadowgraph is received on a 
photographic plate held in a light-tight tube (not shown) 
at a distance of a few centimeters above the target. To 
take stereographs, the specimen is translated slightly 
between successive exposures. 

During preliminary alignment and focusing, the 
image of a fine grid is viewed on a fluorescent screen 
with a X10 eyepiece. At a voltage of 10 kv and with a 
spot size even less than 1y, it is still possible to obtain 
enough x-ray intensity for visual focusing provided 
that the eye is first dark adapted. At lower voltages it 
becomes difficult to focus in this way ; some preliminary 
tests have been made of the value of image intensifying 
tubes for overcoming this limitation. 

The cone of rays received on the plate is defined by 
the tube carrying the specimen, which in turn is de- 
termined by the design of the pole pieces. Thus the field 
of view becomes progressively more restricted if the 
specimen is advanced towards the target, in order to 
obtain higher primary magnification as the spot size and 
hence the resolution is made finer. At the same time the 
camera length should be shortened, so that the resolved 
detail accords with the size of grain in the emulsion. The 
optimum exposure time thus remains approximately 
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Fic. 6. Head of Drosophila melanogaster, freeze-dried. Original 
magnification 30; reproduced at X110. Repeat distance of 
reference grid = 17. 


constant, and is of the order of 1 min. When a large field 
of view is desired, the specimen must be withdrawn from 
the target and the camera length correspondingly in- 
creased to maintain high magnification; the exposure 
time may then be of the order of 10 min. 





Fic. 7. Aphis fabae, freeze-dried. Original magnification X20; 
reproduced at X 100. Repeat distance of reference grid = 17,. 
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4. RESULTS 


The first step in taking x-ray shadow micrographs is 
to focus the electron beam by changing the objective 
lens current while viewing the image of a 1500 mesh/inch 
test grid on a fluorescent screen. The grid is then re- 
placed by the specimen to be examined and the screen 
by a fine grain medium speed photographic plate, on 
which the exposure is made in the course of a few 
minutes. By taking a series of three or four exposures 
with varying values of the objective lens current the 
optimum condition for resolution can be found. 

A few nonbiological specimens have been examined, 
but most of the results to’date were obtained with 
insects of various species. Living specimens contain 
enough water to obscure the finer internal details, while 
dried specimens are liable to distortion both of indi- 
vidual features and of their mutual arrangement. Heavy 
metal injection with lead naphthenate gave some im- 
provement in the cases of Parthenothrips dracenae and 
Drosophila melanogaster (the fruit fly). 

The best results have been obtained by freeze drying 
Drosophila melanogaster; the specimens were frozen in 
liquid air and dried in vacuum at — 30°C. All the water 
content was removed, and the internal detail then 
showed very clearly in the x-ray micrographs. Stereo- 
graphic reproduction of freeze dried specimens has 
verified that very little distortion takes place in the 
process. 

A micrograph of the isolated head of a fruit fly dried 
in this way is shown in Fig. 6, at a magnification of 
110. The dark area in the center of the head is the 
brain; the facets of the two compound eyes can be seen 
with the fibers running from each facet to the brain. A 
piece of 1500 mesh silver grid, with bars 3y wide, is 
included in all micrographs for determining resolution 
and magnification. A freeze dried aphid (A phis fabae) is 
shown in Fig. 7 at a lower magnification to include the 
whole specimen. Single cells can be seen in parts of the 
abdomen. 

As a direct comparison of the new technique with 
optical microscopy, an x-ray micrograph of the 1500- 
mesh grid is reproduced in Fig. 8 at 930X, alongside the 
best obtainable photomicrograph. The latter appears 
much sharper, owing to diffraction effects at the edges. 
These are absent in the x-ray case, and in addition the 
grid bars are thinned towards the edge sufficiently for 
the x-rays to penetrate them; as a result, the grid 
shows poorer contrast as well as being less sharp. 
However, careful examination of the detail visible in the 
imperfections of the grid shows that the resolution in the 
shadowgraph is little worse than that in the optical 
picture. A resolution of about 0.54 can be claimed on the 
basis of this evidence, and a comparable figure is indi- 
cated by the fine detail shown in the head of the fruit fly 
(Fig. 6). 
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X-RAY SHADOW MICROSCOPE 


5. CONCLUSION 


The experiments so far made support the theoretical 
indications that x-ray shadow micrography is a practi- 
cable technique at least up to the resolution of the 
optical microscope. The chief limitations on the per- 
formance of the present apparatus are probably the 
astigmatism of the objective lens and the blurring of the 
focal spot in the target foil. There should be no great 
difficulty in improving it in these respects so as to obtain 
a resolution of 0.iu. By shortening the camera and 
possibly overrunning the filament still more, micro- 
radiography at the resolution of the ultraviolet micro- 
scope should be possible with an exposure time of the 
order of 10 min. 

Greater difficulties stand in the way of achieving a 
resolution of 100A, which can be regarded as the 
practical limit of fineness of an electron beam. The x-ray 
output from such a small spot, using electron beam 
intensities of the order at present known, would be so 
weak that exposure times would rise to hours. If 
spherical aberration in electron lenses could be corrected, 
it would be possible to use much larger apertures and 
thus to increase greatly the input of electron energy to 
the target; the rate of dissipation from such minute 
spots is rapid enough to permit such an increased input. 
In the absence of lens correction the only available 
means of reducing the exposure time would be to use 
electron sources of much higher specific emission. 
Marton” has proposed the use of pulsed cold emission 
from a tungsten point, and this method deserves ex- 
perimental exploration in the circumstances of x-ray 
microscopy. A‘s an alternative, the development of image 
intensifiers for x-rays” may ultimately offer a means of 
circumventing the limitation set by initial intensity, but 
it is doubtful if the necessary increase in brightness can 
be obtained without loss of resolution. It may prove 
that the practical limit of the shadow projection tech- 
nique is little below 1000A, but this would appear to be 
considerably better than that obtainable by the contact 
or mirror methods of magnifying objects with x-rays. 
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(b) 


Fic. 8. (a) X-ray micrograph of 1500 mesh per inch silver grid 
with 3u bars. Original magnification x 100; reproduced at 930. 
(b) Optical micrograph of similar grid, taken with oil immersion 
objective at N.A.=1.3; reproduced at 930. 
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Internal Friction and Young’s Modulus of Cold-Worked Copper Single Crystals* 
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The internal friction and Young’s modulus of single crystals of copper were measured as a function of 
strain amplitude after they were subjected to various amounts of cold work and different annealing treat- 
ments. It was found that the position of the peak in the internal friction versus cold-work curve was de- 
pendent upon the strain amplitude of the measurement. No minimum in the Young’s modulus versus 
cold-work curve was found as contrasted with Lawson’s result for polycrystalline copper. A minimum was 
found in the internal friction versus annealing time curve, and a maximum was found in the corresponding 
Young’s modulus curve. The results are semiquantitatively explained using a dislocation model. 





I. INTRODUCTION 


N recent years, investigations have been made upon 
the internal friction and Young’s modulus of single 
crystals of various metals. The origin of their internal 
friction and the variation in the Young’s modulus with 
cold work has yet to be satisfactorily explained. It has 
been assumed that the origin lies in the motion of dis- 
locations. Since cold work is supposed to increase the 
density of dislocations, this assumption would give a 
qualitative explanation of the initial rise of internal 
friction with cold work. For polycrystalline brass' and 
polycrystalline copper® the internal friction has also 
been found to reach a maximum and then decrease with 
further cold work. Hasiguti and Hirai* have inde- 
pendently confirmed that the same behavior occurs in 
copper single crystals. Young’s modulus is known to 
decrease with cold work,‘ and for polycrystalline copper 
a minimum has been reported to occur at about the 
strain which produces a maximum in the internal fric- 
tion.’ Both internal friction and Young’s modulus are 
known to depend upon the strain amplitude at which 
they are measured.*® Annealing has been found, in 
general, to have the opposite effect of cold work.°® 
We have attempted to investigate carefully the 
behavior of the internal friction and Young’s modulus 
of copper single crystals with respect to cold work, 
annealing treatment, and strain amplitude of the 
measurements, and we have attempted to give a semi- 
quantitative explanation of our results in terms of a 
dislocation model. 


* This work was supported by the U. S. Office of Naval Research. 

t Abstract of thesis submitted June, 1951 to Carnegie Institute 
of Technology in partial fulfillment for the requirements of the 
degree of Doctor of Science. Present address, Naval Research 
Laboratory, Washington, D. C 

{Present address, Department of Physics, University of 
Illinois, Urbana, Illinois. 

‘Zener, Clarke, and Smith, Trans. Am. Inst. Mining Met. 
Engrs. 147, 90 (1942). 

2 A. W. Lawson, Phys. Rev. 60, 330 (1941). 

*R. R. Hasiguti and T. Hirai, J. Appl. Phys. 22 1084 (1951). 

*T. A. Read, Phys. Rev. 58,371 (1940). T. A. Read, Trans. Am. 
Inst. Mining Met. Engrs. 143, 30 (1941). 

5 J. Marx and J. S. Koehler, Symposium on Plastic Deformation 
of Crystalline Solids, U. S. Office of Naval Research, Pittsburgh 
(1950), p. 171. 


Il. EXPERIMENTAL 


The internal friction and Young’s modulus were 
measured, using the modification of the piezoelectric 
method introduced by Marx.® The experimental ar- 
rangement is shown in Fig. 1. Specimens were glued 
with beeswax to the bottom of the driver crystal, which 
was an 18.5°, X-cut quartz crystal silvered on two 
opposite faces. On the top of the driver crystal was 
glued another quartz crystal, the gauge crystal. The 
fundamental frequencies of free longitudinal vibration 
of the driver and the gauge crystal differed by less than 
0.1 percent. The fundamental frequency of the speci- 
mens differed by less than 5 percent from those of the 
driver. All measurements were made near the frequency 
38.5 kc. Measurements were made by slowly changing 
the frequency of a constant applied voltage to the 
driver crystal until the voltage across the gauge crystal 
reached a maximum. Marx® has shown that the dec- 
rement§ of the composite oscillator is equal to a 
constant times the ratio of the driver voltage divided 
by the maximum gauge voltage. The maximum strain 
amplitude in the specimen is proportional to the gauge 
voltage. Both constants can be evaluated by measuring 
the internal friction by the ac bridge method.* The 
decrement of the specimen alone can be calculated 
from that of the composite oscillator by the equation‘ 


A.m.= A,ym,+ Agm,+ Aama, (1) 


where A; and m; stand for the decrement and mass of 
the composite oscillator, specimen, driver, and gauge 
crystal. 

Young’s modulus of the specimen was calculated 
from the equation E= (2/f,)?, where p is the density, 
l is the length of the specimen, f, is the fundamental 
resonant frequency of free longitudinal vibration, and 
E stands for Young’s modulus. The value of /, was 
calculated from the resonant frequency of the composite 
oscillator by the equation 


fome= famst+ famat fom, (2) 


6 J. Marx, Rev. Sci. Instr. 22, 503 (1951). 

§ The decrement is defined to be equal to the energy lost per 
cycle in an oscillating system divided by twice the stored ener, 
in the system. It is equal to the logarithmic decrement if it is small 
and independent of strain amplitude. 
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YOUNG'S MODULUS OF COPPER 


where f; stands for the resonant frequency of the 
composite oscillator, driver, etc. 


Specimens 


Foot long crystals of 0.38-in. square cross section 
were grown in vacuum by the Bridgman method from 
99.999 percent pure copper supplied by the American 
Smelting and Refining Company. After being oriented 
by means of x-rays, the specimens were embedded in 
micarta tubes with plaster of Paris. Specimens of the 
proper length were then cut from the tubes containing 
crystals and were ground down to such a length that 
they would have a resonant vibrational frequency near 
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38 556 cps. Their approximate length was 1.5 in. After 
the worst of the cold-worked surfaces were etched away, 
the specimens were annealed in vacuum at around 
950°C for about nine hours. Several specimens were 
annealed in dry hydrogen. After annealing, the speci- 
mens were cold worked by subjecting them to a com- 
pression perpendicular to their long axis. The com- 
pression was applied using a double piston arrange- 
ment which is shown in Fig. 2. After a load was applied, 
the internal friction and the modulus were measured. 
Then the specimen was replaced in the compression 
device and a larger load applied. The load was left on 
for a period of three minutes. 
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Ill. RESULTS 


In Figs. 3 and 4 typical curves of the internal friction 
versus strain amplitude are shown after various amounts 
of cold work. Figures 5 and 6 show the strain amplitude 
dependence of Young’s modulus after different amounts 
of cold work. In Figs. 7 and 8 typical cases of the dec- 
rement and Young’s modulus at a constant strain 
amplitude as a function of cold work are given. Since 
deforming the specimen changes its orientation relative 
to the long axis of the quartz driver, the measured 
modulus should be corrected to give the modulus of the 
original orientation. In Fig. 7 the smooth curve shows 
the measured modulus. The dotted curve shows the 
maximum possible correction that could be made to the 
measured modulus. The actual modulus would lie 
between these two curves. 

By plotting a series of curves, each for a different 
constant strain amplitude, of internal friction versus 
amount of cold work, such as is shown in Fig. 7, one can 
obtain the dependence of the amount of cold work at 
maximum ‘decrement on the strain amplitude. This 
dependence is shown in Fig. 9, where the strain ampli- 
tude is plotted against the resolved shear stress required 
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to obtain the maximum decrement. Also in Fig. 10 is 
plotted the maximum obtainable internal friction at 
different strain amplitudes. In Fig. 11 is plotted the 
change of internal friction at a constant strain ampli- 
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tude as a function of annealing time. The temperatures 
refer to the temperature of the vacuum anneal preceding 
the measurement. The initial value of the decrement in 
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Fig. 11 is that obtained after the sample had been 
extensively cold worked. Young’s modulus changes 
upon annealing as shown in Fig. 12 where £; represents 
the value of the modulus after a complete anneal at 
1000°C. 

When a specimen is cold worked again after it has 
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been extensively cold worked and then annealed at 
high temperatures, one can again obtain a maximum in 
the cold work versus decrement curve. However, for a 
given strain amplitude, the maximum obtainable de- 
crement is smaller, and it takes a larger amount of cold 
work to reach the maximum decrement. 

In Table I is given a summary of the results on the 
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TABLE I. 








r.s.s. at Amax*® 


r.s.s. at Amaz 











(eo =8 X10-8) (eo =2 X10-$) Remarks 
Ww-3 Ww-3 less than 365¢ lessthan 365 vacuum annealed> 
W-8-2 Ww-8 less than 150 -lessthan 150 vacuum annealed 
W-8-3 W-8 less than 100 lessthan 100 vacuum annealed 
W-9-1 Ww-9 100 75 vacuum annealed 
W-9-2 Ww-9 130 50 vacuum annealed 
W-11-2.  W-11 285 285 annealed in bad 
vacuum 
W-11-3 W-11 1100 300 hydrogen anneal 
W-11-4 W-il 520 190 vacuum annealed 
W-11-5 W-il 1500 900 hydrogen anneal 
Amax Amax 
Specimen (eo =8 X10-8) (ec =2 X10~*) 
W-8-2 0.020 0.029 
W-8-3 0.021 0.030 
W-9-1 0.013 0.034 
W-9-2 0.013 0.034 
W-11-2 0.0075 0.012 
W-11-3 0.015 0.033 
W-11-4 0.010 0.029 
W-11-5 0.013 0.028 








* Resolved shear stress (in Ib/in.*) at maximum decrement. eo is the 
strain amplitude. 

b The vacuum was better than 10-* mm of mercury. 

¢ When it is stated that the resolved shear stress for maximum decrement 
is less than some number, it means that the maximum in the decrement 
had been passed at the first load used. 
compression specimens. Table II gives crystal orienta- 
tion data. 

Measurements were also made upon samples cold 
worked in tension. A pair of tensile specimens similar to 
those of Neurath and Koehler’ was grown as one single 
crystal. One of the pair would be pulled with a load of 
about 3000 lb/in.?r.s.s. The other was either not 
pulled or pulled with a load of about 103 lb/in.? r.s.s. 
This procedure was carried out with seven pairs of 
specimens, three pairs of which had been given an 
anneal before the pulling. After the specimens were 
pulled, the grips were sawed off, and the specimens 
were ground and etched to their proper length. 


TasBLeE II. 








The orientations of the specimens before loading can be given 
as follows: 


X=angle between direction of compression and the active 
glide plane. 
\=angle between direction of compression and the active slip 
direction. 
0= angle between long axis of specimen and (100) axis. 
= angle between long axis of specimen and (010) axis. 
y=angle between long axis of specimen and (001) axis. 


For crystals 9 and 11 these angles were: 


X=46° 
Crystal 9,| 4=45° 
i.e., 0=68° 
W-9-1 ¢=32° 
W-9-2 y=70° 
Crystal 11, (/X=35° 
i.e., 
W-11-2 | A=55° 
W-11-3 @=0° 
W-11-4 | ¢=90° 
W-11-5 | y=90° 








7P. Neurath and J. S. Koehler, J. Appl. Phys. 22, 621 (1951). 
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In all seven cases the extensively cold-worked speci- 
mens had much smaller decrements than their mates. In 
addition, the decrements of the highly cold-worked 
samples were practically independent of strain ampli- 
tude. The decrements of these samples correspond to 
that of the 3180 Ib/in.? curve of Fig. 3. The specimens 
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which were not pulled, or only pulled by a small load, 
always had a very high decrement corresponding to 
the 420 lb/in.? curve of Fig. 3. Their decrement was 
always very dependent on the strain amplitude. 

Since compression or tension specimens cut from the 
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same single crystal generally have the same decrement 
to within 50 percent after identical treatment, it seems 
quite likely that the maximum in the internal friction 
versus cold work curve also exists for cold work by 
tension, since the extensively cold-worked tension 
specimens had decrements 10 times smaller than the 
specimens which were not so extensively cold worked. 


IV. THEORY 


The experiments described above can be explained by 
assuming that a moving dislocation experiences a 
damping force*-'® and that dislocations interact with 
each other and with impurity atoms. 

A complete theory would treat the small oscillations 
of impurity-anchored dislocations" which are present in 
such concentrations that they interact with one ancther. 
However, the complete calculation does not as yet 
exist. We have made calculations using a simplified 
model in which the displacement of a dislocation 
element is independent of its position along the length 
of the dislocation, i.e., we deal essentially with the 
average displacement of the various elements along a 
dislocation loop. When the dislocation is moved a 
distance x from its equilibrium position, it will ex- 
perience a restoring force. In the appendix we show 
that because of dislocation interaction there will be a 
restoring force GNx, where G is a constant which de- 
pends sensitively on the particular type of dislocation 
array considered and N is the length of dislocation line 
per cc of material. If we assume for simplicity that for 
a given amplitude of oscillation, the impurities or any 
agency other than dislocation interactions cause another 
restoring force of Gox, where Gp is a constant, then the 
equation of motion for a unit length of dislocation can 
be written as 


M (d*x/dt)+ B(dx/dt)+(GN+Gpo)x=F cos(wt), (3) 


where M is the effective mass per unit length of disloca- 
tion, B(dx/dt) is the dissipative force per unit length, 
and F cos(w#) is the applied force on the dislocation. If 
a cyclic stress ¢ cos(wt) is applied to two opposite faces 
of a cube, then F will be equal to ca/2, where a is the 
interatomic distance. This result is valid if the slip 
plane makes an angle of 45° with the planes to which 
the stress is applied and if the slip direction makes an 
angle of 45° with the normal to these planes. For this 
simple case one obtains for the total energy dis- 
sipated per cycle and for the total strain: 


Total energy dissipated 
rNo'a’Bw 
~ 16(Go+GN —Mw*)?+16Bu? 
* J. D. Eshelby, Proc. Roy. Soc. (London) A197, 396 (1949). 
* G. Leibfried, Z. Physik 127, 344 (1950). 
1° F. R. N. Nabarro, Proc. Roy. Soc. (London) A209, 278 (1951). 


" J. S. Koehler, Imperfections in Almost Perfect Crystals (John 
Wiley and Sons, Inc., New York, 1952), p. 197. 





(4) 
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_ @ cos(wt) 
Total strain= 


Noa*{(Got+GN —Mw*) cos(wt)+ Bw sin(wt) ] 
4v21 (Go+GN —Mw*)?+ Bev?) 





» (5) 


where E is the true Young’s modulus for the material 
if there were no dislocations. The decrement will be 
given by the equation 


(x/16)Ea2N Bw 
~ GotGN —Mw*)?+ Bau* 





(6) 


The effective modulus will be given by the ratio of the 
value of the stress when the strain is at its maximum 
divided by the maximum strain. If £ is the effective 
modulus and E the modulus if no dislocations were 
present, then we would get the equation 


E-E v2(ENa*)(Got+ GN —Mv*) 
E ~ 8C (Got GN —Mu*)*+ Bu] 
2E*N*a‘Bw* 
* 64[(Got+GN —Mw*)?+ Bw? P 








(7) 


Frank” has shown that the effective mass per unit 
length is of the order of the density of the material 
times the square of the interatomic distance. For the 
frequency we used, Mw’ is much smaller than the term 
GN, if we use the calculated value of G and assume that 
N must be larger than 10°. We will therefore neglect the 
Mw?* term in the following discussion. This essentially 
says that the inertial force on the dislocation is 
unimportant. 

Let us first consider the behavior of the decrement. 
From Eq. (6) we see that the decrement will increase 
as N -increases, then reach a maximum, and finally 
decrease. Since cold work is supposed to increase the 
value of N, this equation gives a qualitative explanation 
of the observed maximum in the internal friction 
versus cold work curve. 

The dislocation density V,, at maximum decrement 
obtained from Eq. (6) is 


GN n?=Go?+ Bru". (8) 


The value of the maximum decrement obtained using 
condition (8) is 


rEaN ,,Bw 
me” 32(GiGN wt GN n2) 





(9) 


Since at the higher values of strain amplitude the 
dislocations are more likely to break away from im- 
purities, the effective value of Go would be smaller at 
the higher strain amplitudes. From Eq. (6) this would 


2 F. C. Frank (Physical Society, London 1948), p. 46. 
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mean qualitatively that the decrement would increase 
with increasing strain amplitude unless the specimen 
was cold worked so much that GN was much larger 
than Go. For this latter case the decrement would be 
independent of strain amplitude. Also, from Eq. (8) 
and from our information about Go, we find that the 
maximum in the internal friction would occur for a 
smaller amount of cold work at the higher strain ampli- 
tudes since a smaller value of V,, is required. From 
Eq. (9) we find that the value of the decrement at its 
maximum is smaller at the lower strain amplitudes since 
the value of Go and hence N,, is larger than at the 
higher amplitudes. Thus Eqs. (6), (8), and (9) can be 
used to give a qualitative explanation of the behavior 
of the decrement. 

Let us next consider the behavior of Young’s modulus 
by using Eq. (7). On varying N, the first term on the 
right does not contain a maximum, but the second term 
does. This maximum occurs when N equals Nm, i.e., the 
value which makes the decrement a maximum. If we 
substitute Eq. (8) into Eq. (7), we obtain 


v2 Ea? 


Beye ae) aan 


It can be seen that even when the second term on the 
right of Eq. (7) takes its maximum value, it can be 
neglected in comparison with the first term. Note that 
this conclusion does not depend on the numerical values 
of the quantities involved. Equation (7) thus predicts 
that the effective modulus will continue to decrease 
as N is increased, any increase resulting from the 
second term being insignificant. 

Now let us consider how well Eqs. (9) and (10) agree 
quantitatively with experimental values. Fortunately 
Eq. (10) is independent of both N and B, two highly 
uncertain quantities, and only depends on G, which 
should be correct at least as to an order of magnitude. 
Using the calculated value of G for the case in which 
local regions have equal numbers of positive and nega- 
tive dislocations, the value of (E—E)/E is 0.045 as 
compared to an experimental value of 0.035 when the 
decrement is at its maximum. 

If Bw is much larger than Go, then the expression for 
the maximum decrement becomes 


wEa? 


32G 











(11) 


max — 


Using the calculated value of G, this expression is equal 
to about 0.05. The largest values of the decrement 
measured experimentally were of the order of 0.03. 
Although the numerical values agree reasonably well, 
one must still conclude that Go plays some role in deter- 


mining the decrement, since Fig. 10 shows that A, 
depends on strain amplitude, even when it takes these 
large values, and we have already seen that the ampli- 
tude dependence of Gp determines that of A,,. However, 
if we consider that the value of N is 108 at the maximum 
decrement, then B is equal to 0.3 dyne-sec/cm?, which is 
a value 10‘ larger than the theories of Eshelby or 
Leibfried predict. It seems more likely then that Gp is 
much larger than Bw. For this case, Eq. (9) becomes 


tEaBw xEa*Bw 
Amex ™ = : (12) 
64G°>N mn  64GiG 





Since B and WN are rather uncertain, substituting values 
into Eq. (12) is not too meaningful. However, for a 
value of NV equal to 10’ and B equal to 5X 10-* dyne- 
sec/cm?, we get the right order of magnitude for the 
maximum decrement. This value of B is also required 
to explain the decrement data of annealed copper 
crystals." 

The annealing behavior can now be examined. Since 
Go>Bw the Eqs. (6) and (7) can be simplified to 








(x/16)Ea’N Bw 
= (13) 
(Go+ GN)? 
and 
E-E V2Ea*N 
( )- (14) 
E 8(Got+ GN) 


where the second term in Eq. (7) has been neglected. 


. The low temperature vacuum anneals produce a 


minimum in both A and dE/E. Since this phenomenon 
occurs in both quantities, it appears reasonable to 
ascribe it to some process or processes which at first 
increase Gp or G or both and then decrease them. For 
example, it could be that the vacancies and interstitial 
atoms produced during deformation diffuse to the 
dislocations anchoring them, thus producing the initial 
drop by increasing Go. The subsequent rise could occur 
as the result of the migration along the dislocations, in 
which case by recombination or by agglomeration the 
number of pinning points, and hence, Gp would be re- 
duced. The subsequent rise in A and drop in dE/E are 
probably produced by a drop in the number N of dis- 
locations. The signs of the slopes predicted on this 
basis by Eqs. (13) and (14) are in agreement with experi- 
ment providing GV >Gp, i.e., provided one does not 
succeed in teaching a value of V which corresponds to a 
maximum in A. Since a repetition of the entire experi- 
ment after a “complete” anneal produces a Amax which 
is smaller than that obtained on the initial cold working, 
we must conclude that GoG is increased during a cold- 
work, annealing cycle. 

It should be admitted that the explanations proposed 
for the annealing behavior are tentative and that 
additional research on the effects produced by annealing 
would be welcome. 
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APPENDIX 


Consider the Taylor dislocations given in Fig. 13. 
The negative dislocation exerts a force on the positive 
one whose components are 





Fr=C/R, 
C sin2a 
F,= -, (15) 
R 


where C is equal to 6X 10~-° dyne for copper. Consider 
the dislocation array in Fig. 14. On application of a 


shearing stress, the odd rows move a distance x to the 


left and the even rows the same distance to the right. 
To the first approximation the restoring force exerted 
on a positive dislocation by four negative dislocations, 
as is shown in Fig. 15, will be 








8C [ 8n?m?x 
force= x— | (16) 
(n?+ m?) RL n?+-m? . 


+2+——-2R 





+ ? + 
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4 A. Cottrell, Progress in Metal Physics (Interscience Publishers, 
Inc., New York, 1949), Vol. 1, p. 86. 
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The total restoring force will be given by 





8Cx 1 8n?m?x 
| = | (17) 


} sy 
nm R?Ln?+m? n?+m? 


where n=1, 3,5---(N/2)!; m=1,3,5---(N/2)4. For 
large values of m and m the above sum can be replaced 
by an integral of the form 


R2 (1 —8 cos’ sin’@) 
f f RdkRdé, (18) 
Ri 


which is equal to zero. Therefore, it is necessary to use 
only the first few terms of Eq. (18) for an evaluation of 
the force. Using values of m and m equal to 1, 3, and 5, 
we get that the total force is equal to — (0.76)8Cx/R?. 
If N is equal to the number of dislocations crossing one 
sq cm of material, then R? is equal to 1/2N, and the 
total force is equal to —GNx, where G is equal to 
12.2C=7.3X10~ dyne in the case of copper. 

For the case in which the dislocations are arranged 
as shown in Fig. 16, one finds by exactly similar 
methods that 





a’—a 
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where 
1 
N= , 
a’—a 
cat | 
2j-1 
1 ub? 
B= 
2a 
el -»){ cosh") —1 
c 
r 2a 2ra 7 
— sinh (=) 
c c 
x 











—1}. 
2ra 
{cosh (—) —1 
{ c } 
In the above expressions, u is the modulus of rigidity, 


b is the smallest interatomic distance, and v is Poisson’s 
ratio. To obtain B’, one uses the expression for B, but a 


is replaced by a’. This second arrangement may find 
application in dealing with the dislocations produced 
during slip. In aluminum Brown" and Heidenreich and 
Shockley"® have found a surface lamella structure which 
may indicate that the resulting internal dislocation 
pattern is of the type used in Fig. 13. Such would prob- 
ably be the case if each group of slip lamellas, i.e., each 
slip zone, resulted from the action of a single Frank- 
Read" dislocation source. In any event, it is clear from 
the expressions for G in the two cases treated that the 
restoring force produced by dislocation interaction is 
strongly dependent on the type of dislocation array 
considered. This is fortunate, since it means that decre- 
ment measurements can give information on the 
particular kinds of dislocation patterns found in 
crystals. 

4 A, F, Brown, J. Inst. Metals 80, 1331 (1951). 

4% R. D. Heidenreich and W. Shockley, Report of a Conference 
on the Strength of Solids (Physical Society of London, 1948), 


» 57. 
16 F, C. Frank and W. T. Read, Phys. Rev. 79, 722 (1950). 
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Double Activators in Oxide Cathode Base Alloys* 


A. EISENSTEIN, H. JoHN, AND J. H. AFFLECK 
Department of Physics, University of Missouri, Columbia, Missouri 
(Received December 31, 1952) 


The presence of tungsten as a major impurity in the base metal of an oxide-coated cathode leads to the 
formation of the interface BasWOg. If silicon is also present, but as a minor impurity, this element gradually 
replaces tungsten in the interface to form Ba,SiO,. Similar reactions between titanium and aluminum with 


other known interface compounds were examined. 


INTRODUCTION 


R many years oxide-coated cathodes have been 

prepared on a nickel base metal containing small 
amounts of intentionally added impurities. These im- 
purities were probably first added to produce a base 
alloy having good mechanical properties, but it was 
soon found that these impurities also affect the electrical 
characteristics of the cathode.’ When reducing impurities 
such as Si, Ti, Al, or W are present, solid state chemical 
reactions occur in the cathode forming the interface 
compounds Ba2SiO., Ba2TiO., BaAl,O,, and Baz;WOg, 
respectively.2~* Other impurities are known to react 
with the oxide coating, but the identification of the 
interface is not certain. The presence of an interface 
compound indicates that a chemical reaction has taken 
place and all of these in which the metallic impurity 
combines with BaO release free barium. This is believed 


* Supported in part by the U. S. Office of Naval Research. 
1E. M. Wise, Proc. Inst. Radio Engrs. 25, 714 (1937). 

2H. P. Rooksby, Nature 159, 609 (1947). 

*D. A. Wright, Proc. Phys. Soc. (London) 62, 188 (1949). 

4E. G. Steward and H. P. Rooksby, Acta Cryst. 4, 503 (1951). 


to aid the actviation of the cathode; thus the reaction 
may be considered as a beneficial process. However, 
some interface compounds, e.g. Ba2SiO, and BaAl,O,, 
have a high specific electrical resistivity? and under 
some conditions of cathode operation this resistivity 
leads to deleterious effects.*~? 

When a base alloy of 4.7 percent tungsten-nickelf is 
used, cathodes of superior thermionic activity are pro- 
duced** which have long life. These cathodes do not 
exhibit a measurable interface resistivity" when life 
tested under conditions which give rise to an objection- 
able resistivity in silicon-nickel base cathodes. Following 
the completion of a 6000-hour life test of tungsten- 
nickel base cathodes, x-ray diffraction studies of the 


5 A. Eisenstein, J. Appl. Phys. 20, 776 (1949). 

* A. Eisenstein, J. Appl. Phys. 22, 138 (1951). 

7 W. W. Lindemann and H. J. Hannam, Bull. Am. Phys. Soc. 
27, 5 (1952). 

t Obtained from E. M. Wise, International Nickel Company. 

® H. A. Pohler, Proc. Inst. Radio Engrs. 40, 190 (1952). 

°F. A. Horak, J. Appl. Phys. 23, 346 (1952). 

” F, A. Horak, U. S. Office of Naval Research Tech. Report No. 
7, University of Missouri (1951). 
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Taste I. Solid-state reactions between interface compounds and 
metallic impurities. 











Ww Ti Si Al 
Ba;WO, 0 + + + 
BazTiO, - 0 Sa + 
Ba,SiO, - — 0 + 
BaAl.O, -_ —- _ 0 








interface failed to reveal Ba;sWOs¢ which was present 
early in life, but in its place was found Ba2SiO,y. A 
chemical analysis of the original base alloy indicated the 
. presence of 0.02 percent silicon in addition to 4.7 percent 
tungsten. Thus it is postulated that although the 
Ba;WO, had been formed initially," it had in time 
reacted with the silicon to yield Ba2SiO,. This possibility 
is of interest since the reaction with silicon releases 
tungsten which may again react with BaO producing 
excess barium. If this does not occur, the displaced 
tungsten itself may activate the cathode coating and 
interface. This process is evidently one that proceeds 
slowly during the life of the cathode and may. be re- 
sponsible for the superior electron emission properties of 
these cathodes. 


EXPERIMENTAL 


In order to determine the validity of the assumed 
silicon—Ba;WO,g reaction as well as others of this type, 
a series of solid state chemical reactions were tested. 
The four known interface compounds were synthesized” 
and then heated with the metallic impurities tungsten, 
titanium, silicon, and aluminum to determine if the 
reaction occurs under conditions similar to those found 
during normal cathode operation. Each metallic im- 
purity in the form of a fine powder less than 325 mesh in 
size was ground thoroughly with one of the interface 
compounds. These two components were used in such 
proportions as to yield the suspected interface com- 
pound. This mixture, usually about 500 mg, was placed 
in a platinum lined tantalum crucible and heated in 
vacuum for two to three hours at 1050°C. The pressure 
was maintained at a value less than 10~‘ mm of mercury 
at all times and was usually 10-* mm at the end of the 
reaction period. X-ray diffraction analysis techniques 
were used to identify the reaction products. Table I 
shows the results obtained from this series of twelve 
reactions. The + sign indicates that the reaction did 
take place and the — sign-indicates that no reaction 
was observed. For example, titanium, silicon, and 


" This interface was probably formed during the conversion of 
the cathode by the reaction 3BaCO;+W-—->Ba;WO,+3CO: see 
Hughes, Coppola, and Evans, J. Appl. Phys. 23, 635 (1952). 

% These compounds were produced by reacting BaCO; with 
either SiO., WO;, TiOz, and Al.O; in air at 1300°C. 
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aluminum react with Ba;sWO¢g to yield BazTiO,, Ba2SiO,, 
and BaAl,O,, respectively. Similarly, silicon and alumi- 
num will replace titanium in the interface compound 
Ba2TiO,, but only aluminum will replace silicon in 
Ba2SiO,. Thus the interface compounds of Table I are 
listed in order of chemical stability with Ba;WOg as the 
least stable. 

All reactions in which aluminum enters one of the 
interface compounds yield free barium, for example, 


2Al+ Ba2SiO,—BaAl.O,4+Si+ Ba. 


The production of barium was evident on the glass walls 
of the vacuum chamber in each case, and the loss of 
weight of the reacting sample confirmed this production. 
For those reactions in which tungsten, titanium, or 
silicon were released, the x-ray diffraction patterns 
confirmed their presence. One reaction between silicon 
and Ba;WO, was carried out at 900°C for two hours. 
The reaction product contained silicon, tungsten, 
Ba;WOg, and Ba2SiO,, indicating that the reaction had 
not reached completion at this lower temperature. 


CONCLUSION 


The results shown in Table I confirm the original 
assumption that silicon present in the cathode base 
metal may replace tungsten in the interface compound. 
As a result of the relatively high concentration of 
tungsten as compared to silicon in the original base 
metal, the tungsten interface was formed first and was 
then slowly converted to the silicon interface as the 
silicon diffuses to the interface region. At the completion 
of the 6000 hour life test these cathodes showed no 
interface resistance, whereas similar cathodes which also 
have the Ba2SiO, interface but were formed on a silicon- 
nickel base exhibited a high resistivity. However, x-ray 
patterns show no great difference in interface thickness 
of these two samples at 6000 hours. Thus one concludes 
that the silicate interface formed from the tungstate 
interface is in a higher state of activity than is the 
silicate interface formed by the direct combination of 
silicon and the oxide coating. The interface activation 
mechanism, be it due either to excess barium or excess 
tungsten, may also be responsible for the high cathode- 
coating activity and its long life. 

The results of this study point to two previously 
neglected factors in oxide cathode technology: (1) small 
concentrations of certain minor impurities in the base 
metal may, under conditions of extended life test, 
ultimately control both the nature of the interface and 
the thermionic activity of the coating; (2) the judicious 
selection of two or more base metal impurities in the 
optimum concentrations may result in higher activity, 
longer life cathodes than are presently being made. 
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The spectral emissivities of graphite and carbon have been determined at a wavelength of 0.653, in the 
temperature range of 1285 to 2035°K and have been found to be temperature dependent in accordance with a 
prediction from a relation between reflectivity and resistivity. For polished graphite of high purity having a 
resistivity of about 1120 microhm-cm the value obtained is 0.78; the value obtained for a polished high 
density graphite having a resistivity of 1740 microhm-cm is 0.78; and that for polished spectroscopic carbon 
having a resistivity of 5080 microhm-cm is 0.79. If graphite is sublimed from a polished surface, the latter 
becomes roughened, so that the emissivity increases. In one particular experiment it attained a value of 0.90. 





I. INTRODUCTION 


INCE an optical pyrometer is frequently used to 
measure the temperature of the surface of graphite, 
one of the most important high temperature properties 
of graphite is its spectral emissivity. The measurements 
given in the literature’ either have not been made 
with the proper regard to the variation among graphites 
or are not sufficiently complete from the point of view 
of surface conditions to permit precise temperature 
measurements of many graphites currently used. Quite 
aside from these criticisms there is in addition a question 
concerning the temperature coefficient of emissivity. 
Mendenhall and Forsythe’s data on carbon together 
with Chaney, Hamister, and Glass’s value appear to 
indicate a temperature independency for carbon in the 
range of 1400 to 2400°C, whereas Prescott and Hincke 
obtained for graphite a value of —5.8X 10-5 for de,/dT. 
One might well inquire whether this difference is real. 
One of the most common errors encountered in emis- 
sivity measurements is that resulting from the presence 
of temperature gradients, and since this error is fre- 
quently such as to cause the measured emissivity to 
decrease with increasing temperature, one becomes 
suspicious of a negative coefficient. 

The suggestion that Wien’s law (J,=constd~5e~°2/47 
= €)¢\\~5e— 2/47) describes the behavior of the emittance 
of radiant energy from a nonblackbody with respect to 
its temperature dependence carries with it the assump- 
tion that the spectral emissivity is independent of 
temperature. Hence a determination of the emissivity as 
a function of temperature is a method of examining the 
validity of Wien’s law for nonblackbodies. Furthermore, 
it is desirable to have experimental data to compare 
with the rough values of the temperature coefficients 
estimated from electromagnetic theory. The Drude 
relation between reflectivity and resistivity is 1—e, 
= R,=>1—2(pv)!, where p is the resistivity and »v is the 
optical frequency. From this one finds that (de,/dT) 


1 C, E. Mendenhall and W. E. Forsythe, Astrophys. J. 37, 380 
(1913). 

2C. H. Prescott, Jr., and W. B. Hincke, Phys. Rev. 31, 130 
(1928). 

3 Chaney, Hamister, and Glass, Trans. Electrochem. Soc. 67, 
138 (1935). 


=(v/p)'(dp/dT). For most artificially prepared graph- 
ites dp/dT is positive above about 400°C ; hence de,/dT 
should be positive. Using the more exact theoretical 
relation between reflectivity and resistivity one finds 
that for artificial graphite the calculated value is de,/dT 
=2%X10~, whereas for carbon the value is —6X10~. 
Admittedly the Drude relation may not be well obeyed 
for wavelengths shorter than 25u. However, there is no 
indication of color or anomalous dispersion in the visible 
region of the spectrum in thin evaporated layers of 
graphite. Hence the Drude expression may not be too 
bad an approximation even for visible wavelengths. 


Il. THEORETICAL BACKGROUND 
A. Method 


In principle, spectral emissivities are readily obtained 
from the relation 
. ec. 


———=— Ing, (1) 
Ze Sy Ce 


in which the brightness temperature S, of a surface at a 
true temperature 7, is measured easily with the aid of 
an optical pyrometer. However, primarily because of 
temperature gradients, the determination of the exact 
true temperature of the surface 7, becomes a difficult 
problem. The method used to obtain the true surface 
temperatures given in this report is in principle the 
same as that employed by Mendenhall and Forsythe, 
and Prescott and Hincke. A graphite cylinder was 
heated electrically, and the true surface temperature 
was obtained by correcting the blackbody temperature 
of the inside of the cylinder for gradients through the 
wall. The method of obtaining the correction, however, 
differs at least in detail from those employed in the 
two previous investigations. To effect this correction 
Mendenhall and Forsythe measured the brightness 
temperature and the corresponding hohlraum tempera- 
ture as a function of wall thickness and extrapolated the 
curve of the temperature differences to zero wall. 
Prescott and Hincke calculated the correction for finite 
wall thickness from data related to the thermal con- 


4M. Abraham and R. Becker, Electricity and Magnetism 
(Blackie and Son, Ltd., London, 1937), p. 192. 
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ductivity which they obtained during their investiga- 
tion. In the authors’ investigation the correction was 
found by extrapolating the temperature measurements 
linearly with the aid of a theoretically derived expression 
in which the temperature difference is not linear with 
wall thickness. This method is superior to those previ- 
ously used in that a correct linear extrapolation is used, 
and no knowledge of the thermal conductivity is needed. 
Besides this difference, the study described herein also 
gives more reliable results in that the existence of a 
“hot” zone surrounding the blackbody hole is recognized 
and is also taken into consideration in the calculations. 
Because of this “hot” zone, the area adjacent to the hole 
cannot be used to measure the brightness temperature 
of the surface. Since Prescott and Hincke measured the 
surface temperature between two holes which were 
rather close together, their emissivities are probably in 
error, particularly at the higher temperatures. Em- 
ployment of measurements (without corrections) ad- 
jacent to the hole, together with experimental values for 
the thermal conductivity, can result in calculated 
emissivities which are greater than unity. Quite possibly 
this is the difficulty encountered by Prescott and Hincke 
which forced them to conclude that employment of 
accepted values for the thermal conductivity gave 
‘absurd results. 

To apply the corrections for the temperature gradi- 
ents, obviously one should employ a set-up which ap- 
proaches as nearly as possible an ideal one. For this 
reason the inductive rather than the resistive method of 
heating the graphite was employed. Its use facilitated 
construction of the apparatus so that the temperature 
gradient in the radial direction could be minimized and 
was eliminated entirely in the axial direction, since the 
sample was mounted so that conduction losses were 
negligible. 


B. Quantitative Relations for Idealized Systems 


The idealized system, then, which one wishes to de- 
scribe quantitatively is one consisting of a hollow 
graphite cylinder of infinite length (from the point of 
view of heat losses out the ends) placed in a vacuum and 
mounted coaxially with an induction coil. This coil is 
assumed to be long compared with its own radius and 
with the length of the cylinder and is assumed to carry a 
sinusoidally varying current. For such a system the heat 
flow in the graphite cylinder is entirely radial so that the 
heat flow equation becomes 


1 “( dT P(r) 
rdr K 





(2) 


ry 


in which P(r) is the heat generated per unit volume at 
radius r averaged over each cycle of the sinusoidal in- 
duction current, and K is the thermal conductivity. To 
solve Eq. (2) one must first obtain an expression for the 
time averaged heat generated as a function of the 
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magnetic intensity arising from the current in the coil. 
This expression can be found readily to be 


2 


(3) 


dH 








in which p is the electrical resistivity in electromagnetic 
units and H is the root mean square of the real and 
imaginary amplitudes of a sinusoidally varying complex 
magnetic intensity.* 
The radial dependence of H can be found by solving 
the equation ; 
@H 1idH i4rpw 


—+-—-——H=0, (4) 
dr? rdr p 


in which yz is the magnetic permeability, and w is the 


_ angular frequency. 


To obtain a quantitative expression for the tempera- 
ture gradient across the wall of the cylinder one first 
solves Eq. (4) in terms of Bessel functions,® substitutes 
the solution with the aid of Eq. (3) into Eq. (2), and 
then solves this equation. The result obtained is some 
function involving the outside and inside radii a and 3 
respectively, the total emissivity, the permeability, the 
frequency, the thermal conductivity, and the electrical 
resistivity as parameters.* Hence the solution to Eq. (2) 
can be written in the form 


Ce, u, p, w) 


Ti- T,= T Af (ma, mb), (S) 


in which 7; is the temperature inside the cylinder, 











Coe 
C=-, 
m 
4rruw 
m? = ——, 
p 
f maj z dH 2 5 
f -f Z ae [dzdz 
mb 2 mb Z 
f (ma, mb) = ma> i 
ma dH 2 
f 2|—| dz 
. mb dz J 














and z= mr. 
The radial function f(ma, mb) as defined by Eq. (6) 
is a complicated expression involving Bessel functions of 


* That is, if the magnetic intensity in phase and amplitude is 
given by H=(Hi+iH:2)e™'| reat, then the proper H to put into 
Eq. (4) is H=(H2+H?/2)*. Because of the symmetry of the 
problem, H is a function of the radial coordinate only. 

5N. W. McLachlan and A. A. Meyers, Phil. Mag. 19, 846 
(1935). 

*R. J. Thorn and O. C. Simpson, J. Appl. Phys. 24, 297 (1953); 
also ANL-4878, August, 1952, contains mathematical details and 
other details of the emissivity investigation not included in the 
present publication. 
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first and second kind of zero order.* Approximately it is 
given by the expression 


mal at v( 1+4 in-) 


4(a*—b4) 





f (ma, mb)= 


Equation (5) must be combined with Eq. (1) so that an 
expression involving 7, and S, is obtained. To ac- 
complish this one solves Eq. (5) for 1/7, to find 


oi CT 
T 


is 2h 
CT,! 2 
+| f(ma, mi) |+---. (7) 
KT), 
Since [CT ,‘f(ma, mb)/KT;] is of the order of 10 or 
less, one can neglect all such terms with degree higher 


than one. If this value of 1/7, given by Eq. (7) is 
substituted into Eq. (1), one obtains 











7 “9 » CT? 
—-—-(—) Inex———_ f (ma, mb). (8) 
Ta So C2 KT; 


The left side of this expression involves the tempera- 
tures 7, and S; both of which are readily measured with 
an optical pyrometer. At constant hohlraum tempera- 
ture T, and constant outside radius a and variable 
inside radius 6 the ratio of T,4/T;? will vary only slightly 
as f(ma, mb) varies. Hence, according to this expression, 
the difference between the reciprocal temperatures 
(1/T,—1/S,) is a linear function of f(ma, mb) with an 
intercept at f(ma,ma)=0 equal to (A/c2) Ine, and a 
slope inversely proportional to the thermal conductivity. 
By calculating the intercept one can then obtain the 
spectral emissivity without having a knowledge of the 
thermal conductivity. On the other hand, the slope 
gives knowledge of the total emissivity and the thermal 
conductivity. 


C. Hot Zone Surrounding Blackbody Hole 


Since the induced current lines are crowded together 
around the blackbody hole in the side of the cylinder, 
the area adjacent to the hole may be slightly hotter than 
the rest of the cylinder. (This effect is even more pro- 
nounced for the area between two closely located holes.) 
For this reason an area symmetrically placed with re- 
spect to the hole, but 180° from it (“backside”) was 
used to determine the brightness temperature of the 
surface. However, as shown below, this crowding of 
current may also cause the temperature of the hole as 
measured by the pyrometer to be slightly higher than 
the hohlraum temperature. If one for simplicity con- 
siders the multiple reflection of a ray of light between 
two parallel planes, at the same temperature 7), except 
for an area adjacent to the hole in one of the planes 


which is assumed to be at a higher temperature 7 ;, then 
one can calculate the intensity of radiation emerging 
from the hole. The normal spectral radiancy of a ray of 
light originating at an internal point A some distance 
from the hot zone is e,J(T,), where J(T}) is given by 
Wien’s law, and 7; is the true hohlraum temperature of 
the space between the plates. After reflection at some 
internal point B, the radiancy is e,J(T,)+Rre,J (Ti); 
after reflection at internal point C it is eJ(T,) 
+Rye.J (T,)+Ry2e,J (T,). Continuing in this manner 
one finds that the radiancy after reflection at internal 
point Y adjacent to the hole and in the hot zone is e,J (T's) 
+RyeJ (Tr) +Rye.J (Tr) + Rie.J (T+ 7%, and after 
Z opposite the hole is 


J p= €,J (Tr) +RyeJ (T 7) 
+Ry7e,J (Th)+Rrie.J (Ti)+- °°, 


where J, is the spectral radiancy of the hole as seen by 
the pyrometer. This is proportional to the intensity of 
light entering the pyrometer. Since e,= 1— Rj, one finds 
that : 
J —{Ry— Ri} I(T 
NT) =2 { J ( Za 0) 
{1—R,+R,’} 


In deriving Eq. (9) we have not considered in detail the 
actual area of the “hot” zone. One can readily show, 
however, that this will cause no large error. If one 
considers the case of two parallel plates, one with the 
hole at a temperature 7; and the other at a temperature 
T,, then the expression analogous to Eq. (9) is 


J p—{Ry—RY+RS— + + J I(T) 
(1-RytRY-Rf-} 


If R,=0.2, T,=1905°K and T,=1920°K, then Eq. 
(9) gives T,=1907.5°K, whereas Eq. (10) gives 
T,=1907.6°K. Therefore the difference is sufficiently 
small so that it can be neglected, and either Eq. (9) or 
(10) can be used to correct the pyrometer reading for 
the “hot” zone so that the true temperature of the 
hohlraum can be obtained. 





J(T))= 





(10) 


Ill. APPARATUS AND PROCEDURE 


A cross sectional drawing of the essential parts of the 
apparatus is shown in Fig. 1. The arrangement was such 
that it permitted the pyrometer to be pivoted about the 
axis of the graphite or carbon cylinder under investiga- 
tion so that the temperature of the hole and an area 
diametrically opposite the hole could be determined 
with one pyrometer. Also the cylinder could be rotated 
about its axis with the aid of the ground glass joint. The 
graphite radiation shield could be moved up and down 
by moving the counterbalance weights with a set of 
magnetics. 

Cylinders were fabricated from a large block of high 
purity, medium density graphite, from a small sample of 
a very high density graphite obtained from Great Lakes 
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Fic. 1. Apparatus used to determine emissivity. 


Carbon Corporation, and from special spectroscopic 
carbon electrodes obtained from National Carbon Com- 
pany. The cylinders were hollow with an outside diame- 
ter of about 0.5 cm and an initial inside diameter of 
0.2578 cm. They were 4 cm long and had a small radial 
hole, 0.046 cm (No. 77 drill) in diameter, through the 
wall at the center of the axial length. The axis of the 
cylinder was cut parallel with the axis of extrusion. 
When the graphite cylinder axis was cut perpendicular 
to the extrusion direction, the polishing operation pro- 
duced a tube which was out-of-round because of the 
difference in hardness of the graphite in the two direc- 
tions. The diameter was selected mainly as a compro- 
mise between two opposing factors. On the one hand, it 
was desired to minimize the difference in temperature 
between the inside and the outside of the cylinder; on 
the other hand it was desired that the graphite cylinder 
be sufficiently large so that it would be heated to ahout 
2400°K with the induction heating unit at the authors’ 
disposal. The selection of the length was somewhat 
arbitrary, but emissivity measurements vs cylinder 
length demonstrated that the measured emissivity was 
independent of the length over a range of 2 to 12 cm. 
The wall thickness of the cylinder was decreased by 
increasing (by drilling) the inside diameter. To ac- 
complish this without breaking the cylinder it was 
necessary to use drills the ends of which were ground flat 
so that there was no tendency for the drill to slip into 
the cylinder and bind. For the drilling operation the 
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cylinder was held in a brass sleeve which in turn was 
clamped in a collet in a lathe. The inside diameter was 
drilled successively with number 38, 31, 29, 23, and 18 
drills. 

In the investigation being reported two different sur- 
face conditions were studied. These were a polished 
surface and a polished surface from which graphite had 
been sublimed. The polishing was accomplished by 
holding wet ground-glass plates against the cylinder 
(one on each side) as it turned in a lathe. Three sets of 
plates were used. One was ground with 120 Norbide, 
another with 600 Carborundum, and the third with 95 
Aloxite (used with no water). The surface obtained was 
one with a black metallic luster (reflectivity about 0.22) 
perforated with a few small holes which originally were 
the pores of the piece. This surface was carefully pro- 
tected during all subsequent operations so as to avoid 
producing scratches or other surface irregularities. 

All cylinders were given a preliminary bakeout at 
about 1800°K for approximately three hours before any 
measurements were made. During this treatment a small 
amount of black material sublimed out of the graphite. 
After this, no sublimation of material from the cylinder 
was observed, even at temperatures as high as 2023°K. 
At all times when the cylinders were heated the pressure 
was never permitted to exceed 10~* mm Hg. During the 
temperature measurements the pressure was 5X 10-* 
mm Hg or less. Under these conditions there was no 
evidence indicating a roughening of the surface by gases 
in the vacuum. 

The optical pyrometer (Leeds and Northrup disap- 
pearing filament type) was standardized against a 
tungsten ribbon lamp calibrated by the National 
Bureau of Standards. Although the maximum uncer- 
tainty in the lamp calibration with respect to absolute 
temperature may have been as large as 5°, this large an 
error in the absolute value of the temperature causes an 
error of only 0.001 in the measured emissivity and hence 
is not serious. The important error is the relative error in 
the temperatures T, and 7). This is estimated to be 
about 0.67°. This estimate is based upon the assumption 
that the temperature of the ribbon in the lamp is a 
monatonic function of the current through it.f If this is 
true, then the error for a small range in temperature in 
the standardization experiment is, for all practical 
purposes, the error involved in comparing the pyrometer 
with the lamp. This error causes an error of 0.006 in a 
singlé determination of the emissivity at 1600°K. 

Since the pyrometer was calibrated against the 
National Bureau of Standards pyrometer (indirectly), 
the corrected temperatures correspond to the effective 
wavelengths of the latter pyrometer. Hence the emis- 
sivities reported in this investigation also correspond to 





¢ For example, it is assumed that there are no sudden changes in 
emissivity, transmissivity, or electrical resistivity due to sudden 
evaporations or condensations of layers of adsorbed gases within 
the standard ribbon filament lamp envelope (on the ribbon or on 
the glass) which cause non-monatonic temperature changes with 
current. 
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these same wavelengths. For the mid-point temperature 
this wavelength is 0.652,u and its variation over the 
range of measurements is 0.003 qu. 

The optical transmission of the quartz tube envelope 
through which the heated cylinder was viewed with the 
pyrometer was determined by measuring the brightness 
temperature with the pyrometer of a 6-watt General 
Electric fluorescent lamp viewed directly and with the 
quartz tube interposed. This transmission was used to 
correct the pyrometer readings to find the true tempera- 
ture of the inside of the cylinder. 

This procedure, however, did not permit a sufficiently 
accurate measurement of the difference between the 
corrections for the two sides of the quartz tube. These 
are the corrections which are involved in the calculation 
of the emissivity from the measured temperatures. If the 
measurements of the temperatures of the hole and the 
back side of the cylinder had been made leaving the 
pyrometer in a fixed position and rotating the cylinder 
by means of the ground joint, no correction would have 
been necessary. This procedure, however, would have 
been time-consuming and perhaps impossible because 
the joint usually stuck after a few turns. Hence, this 
difference was determined by measuring the tempera- 
ture of the hole in its original position with respect to 
the quartz tube and the temperature of the hole after 
rotation through 180 degrees; that is, the temperature 
of the hole measured through the back side of the quartz 
tube. 


IV. RESULTS 
A. Temperature Dependence 
1. Graphite 


Typical values of 1/7,—1/S, are plotted with vari- 
able inside radius 6 in Fig. 2 as a function of f(ma, mb) 
for three different temperatures. Within the scatter of 
the data these curves may be considered to be linear as 
demanded by Eq. (8). From the intercepts the emis- 
sivities were calculated. The values so obtained are 
plotted in Fig. 3, together with previously published 
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Fic. 2. Plot of reciprocal temperatures vs radial function. 
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Fic. 3. Spectral emissivity vs temperature. 


values. Inspection of these presently reported values 
shows no trend with temperature other than possibly a 
linear one. Hence a least-squares linear curve has been 
calculated. The resulting equation is (for polished 
graphite) e,= (0.745+-0.012)+ (1.88+0.72) x 107, (for 
A=0.653y). 

2. Carbon 


Because of the difference between the properties of 
carbon and those of graphite, it was impossible to use 
the same procedure for carbon that was used for graph- 
ite. It was impossible for example to enlarge the inside 
diameter of a carbon cylinder beyond about a No. 29 
drill by the same procedure used with graphite because 
the cylinder split. Therefore it was decided that meas- 
urements with a cylinder having an inside diameter of 
0.4296 cm (No. 18 drill) and an outside diameter of 
0.5024 cmf could be made and then corrected for the 
slight error caused by the temperature gradient across 
the wall on the basis of the data obtained with graphite. 
From the thermal conductivities and the resistivities of 
the two materials it was found that the slope of 1/7), 
—1/S, vs f(ma, mb) as given by Eq. (8) is about 1.21 
times larger for carbon than it is for graphite. Hence the 
correction at a given temperature for carbon for the 
extrapolation from f(1.49, 1.28) to f(1.49, 1.49), is 
about 1.21 times that for graphite. In addition to this 
difference it was also found that with the apparatus used 
for graphite it was impossible to heat the carbon cylin- 
der above about 1500°K. Hence to obtain measure- 
ments at higher temperatures it was necessary to sur- 
round the carbon cylinder with a thin-walled graphite 
cylinder, snugly fitted, with holes (No. 60 drill) in the 
walls so that the blackbody hole and the backside of the 
carbon cylinder could be seen. To ascertain whether this 
encasing cylinder had any effect on the measured 
emissivity, measurements were made up to 1500°K 
before and after the graphite was placed around the 
carbon. The result with carbon alone is 0.794+-0.005, 
whereas that with the combination is 0.788+0.005. 


tA cylinder with this thin wall could be made by first drilling 
the inside out and then turning the outside down on a lathe. 
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Therefore within the limit of the error there is no differ- 
ence between the two set-ups. 

The results for carbon (Fig. 3) can be expressed also 
by a least-squares linear equation—namely, 


e,= (0.789-+0.005)— (1.40-+3.24) x 10~’T. 


B. Effect of Density and Polish 


Since one might well inquire whether the emissivity 
for polished graphite reported in the previous section is 
characteristic of the particular sample used or the extent 


TABLE I. Emissivity vs polish. 











Polish Emissivity 
95 Aloxite plates 0.777+0.009 
Repeat polish 0.784+0.009 
Sapphire powder plates 0.780+0.009 








of the polishing, data pertaining to these effects are re- 
ported below. In one series of experiments the values of 
T, and S, were determined at 1480°K for a graphite 
cylinder having the same length and outside radius as 
that used for the previously reported experiment, but 
having an inside radius of a No. 32 drill. Also this new 
sample was fabricated from a piece of high density arti- 
ficial graphite obtained from Great Lakes Carbon Cor- 
poration. To ascertain the correction for the f(ma, mb) 
extrapolation, the values of (1/7,—1/5Ss) were meas- 


TABLE II. Emissivity vs resistivity for “carbons.” 











Resistivity 
Material (microhm-cm) Emissivity 

a axis graphite 36 ca 0.69» 
Medium density 1 * 

(ca 1.6 g/cm'*) 1120° 0.78 
Great Lakes high density 1 * 

(ca 1.9 ohads 1740 0.78 
Spectrochemical carbon 50804 0.79 
¢ axis graphite 2 000 000° ca 0.95 (?)! 








* | =viewed perpendicular to extrusion axis. 

> L. Fuchs, private communication. 

* Neubert, Royal, and VanDyken, Argonne National Laboratory Report, 
ANL-4022 (August, 1947). , 

4H. S. Patten, private communication. 

« K. S. Krishnan and N. Ganguli, Nature 144, 667 (1939). 

{ Schneiderhohn and Ramdohr, Lehrbuch der Erzmikroskopie (Bornhaeger, 
Berlin, 1931), Vol. 2, p. 18. 


ured at two temperatures (1480 and 2030°K) in one 
particular case. From the difference between these 
values and the corresponding difference obtained with 
the medium density graphite, the ratio of the two 
corrections for the f(ma, mb) extrapolation was ob- 
tained. The correction in this particular case was then 
obtained from the one previously determined. Since the 
correction for the hot zone surrounding the hole was 
only about 0.003 in the first experiment, it was assumed 
to be the same in this experiment. The emissivity of the 
high density graphite polished with plates ground with 
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95 Aloxite was determined; the cylinder was removed 
from the apparatus, repolished with 95 Aloxite plates, 
and the emissivity redetermined. Finally, the cylinder 
was polished with plates ground with sapphire powder 
(0.5-3.0u particle size) and its emissivity remeasured. 
The results (Table I) show that further polishing, even 
with the sapphire powder plates, beyond the 95 Aloxite 
plates has no effect on the emissivity. Hence, for the 
high density graphite, one obtains for the emissivity a 
value of 0.780+0.005. 

This value is very slightly higher than that obtained 
for the medium density. In view of the fact that the 
electrical resistance of the high density graphite is 
higher than that of the previous graphite sample, and 
also in view of the fact that the area observed on the 
latter was carefully selected to be relatively free of 
holes, it is believed that the difference is real. This 
conclusion is supported by the fact that this value falls 
between that for graphite and that for carbon. Hence, as 
one can predict from the Drude relation, the emissivity 
of the various “carbons” increases with increasing 
resistivity. It is interesting to observe that even the 
values for single crystals of graphite also fulfill this 
relation qualitatively (see Table II). 


C. Effect of Sublimation 


Since one of the primary factors which encouraged 
this investigation was the need for the accurate de- 
termination of the temperature in the measurement of 
the heat of sublimation of graphite, it was necessary to 
find the effect of sublimation from some reproducibly 
prepared surface on the emissivity of that surface. 
Consequently, the emissivity of a polished surface (95 
Aloxite plates) of a cylinder (No. 38 drill inside diame- 
ter; 0.5009 cm outside diameter; 4 cm long) fabricated 
from the medium density graphite was determined first 
before sublimation and then after a number of sublima- 
tions at a background pressure of 10-' mm of Hg. To 
attain the sublimation temperatures readily and safely, 
it was necessary to use a thick walled cylinder, the 
radiation shield; and water cooling of the quartz tube. 
The latter was accomplished by surrounding the quartz 
and induction coil with a large Pyrex tube through 
which distilled water was circulated by means of a small 
pump. The values of 7; and S, were determined after 
each sublimation at two temperatures (1480 and 
2030°K) and each set of values was corrected for the 
extrapolation to zero wall thickness and for the hot zone 
according to the procedure outlined in the previous 
section. The emissivities calculated from these corrected 
temperatures are plotted in Fig. 4 as a function of the 
total amount of graphite sublimed. Although the scatter 
of the points is rather large, the emissivity approaches a 
fairly constant value of 0.905. 


V. ERRORS 


In view of the fact that the measurements have been 
extrapolated to cylinders having zero wall thickness and 
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that radiation inside the cylinder is very nearly that of a 
blackbody, the errors in the emissivity are easily shown 
to arise primarily from the precision of the measure- 
ments with the pyrometer and not because of failure of 
the method to approach ideal conditions. Hence the 
scatter of the data measures the error. The least- 
squares method has therefore been used to calculate 
their magnitudes as given in the results. 


VI. ADDENDUM 


A. Thermal Conductivity of Graphite 


According to Eq. (8) the slope of 1/7,—1/S, vs 
f(ma, mb) is inversely proportional to the thermal 
conductivity. Since C in Eq. (8) is equal to ce/m, and 
since T,?/T;? is close to unity, one obtains for the 
thermal conductivity 


K=oeT?2/cm, 


in which c is the slope of the 1/7,—1/S, vs f(ma, mb) 
curve. If the values of the slope are substituted into the 
equation given above together with the value of e=0.80, 
p=8.39X10° emu, and w=2rX3.75X10*° sec, one 
obtains an average value of 0.16 cal cm™ sec deg™ for 
the thermal conductivity. Although the individual 
values scatter quite a great deal, they are at least of the 
correct order of magnitude. For example, Powell’ has 
reported a value of about 0.05 for this temperature 
range and MacPherson® has reported a value of about 
0.11 for AGW graphite. In view of the small tempera- 
ture differences involved in the calculation no great 
accuracy can be expected. However, the values obtained 
do indicate that one is justified in employing Eq. (8) to 
calculate the emissivity. Perhaps if the above method 
were improved by employing cylinders with thicker 
walls it could be used to measure the thermal con- 
ductivity of graphite at high temperatures. 


C. Correction to Heat of Sublimation 


The value for the emissivity of a surface from which 
graphite had been sublimed as determined in the present 
study will have no effect on the value for the heat of 


7R. W. Powell, Proc. Phys. Soc. (London) 49, 419 (1937). 
8’ D. Cowen, NEPA-953, p. 321. 


sublimation obtained by Simpson, Thorn, and Winslow® 
—namely, 171.5+1.9 kcal/mole (this is the average of 
174+3 and 169+2 weighted equally), since tempera- 
tures of cylindrical holes were measured to obtain this 
value. However, the value obtained herein for e, will 
change the value of the heat of sublimation of 175.2 
kcal/mole reported by Marshall and Norton.” The 
average temperature of their measurements giving this 
average AH,° is 2569°K. If one uses a value of 0.905 
typical for the emissivity of graphite under conditions of 
sublimation instead of the value 0.80 used by Marshall 
and Norton, and if one corrects their temperature to the 
1948 scale," then one finds that 


178.2 2520 
2569 
AH,’= 171.8+0.24 kcal/mole. 


AH,’+3.0= 
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Fic. 4. Emissivity as a function of amount sublimed. 


Hence there is excellent agreement between these two 
determinations for the heat of sublimation, and both 
agree reasonably well with the value of 170.6-+0.2 from 
spectroscopic data favored by Gaydon” but not with the 
corrected value of 165.3 kcal/mole reported by Brewer 
and Mastick." 

The authors wish to acknowledge the helpful sug- 
gestions given to them by B. I. Spinrad and G. H. 
Winslow. 


® Simpson, Thorn, and Winslow, Argonne National Laboratory 
Report ANL-4264 (May, 1949). 

#” A. L. Marshall and F. J. Norton, J. Am. Chem. Soc. 72, 2166 
(1950). 

"1 R. J. Corruccini, J. Research Natl. Bur. Standards 43, 133 
(1949). 

#2 A. G. Gaydon, Dissociation Energies and Spectra of Diatomic 
Molecules (Chapman and Hall, Ltd., London, 1947). 

31. Brewer and D. F. Mastick, University of California 
Radiation Laboratory Report UCRL-572 (1949). 
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Axial Motion of Electrons in a Linear Accelerator with g=1* 


Complete integrated solutions have been found in terms of elementary functions for the motion of an 
electron on the axis of a progressive wave linear accelerator with a constant wave speed, 8=1. The char- 
acter of the solutions has been discussed and asymptotic relations found. 

Calculations have been made for the third section of the Purdue linear accelerator, in which the curves 
for the first two sections where 8<1 have been extended. The energy distribution of the emergent beam 
was computed. It was found possible to design a linear accelerator with constant wave speed sections which, 
without preliminary bunching, would produce a beam of greater homogeneity in energy than might have 


been expected. 


INTRODUCTION 


HE motion of an electron on the axis of a pro- 
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The first integration of this equation is* 
n(u?—1)'—u=C—A siny, (2) 


gressive wave linear accelerator with a constant 
wave speed, 8=1, is treated. This is a continuation of 
the work of Caplan and Akeley' who considered the 
corresponding case with 8< 1. The differential equations 
are integrated and the result applied to calculations 
extending the energy-distance and _ phase-distance 
curves through the third section of the Purdue linear 
accelerator. The energy distribution is obtained for 
the entire accelerator from these calculations. 


THE EQUATIONS OF MOTION 


The differential equations of motion of an electron 
on the axis of a progressive wave linear accelerator with 
B=1, are 





du 
—=A cosy 
dx 
(1) 
dy nu 
a : 
dx (u?— 1)! 


where is the rest plus kinetic energy in units of the 
rest energy of the electron, x is the axial distance in 
units of c/w where c is the speed of light and w is the 
frequency of the wave, y is the phase given by (x—?) 
where ¢ is the time in units of 1/w, n=+1, —1 for 
positive and negative velocities, respectively, and A is 
given by A=ecE/mcw where e is the charge of the 
electron, m is the rest mass of the electron, and E is the 
minimum value of the electric field strength along the 
axis of the tube (i.e., EZ is the negative of the maximum 
value of the field strength so that A is positive since e¢ is 
negative). 


* This material was presented at the Chicago Meeting of the 
American Physical Society in 1950 and in Phys. Rev. 81, 304 
(1951). It was also accepted in partial fulfillment of the require- 
ments of a Master’s degree at Purdue University in June, 1951. 
The same subject has also been treated by W. Skolnik, Master’s 
thesis, Illinois Institute of Technology, June, 1950; and by E. L. 
Chu, M. L. Report No. 140, May, 1951, Microwave Laboratory, 
Stanford University. 

1D. Caplan and E. Akeley, J. Appl. Phys. 23, 774 (1952). 


where C is the constant of integration. 
Since from (1) 


du\?73 
sama veniroale (“JT 0 
dx 


(2) may be written 
du 273 
ne 1)'—w= CF, 2 (~) ‘ (4) 
dx 


du 
—_ +[A?— (n[?—1]!—u—C)?}}. (5) 


x 


or 


The upper sign is for the case of the energy increasing 
with increase of distance (positive acceleration for 
positive velocity). The sign corresponding to this case 
will be carried on top in the following. 

Introducing s defined by 


s=n(u?—1)'—u—C=-—A siny, (6) 
and separating variables, we obtain for Eq. (5) 
ds ds 
— + , 
‘2(C+s)?(A?—s*)! 2(A?—s?)! 





(7) 


On integrating Eq. (7), we find 
x= ¥} sin“ (s/A)+3B+Ci, (8) 


ds 
B= f 
(C+s)?(A?—s?)! 


and C; is the second constant of integration. 

B depends on whether the absolute value of C is 
equal to, greater than, or less than A. The case for 
|C|=A gives the curve known as the separatrix. Let 
w=C+s; then 


where 








(9) 


P f dw 
oS w(—w8+ 2Cwt A2—C2)! 
2 J. C. Slater, Revs. Modern Phys. 20, 473 (1948). 
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For |C|= 


B= = f duw*(2C/w— 1) (10) 


It is shown later that C is negative for this case. The 
minus sign in front of the integral enters from the fact 








that w<0 since C<Oand since |s| <A=|C| by Eq. (6). 
Let Z?=2C/w. Then 
1 ZdZ (Z?—1)3 
(27— 1) 2c? 3 
or (11) 





LEIA 


Substituting this into Eq. (8) and also the value —A 
for C, we find 


1 Ss 
x= F- sin — 
2 


A+s 
12A? 











A+s\3 
Pe ) +C, (12) 
4A27\A— 


for the case of the separatrix. 
For the case |C|>A 


[—w*+ 2Cw+ (A*—C*) }} 
(A?—C?)w 





2C 
C?) (C?— A)! 
2Cw+2A?—2C? 4 
xsin-| , 
|w| (4C?+44?—4C?)3) 
or (13) 
(A?—s5?)! ¢ A*+Cs 7 
B= + sin] | 
(C’-—A*)(C+s) (C?—A%)! A|C+s| J 
For the case |C| <A 
[— w+ 2Cw+ (A?—C*) }! 
- w(A?—C?*) 
2C | 1 
2(A?—C?) (A?—C?)! 
2(A?—C?*)}(— w+ 2Cw+ A?2—C)! 


In|— 
| w 





2(A?— 























=e 








or us 5 (14) 


= + 
(C+s)(C?—A?) (A?—C?)} 
(A?—(C?)#(A?— 5?) i (A?—C?)+C(C+s) | 
n —— . 
(Cts) | 








plus a constant times In2 which can be incorporated in 
C; in Eq. (8). In the above equations, all inverse sine 
functions are taken from — 42 to 3x. 


DISCUSSION OF THE EQUATIONS 


If p designates the relativistic momentum in units of 
mc, then 


p=n|p| =n(w—1)}. (15) 
Substituting Eq. (15) into Eq. (2), we find 
p—(p+1)!=C—A siny. (16) 


Figure 1 is a plot of Eq. (16) for various values of C. 
Slater? gives a plot of Eq. (2), which has the same type 
of curves for positive velocities. 

Since the speed of the wave is equal to the speed of 
light and since no particle can attain this speed, the 
phase y of every particle is always decreasing. Thus the 
direction of motion in momentum-phase space is as 
shown by the arrows in Fig. 1. 

The constant C can not take all values as is seen by 
Eq. (16). Since |p|<(g?+1)! for all values of 9, 
C—A siny<0 and thus C<A siny< A. This means that 
C can not be positive except for |C| <A. Thus the use 
of C=—A was correct in deriving Eq. (12). 

Equation (16) has asymptotes parallel to the momen- 
tum axis at the phase values 
















































































y=sin(C/A)+2k (17a) 
and 
y=a—sin(C/A)+2ek, k=0,+1,+2,---. (17b) 
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Fic. 1. Momentum of the particle vs phase for the case A 
=0.0728. The top curve is for C=0.0400, the second for C=0, the 
third for C= —0,.0400, the fourth for C= —0.0728 (the separatrix), 
the fifth for C= —0.10, the sixth for C= —0.20, and the bottom 
curve for C= —2.00. 
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Fic. 2. Rest plus kinetic energy in mass units vs axial distance in 
units of c/w in the third section for various initial phases in the first 
section. 


The curves of Eq. (16) approach these asymptotes and 
p+ only for |C|<A. Thus Eqs. (12) and (14) are 
for the cases of u->© as x. For these cases, y can 
not take all values but must be in the interval (r— sin“ 
X (C/A)+2xrk, sin-'(C/A)+2xk). For the case that 
|C|>A, Eq. (16) shows that p is bounded and is a 
periodic function of y with period 27. For this case y can 
take all values. Since p is bounded, ~ is also, as given by 
Eqs. (13), (8), and (6). 

The minimum value of ~, Pmin, occurs at phase values 
of y=4r+2rk(k=0, +1, +2, ---). From Eq. (16), it 
is given by 


Pmin=43L(C—A)?—1](C—A)“. (18) 


This equation is valid for particles above and below as 
well as’those on the separatrix. Only particles below the 
separatrix have a maximum value of p however. This 
occurs at phases of y= —42+2rk and is given by 


Pmax=4[(C+A)*—1](C+A)“. (19) 


Since « is a monotone increasing function of # for 
positive speeds, t#max and t#min occur at the same phase 
values aS pmax and Pmin, respectively, for the case of 
positive speeds and are given by 


Mmax= —4[(C+AP+1]}(C+4), 
Mmin= —$[(C—A)?+1](C— A). 


The expression for t#max is valid only for particles below 
the separatrix. 

From Eg. (16) it easily follows that if C>A—1, the 
electron will always have a positive speed. On the other 
hand if C<—A-—1, the speed is always negative. 
Particles for which —A—1<C<A—1 will have posi- 


(20) 
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tive speeds part of the time as well as negative speeds. 
Thus it is seen that C is an important parameter in 
determining the type of motion of a given electron. 

Equation (8) together with Eqs. (13) and (6) gives 
the energy as a function of the distance for particles 
below the separatrix. These equations show that for 
this case « is a periodic function of x for particles that 
always have a positive speed and the period is 


Ax=—a—Cr(C?—A?)-1. (21) 


Equation (8) together with Eqs. (14) and (6) gives 
the energy as a function of the distance for particles 
above the separatrix. Considering values of x so large 
that we can neglect terms of the order of 1/x or higher, 
we find from these equations 


u=Gx+HA |n|x|+/ 
| | 


(22) 
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Fic. 3. Deviation of the energy in mass units from the curve 
du/dx=A with u=6.700 vs axial distance in units of c/w in the 
third section for various initial phases in the first section. 


_where G, H, and J are constants given by 


G=(A*—C), 
H=}3C(C?—A’)", 
= — (A?—C*)§[3 sin“ (C/A) +C1] 
+3C(A*—C*)"[1—In| 4(A?—C")4| J. 
Equations (12) together with (6) are for particles on 
the separatrix. For values of x so large that terms of the 


order of x*/*? can be neglected as compared to terms of 
the order of x?’°, we find 


u=}(Kx— Mx)! 
where K and M are constants given by 


M =A (18A)!/6, 


(23) 


K=6(A/2)}, 
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AXIAL MOTION OF ELECTRONS 


RESULTS OF CALCULATIONS 


Given here are the results of calculations for the 
third section of the Purdue linear electron accelerator. 
The equations developed above were used for these cal- 
culations. The curves of Caplan and Akeley’ for the first 
two sections are extended through the third section 
giving the energy distribution for the accelerator. The 
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Fic. 4. Phase in radians vs axial distance in units of c/w in the 
third section for various initial phases in the first section. 


initial kinetic energy taken by them was 50 kev for each 
of the curves. Various initial phases were used. In Figs. 
1-5 the initial phase in degrees is given by each curve. 

In the solution of the differential equations, A was 
treated as a constant. However A will vary slowly 
because of the attenuation of the maximum field 
strength. In the calculations, the arithmetic average of 
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Fic. 5. Rest plus kinetic energy in mass units at various positions 
of the third section vs the initial phase in the first section. The 
initial energy in the first section is 50 kev. 


A was taken for each meter. The wavelength of the 
wave was taken as 10.600 cm while the value used for 
E at the beginning of the section was 23.2 kev/cm with 
an attenuation of 10 percent per meter. From these, 
one obtains the values of A in the first and second meter 
of the section as A; =0.0728 and A2=0.0654. Numerical 
calculations were carried out for the 45° curve using an 
exponentially varying A instead of a constant one. The 
error involved in the energy, resulting from using the 
constant value of A, was for this case less than 0.3 
percent of the total energy change for the first meter. 

Since the third section will end at approximately two 
meters, the upper curve of Fig. 5 gives the energy of the 
emergent electrons as a function of the initial phase. It 
is seen that the maximum kinetic energy is 7.1 Mev. 
Figure 5 also shows that 33 percent of the electrons are 
in the energy range from 3.1 to 7.1 Mev, while 18 
percent are from 7.0 to 7.1 Mev. This energy distri- 
bution is for a constant phase distribution at the 
beginning of the first section. 
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The Electric Permittivity of a Dilute Suspension of Membrane-Covered Ellipsoids* 


Huco FRICKE 
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This theoretical paper deals with the low frequency permittivity (¢) of a dilute suspension (conductivity ¢, 
volume concentration p), in a conducting medium (conductivity ¢,, permittivity ¢,), of ellipsoidal particles 
(major axis 2a) each composed of a conducting core covered with a nonconducting surface membrane 
(thickness ¢, permittivity ¢»). The quantity [e—(¢/o,)«, ]/(paem/t) is expressed in terms of Weierstrass’ el- 
liptic functions of the axial ratios, for parallel and random arrangement of the ellipsoidal axis. A table 


of its numerical values is given. 





IOLOGICAL cell materials are well-known ex- 

amples'? of an interesting dielectric mechanism 
by the operation of which certain types of colloidal 
systems may exhibit very high permittivities. The effect 
is obtained when conducting particles are dispersed in a 
conducting medium and thin insulating membranes are 
present at the interphases. The system acts then as a 
parallel and series combination of electric condensers of 
high capacity. The mechanism has recently attracted 
attention as possibly accounting for the high permit- 
tivities of certain technically important ferrites.* In 
connection with my early work on this effect in mam- 
malian erythrocytes,'* the theoretical relation between 
the permittivity of such a system and the membrane 
capacity was derived for particles of ellipsoidal form 
covered with a membrane of uniform thickness.’ The 
integration in the expression obtained was carried out 
only for ellipsoids of rotation. In this report the calcula- 
tion is carried through for the general case of ellipsoid. 
The general solution was needed in a study of the red 
blood cells of nonmammalian vertebrates which are 
practically perfect ellipsoids with all axis different. 

The treatment is limited to suspensions in which the 
number of dispersed particles is so small that the 
local field can be taken as equal to the external field. 
A suspended particle is composed of a well-conducting 
ellipsoidal core (axis 24=2b=2c) covered with a 
membrane of thickness /,, and permittivity ¢,. The 
conductance and admittance of the membrane are 
supposed to be so small compared to the conductances 
of the particle interior and suspending medium, that 
practically, (1) the interior of the particle is at a 
constant potential and (2) the field distribution in the 
external medium around the particle is the same as 
if the whole particle were a perfect insulator. 

‘Under these conditions, the following expression was 
derived for the permittivity ¢ of the suspension, for the 
case that the ellipsoids are arranged parallel to each 
other, with axis 2a(a=<a, b or c) in the direction of the 
external field.’ Conductivity and permittivity of sus- 

* Supported by the U. S. Office of Naval Research. 

1H. Fricke, J. Gen. Physiol. 9, 137 (1925). 

2H. Fricke and S. Morse, J. Gen. Physiol. 9, 153 (1925). 

3 E. Blechschmidt, Physik. Z. 39, 212 (1938). 

*C. G. Koops, Phys. Rev. 83, 121 (1951). 


5H. Fricke, Phys. Rev. 26, 678 (1925). 
*H. Fricke, Phys. Rev. 24, 575 (1924). 


pension and suspending medium are defined by writing 
their complex conductivities ¢+j(¢/2)n and o,+ (¢€,/2)n, 
respectively (n: cycles per second) : 


oC Em 
€— €:— = p—ga, (1) 
Os m 
4 S #-dS 
Sa (2) 





 (Q—abeL,) trate’ 





- dr 
L.= f ’ (3) 
0 (a?+d)[(a@?+d)- (+A): (P+) ]}! 


p is the fractional volume of the suspended ellipsoids, 
and x is the distance of a membrane element dS 
from a plane (yz) through the center of the ellipsoid, 
at right angle to the electric field F. The quantity 
2Fx/(2—abcL,) is the potential across dS and Eq. (1) 
expresses the fact that the electrostatic energy stored in 
the equivalent capacity of the suspension is equal to 
that stored at the membranes and in the suspending 
medium. 

The value of ¢ for a suspension of ellipsoids of random 
orientation is obtained from Eq. (1) by replacing g. by 


g=4: (gatgets). (4) 


(1) The integral {2°dS, which represents the moment 
of inertia of the surface of the ellipsoid with respect to 
the yz plane, can be expressed as follows, in terms of 
Weierstrass’ elliptic functions.’ A, B, and C are the 
values of f{2x°dS, when the electric field is parallel to 2a, 
2b, and 2c, respectively (j= (—1)'): 











2; 
A=--— : . (a*D,—a*Do+ D3), (5) 
bec? (a?— b?) (a?— c?) 
2j 
B=—- —-(HD,—?D.+D;3), (6) 
ac? (b?— c?) (e— a’) 
2j 
C=— -(AD,\—2D2+Ds;), (7) 


ba? (?e— a’) (?e— b?) 


7A. H. H. Tallqvist, Finska Vetenskaps—soc. Acta Soc. Sci. 
Fennicae. Helsingfors. 17, 491 (1891). 
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Sin ipa beagtiadl (8) 
gas ————— {or 0 \Wo) §, 
(9 (wo)? — 
M63 (an) gw) 
2=————{ 3¢ (wo) 9” (wo 
" (9'(wo))® 
+woL3 9” (wo) 9 (wo) — (9’ (wo))*}}, (9) 
Dio tp uiagta led 
3= —{— ia 0) 9 (wo) — 9’ (wo 
(p'w)* 
+wol 9” (wo) —12(~(wo))* J}, (10) 
iyi 1 1 
oln)=—-(—+_+-), (11) 
3\a BP C 
2j 
9’ (wo) = ——, (12) 
abc 
1 1 1 
9” (as)=2( +—+5,). (13) 
ee Pe ae 
F (arc cosc/a, k) 
wo= j — ac. (14) 
(a?—<2)} 
F: Elliptic integral of first kind, 
c(a?— b*)! 
modulus k= ————_-. (15) 
b(a?—<*)} 


The zeros of S are e,;=}3(2/?—1/a—1/8); e2 
= 4(2/P—1/a?—1/c*);e;= 3 (2/a?—1/b?—1/c) by means 
of which ¢(wo) was calculated from Weierstrass series.* 

The expressions degenerate when two of the axis are 
equal. This is the case which was considered before.® 
Since there are two typographical errors in the expres- 
sions given in this reference, the correct forms are given 
here. 


a=b: 


c\71 fa 

s=sase(r+(‘) fo] 
a/ e le 

T lsc\? 1 

ST Or 

2 2\a/7 @ 

1fc\i 1 fa 

--(*) sil “a+0)]| (16) 
2\a/7 é& le 


c\? 1 c\i 1 a 
c=nate{ 1+ (-) = “) hf “1+0)]t (17) 
a’ 2é a/J 2é Le 


SE. Jahnke und F. Emde, Funktionentafeln mit Formlen und 
Kurven (B. G. Teubner, Leipzig, 1909). 
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TABLE I. Values of g’s for different axial ratios. 








a/b 


> 
» 
iy 
ow 
. 





gb Be g a/b b/c ga gb Be g 
1 1 2.25 2.25 2.25 2.25 s- 4 2.51 0.98 0.98 1.49 
1 1.5 2.12 2.12 1.93 2.06 3 1.5 2.90 0.84 0.97 1.57 
1 2 2.13 2.13 1.85 2.04 3 3 3.33 0.76 1.04 1.71 
1 3 2.29 2.29 1.98 2.19 a 4.45 0.77 1.21 2.14 
1 4 2.55 2.55 2.22 2.44 3 4 5.65 0.88 1.40 2.64 
1 6 3.17 3.17 2.76 3.03 3 6 8.08 1.14 1.79 3.67 
os 4 2.08 1.64 1.64 1.79 4 1 2.96 0.78 0.78 1.51 
15 1.5 2.11 140 1.61 1.71 4 1.5 3.52 0.62 0.79 1.64 
1.5 2 2.27 1.34 1.66 1.76 4 2 4.14 0.57 0.83 1.85 
15 3 2.75 1.48 1.86 2.03 é 2 5.54 0.59 0.96 2.36 
Ss ¢ 328 £72 26 te 4 4 7.12 0.67 1.13 2.97 
3 6 6432 220 246 3.32 4 6 10.4 0.85 1.46 4.24 
2 1 2.14 1.33 1.33 1.60 6 1 4.01 0.54 0.54 1.70 
2 1.5 2.30 1.14 1.29 1.58 6 15 4.81 0.43 0.56 1.93 
2 2 2.58 1.06 1.39 1.68 6 2 5.82 0.39 0.59 2.27 
2 3 3.33 1.13 1.62 2.03 6 3 8.12 0.41 0.68 3.07 
2 4 410 1.31 1.85 2.42 6 4 10.5 0.45 0.80 3.92 
2 6 5.63 1.68 2.32 3.21 6 6 15.4 0.57 1.04 5.67 








=C: 


1 a 
A= ra'o( 1——-+——- arc sine), 
2he* 


(18) 
2e 


a 
B=C= ro 1+— arc sine) 


be 


T 1 a 
"(1-4 arc sine), (19) 
2 2be* 


(9) 


(2) By substituting 
bx? —c? 


i-z 


a— ce 


A= —a and A= 








in L,and L,, respectively, these integrals are reduced to 
elliptic integrals of first and second kind: 


2abc c 
abcL = . (#(are cos-, t) 
(a?— b?) (a?—c*)! a 


Cc 
- (arc cos-, t)), (20) 
a 


2a” 2abc 
abcL.= _ ; 
a@—c (b?—c?) (a?—<?)! 


. (2. t) (ar Prag r) ). (21) 
2 b 
" 


a’— > 
Modulus k= ( ) ‘ 


a— C2 











L» can thereafter be calculated, since 
abcL,y=2—abcL,—abcL,. (22) 


These expressions degenerate also when two of the axis 
are equal. The solution of this case was given in.® 
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Numerical values of the g’s are recorded in Table I. 

For a parallel array of ellipsoids of rotation placed in a 
field perpendicular to the axis, we obtain in the limiting 
case gd, 


Em 
e— €,(0/0,) =— —p. 


HUGO FRICKE 


The numerical factor is not greatly different from that in 
the expression 


Em 
e—€,(¢/c,) =4—bp 
t 


obtained for particles of circular cylindrical form 


(radius 5) similarly arranged. 
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The solution is given for the total power flow from an oscillating magnetic dipole, situated above a flat 
homogeneous conducting ground and oriented in the vertical direction. The result is employed to derive an 
expression for the radiation resistance of a small wire loop whose axis is perpendicular to the ground. It 
is pointed out that for a finitely conducting ground that the radiation resistance is very large when the 
height of the small loop or dipole is a small fraction of a wavelength. 


INTRODUCTION 


T is well known that the ground has a pronounced 
effect on the efficiency of radiating systems. Sommer- 
feld and Renner' have investigated the power flow from 
electric dipole type antennas over a flat conductive 
earth. They have shown that the radiation resistance of 
the dipole, as calculated for the case of an infinite 
insulating space, is modified considerably by the pres- 
ence of the ground and the values of its electrical 
constants. In this paper the corresponding problem for 
a vertical magnetic dipole-type antenna is considered. 
The dipole is equivalent to a small circular loop of 
area dA, carrying a circulating current J that varies 
as exp(iw/), with its axis perpendicular to the ground. 
A conventional cylindrical coordinate system (9, ¢, 2) 
is chosen such that the ground corresponds to negative 
values of z and the air corresponds to positive values of 
z. The conductivity and dielectric constant of the 
ground are denoted by o and ¢:, respectively, and the 
dielectric constant of the air is denoted by «. The 
magnetic permeability of the whole space is taken as yu 
and equal to that of free space. The dipole is situated at 
z=h and is oriented in the z direction. Expressions for 
the total power flow from the dipole are now derived. 


SOLUTION OF PROBLEM 


The formal solution of this problem was given as a 
special case in a previous analysis by the author.? The 
magnetic field components can be written for z>0 in 


* This work was carried out under Radio Physics Laboratory 
Project No. 5519. 

1A. Sommerfeld, and F. Renner, Ann. Phys. 41, 1-36, 1942. 

2 J. R. Wait, Can. J. Phys. 29, 577-592, 1951. 


terms of a scalar function F as follows: 


ipwH,=0?F/dpdz, H,=0, 


and 


2 
intl = ( #'+—)F, (1) 
02? 


where 
B= ey”. 
The electric field components are given by 
E,=£.=0, 
E;=0F/dp. 


The scalar function F for this particular case for z>0 
was shown previously* to be 


(2) 


F=iK f To(rp)et-2)™1\u “1d, 
: : 








L (3) 
-ikf Jo(Apye~t” "IGXu; "dr, 
“0 
where 
U2— Uy, pwldA 
G= ’ K= ? 
Uo+ Uy 4r 
u,>= (\?—B?)!, te= (\?+-7’)}, 


and +?= iopw— €xw*. The positive sign in the exponent 
in the first integral of the preceding equation is taken 
for z>h and the negative sign is taken for O<z<h. Jo is 
the Bessel function of the first type of zero order. 

The time-average power flow in the z direction can be 
calculated from the z component P, of the Poynting 
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RADIATION RESISTANCE OF A SMALL CIRCULAR LOOP 


vector and is given by 
P,=} Re E,,*, (4) 


where Re means the “real part of.” The total power 
flow through a horizontal plane at z=h+4, is now de- 
noted by S, and the total power flow through a hori- 
zontal plane at z=h—6 is denoted by S_ so that 


Sy=2e f Podo| (5) 
0 z=mh+éd 


Now the H, and £, field components are given by 


K a) 
-—f [bet (h-2)u1— Ge (r+ 2)41 27 (Ap) dX, (6) 
Ma@"0 
and 
E,= -ik f [et(r-2)u1— Ge (+ 2)u1 27 (Ap)urdr, (7) 
0 
where again the + sign is taken for z>h and the — 


sign for z<h. For convenience the distance 6 is taken to 
be very small compared to h. 


The total power flow is then given by the following 
triple integral 


ystems J ; J ; f “fad fat (mr mT 0%) 


pw 





fi*(A) = texp(—du,*)—G* exp(—2hu,*), 
fo(A) =e! — Ge? 1, 


where 


The variable of integration corresponding to A in Eq. 
(6) is replaced by m, before introducing it into Eq. (4) 
to avoid confusion with the variable \ arising from Eq. 
(7). Now, as Niessen points out, triple integrals of this 
type can be reduced to a single integral by making use of 
the orthogonal integral property of the Bessel function, 
namely that 


0 if md, 
f J000)J:(moodo | (9) 


o if m=, 


so that for infinitely small 7 


A4+n 2p” 
f f 2:00)2.(e)odpmam= 1, (10) 


Employing this convenient result the expression for the 
power flow reduces to 


1K*r fr” 
Sete f MATA. (11) 
Ma “Oo 


*K. F. Niessen, Ann. phys. 37, 444-454 (1938). 
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Now obviously the total power S supplied by the di- 
pole to its surroundings is simply given by 
S=S,—S_. 


Without difficulty, S can now be written in terms of 
three integrals as follows. 





22K? 
S= [To—Io’'+J.], (12) 
pw 
where 

Ip=Re if Muy te rte") dy (13) 

0 
Io’=Re if Muy te? nig), (14) 

and y 
I.=Re 2i f A? (y+ Ue) e210, (15) 

0 


and where it has been assumed that 6<h. 

Each of these integrals can be clearly interpreted. The 
first one J) corresponds to the power flow (apart from a 
constant factor) into an infinite insulating space. The 
second one Jo’ accounts for a geometrical image of the 
dipole in the ground plane. The third one J, can be 
interpreted as a correction to account for the finite 
conductivity of the ground and it approaches zero as the 
propagation constant y approaches infinity. Of course, 
both the second and third integrals become negligible as 
h approaches large values. 

' These integrals are now evaluated. In the integral Jo 
it is observed that the integrand is real for A> and that 
u;+u,*=0, so 


3 
Ip=Re if 3 (A? — 6?) Idd = 2863/3. (16) 
0 
Clearly the second integral can be written 
I)’=Re if (us2-+B*)e-™u“1dn, (17) 
0 


where x= 2h. This can now be expressed as 


e? «© 
T)'=Re (—+6) f e~**1)u;"dr, (18) 
Ox? 0 


which is easily evaluated to give 





ro ez 2 
I)’ =Rel —+6') =—(sinBx—Bx cosBx), (19) 
0x2 Dog 


x 


The third integral is more difficult to evaluate; it can, 
however, be written 


FY) 
I.=Re a(t Je, (20) 
Ox? 
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where 


r= f e~“12 (14)-+ U2)" AX. (21) 
0 


This latter is then broken into three separate integrals 
as follows 


oo) 


atte sem f youn f u,e~“!*)\dd 
0 0 


+f (u2—y)e~“"*AdX. (22) 
0 


The first two integrals can be readily evaluated in a 
similar manner to Jo’. The third can be evaluated only 
approximately under the conditions that |x| is much 
greater than unity, such that it is permissible to replace 
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Fic. 1. The ratio of the radiation resistance of the loop over a 
conducting ground to the radiation resistance in free space. 


ue—y by \*/2y in the integrand. Carrying out these 
steps it is found that 


a3 (y? +6?) et J, = (yx) (1+ 18x) 
— (yx)? (2+-2iBx—f?x*)+ (yx) (3+3ipx— 6x"). (23) 


The three terms in the right-hand side of the preceding 
equation correspond to the values of the three integrals 
in Eq. (22). The approximation made in the latter 
integral means that terms of order (yx)~ and higher 
have been neglected. 

The expression for J, is then obtained by carrying 
out the operations indicated in Eq. (20). Doing this 
and then retaining only terms of order (yx)~, there 
results 


I. Re 4iyx* (7° +6?) (34+ 31Bx—B'x*)e-*, (24) 


Now the displacement currents in the ground are small 
compared to the conduction currents? at low radio 


JAMES R. 


WAIT 


frequencies since o>ew so that y~m/(1—i), where 
m= (2oyw)'. If this approximation is valid then also 


e’<|+?|, so that finally 
T.~4m—x—[_ (3—3a— a’) cosa 
+ (3+3a—a*) sina]. (25) 
The total effective radiation resistance R of the 


magnetic dipole in the presence of the ground is then 
defined by 





R=2S/|P|, (26) 
Combining the preceding results it follows that 
uwrat 
= ; (ro—ro' +r-), (27) 
where 
ro= 20° /32x3, 


ro = 2x4 (sina— a cosa), 
r-=4m—x~[_(3—3a— a’) cosat (3+3a—a%) sina], 


and where a=8x= 28h. 
The significance of this result is best seen by defining 
a factor A by 


A= (ro—ro' +7-)/T0, 


which actually is the ratio of the value for the finitely 
conducting ground to the corresponding value in free 
space. The factor A is plotted as a function h/d in Fig. 
1, where J is the wavelength in air given by 


A= 2/8. 


(28) 


Curves are plotted for three values of a loss factor é 
which is defined by 


56=B/m= (€yw/202)!. 


From these curves it is seen that the effect of the 
ground is to modify appreciably the radiation resistance 
for heights less than about 0.6 of a free space wavelength 
As would be expected the radiation resistance is zero if 
the height of the dipole is zero and the ground is per- 
fectly conducting. For a finitely conducting ground 
however the resistance becomes very large for low 
heights. In fact as hk approaches zero the ratio 4 
approaches infinity as 


A= 186/a‘'. 


That is, at very low heights the power absorbed in the 
ground is many times the total power radiated from the 
same dipole if it were at heights greater than a wave 
length. 


SOLUTION FOR LOW HEIGHTS 


It is possible to obtain a more accurate solution for 
low heights by assuming at the outset that displacement 
currents in the air can be neglected. This is justified, as 
pointed out previously,? when all significant dimensions 
are much less than a free-space wavelength which is 
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RADIATION RESISTANCE OF A SMALL CIRCULAR LOOP 


effected by setting the propagation constant @ in the air 
equal to zero. 

With this approximation the radiation resistance R 
as defined earlier can be written 


R=Re ipwra'Q/4, 


i) —_ (2+ 7’)! 
Q= f »| Ja, 
0 A+ (A?+7’)! 


with 6=2h. This can be rewritten in the following 
manner: 


(29) 
where 


(30) 


1 a) 
Q = -| f 23 (A?-+- y’) te-Abdn 
yo 


_ f van+reman| (31) 
0 
The integrals are reduced to a simpler form by ex- 


pressing them as derivatives with respect to b of two 
new integrals as follows: 


27a f* 
--|— f (A?-+-7°) fe dd 
2 ob 4 


Y 7 a ot a 
+ C —+—) f oman (32) 
2 00? Abts J 
The following integral given by Watson‘ can now be 
employed : 


f (+ g)eerdg=—[H(a) - Y (a) ], (33) 


where Hi(a) and Y;(q@) are Struve’s function and 
Bessel’s function of the second type, respectively, for an 
argument a. Employing this integral, the expression for 
Q is given by 


2 24 0°T (a) 
Q= -\1+ +e } 
53 oa? a8 


*G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, Cambridge, 1952), second edition, p. 332. 





(34) 
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where 


T(a) =~ [i(a)~ ¥:(a)], 


and a=‘yb. Asymptotic expansions for the functions 
T(a) have been developed‘ and by employing this re- 
sult it is easily shown that 


2 = 
e= 5 a 
= (2m+- 1) (2m-+- 2) (2m+-3)T (m4+-4)2?2"— 


r(3—m)ae" 





+Ry| (35) 


m=O 


where the magnitude of the remainder Ry, is of the order 
of a~*?, 
The expression for the radiation resistance is then 


mh (mh)? (mh)? 


16/° 








Spwra't 1 5 


where the remainder R, is of the order of (mh). The 
value of R to the order of (mh) agrees with the result 
given by Eq. (27) for the case when 8h is much less than 
unity. In Eq. (36) m is defined by m= (2c2uw)!. 


CONCLUSIONS 


It is quite apparent that the radiation resistance of a 
magnetic dipole situated over a conducting ground, has 
a dependence on the electrical constants of the ground. 
For heights less than a wavelength this effect becomes 
very pronounced. At very small heights the radiation 
resistance becomes very large. No doubt, the possi- 
bility exists of utilizing this property in devising a 
method to measure the value of the electrical conduc- 
tivity of the ground at low radio frequencies from a loop 
or coil fixed on an aircraft. 
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A.S.E.E. Convention—University of Florida June 22-26, 1953 


The 61st annual convention of the American Society for Engineering Education will be held next June 
22-26 inclusive at the University of Florida in Gainesville. This year’s host institutions—the University 
and the State of Florida—are making every effort to arrange a technical program of unusual merit, coupled 
with a recreational program of the type that has made Florida a favorite vacationland. 

In addition to an outstanding technical program in the field of engineering education, considerable 
attention will be given to the currently vital problems of manpower utilization and industrial expansion. 
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Dynamic Mechanical Properties of Polyisobutylene 
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Values of complex shear compliance (and rigidity) have been obtained for a sample of polyisobutylene of 
viscosity-average molecular weight 1.35X 10* at 22 temperatures from —45 to 100°C and at about 20 fre- 
quencies from 30 to 5000 cps. Measurements were made by means of the transducer method of Fitzgerald 
and Ferry with a precision of +2 percent and are estimated to be accurate to within +3 percent as evi- 
denced by agreement obtained between 7 different samples of widely varying dimensions. Values of the real 
part of the complex shear compliance J’ vary from 3.1 10-7 cm*/dyne at 99.9°C to 1.0 10-” cm?/dyne at 
—44.6°C. The frequency dependence of the loss tangent J’/J’ indicates the presence of a low, broad 
maximum of 1.7 at —10 to —5°C and a second, smaller maximum at lower temperatures. This second 
maximum is also evident in a plot of J” /J’ at a fixed frequency against temperature. The wide temperature 
and frequency ranges of the measurements have provided an essentially complete experimental description 
of the dispersion region in polyisobutylene corresponding to the transition from a rubber-like elasticity to 


that of a hard glass. 





INTRODUCTION 


OME data on the dynamic mechanical properties of 
polyisobutylene of viscosity-average molecular 
weight 1.2 10° have been previously reported ;'* these 
data extended from 25 to 250 cps and over a tempera- 
ture range from —15 to 50°C. The development of a 
new method for determining dynamic mechanical 
properties as described by Fitzgerald and Ferry*® has 
subsequently made possible large extensions of the 
frequency and temperature ranges of these measure- 
ments and, at the same time, has resulted in greater 
precision in the determination of the complex shear 
compliance and rigidity. An unfractionated polyiso- 
butylene (PIB) of viscosity average molecular weight 
1.35X10° distributed by the National Bureau of 
Standards‘ was chosen for the present study. Seven 


TABLE I. Dimensions and coefficients of samples used 
in measurements on polyisobutylene. 








Approx. Approx. Sample 


molded molded _ coeffi- Bulging* 





Mass diam. of thickness cient Percent correc- 
Sample grams each disk ofeach Cat com- tion 
No. mi m?: in. disk in. 25°C cm pression percent 
8 0.1722 0.1680 ir ay 58.5 8 None 
17 0.3412 0.3476 4 ds $2.5 7 None 
18 0.1758 0.1662 ir? ys 59.9 6 None 
19 0.1414 0.1342 ; 3.63 10 13 
19a 0.1414 0.1342 A 4 3.73 9 13 
25 0.3008 0.2980 ee ie 2.62 5 3 
26 0.3018 0.2986 B +5 2.73 6 4 








* For thin samples or where no bulging occurs, C =A1/hi+A2/h2, where 
At, Az are the cross-sectional areas and /:, h2 the thicknesses of the sample 
disks after compression. 

bSample 19 after having been removed and then reinserted in the 
apparatus during the course of the measurements. 


e rt gaan address: Department of Physics, Pennsylvania State 
ollege. 

ft Union Carbide and Carbon Fellow in Physical Chemistry, 
1950-1952. Present address: E. I. du Pont de Nemours and 
Company, Wilmington, Delaware. 

1 Marvin, Fitzgerald, and Ferry, J. Appl. Phys. 21, 197 (1950). 
. i fhe itzgerald, Johnson, and Grandine, J. Appl. Phys. 22, 

17 (1951). 

+E. R. Fitzgerald and J. D. Ferry, J. Colloid Sci. 8, 1 (1953). 

*R. S. Marvin, Interim Report on the Cooperative Program on 
Dynamic Testing, National Bureau of Standards, 1951. 





samples of widely varying dimensions were used to 
determine the complex shear compliance (and rigidity) 
at 22 temperatures from —45 to 100°C and at about 20 
frequencies from 30 to 5000 cps. 


MATERIAL STUDIED 


The polyisobutylene measured was furnished by Dr. 
Robert S. Marvin of the National Bureau of Standards. 
Each sample consisted of two disks of nearly identical 
dimensions which were formed by molding for 6 to 9 
hours at 85°C in a stainless steel mold. A summary of 
the dimensions and sample coefficients of the seven 
samples used is given in Table I. Values of the sample 
coefficients at temperatures other than 25°C were 
calculated from the thermal expansion coefficient of 
PIB, assuming that the values of thicknesses, fixed by 
the dimensions of the apparatus, were independent of 
temperature. A complete description of the method for 
determining sample coefficients and the effect of bulging 
that may occur as a result of compression has been given 
in a previous publication.’ 


DETERMINATION OF COMPLEX SHEAR COMPLIANCE 


Measurements of complex shear compliance (J* 
=J'—iJ") were made by means of the transducer 
method of Fitzgerald and Ferry.* A rigid tube with 
coils around the ends is suspended by wires so that the 
coils are in radial magnetic fields. Alternating currents 
are passed through the coils, and the consequent motion 
is modified by introducing the sample in the form of two 
disks between the tube and a suspended inner core of 
large mass. From determinations of the mechanical 
impedance of the system with and without a sample the 
impedance of the sample alone is found. One transducer 
coil is placed in the arm of a bridge where it acts as an 
electrical impedance Z,’, while the other parallels the 
bridge circuit. Z,’ is found for various current ratios 
in the coils, and the mechanical impedance is ob- 
tained from the differences in electrical impedance 
values. While the values of electrical impedance can be 
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determined within 0.5 percent and values for the total 
mechanical impedance to within less than 1.0 percent, 
this does not mean that the sample admittance and 
hence J’ and J” (or G’ and G”) are determined with 
the same precision. In order to determine that part of 
the total measured mechanical impedance (or ad- 
mittance) which is due to the sample, two subtractions 
must be made (see Fig. 1): the mechanical impedance 
resulting from the mass.of the driving tube and its sup- 
port wires Zm? is subtracted from the total measured 
impedance Zm to give a net impedance Zas; then from 
the corresponding net admittance Yas there must be 
subtracted a background admittance Ym” because of 
the slight motion of the heavy suspended mass against 
which the sample is sheared. The mechanical admit- 
tance of the sample is given by Ym’ = Yas— Ym”, where 
Ym” is the admittance of the floating mass M; Yas 
=1/Zas, and Zas=ZmM—Zm’. The complex com- 
pliance J* is then found from 


J*=—iYm’C/a, (1) 


where C is a coefficient depending on the shape and 
dimensions of the sample and w is the circular frequency. 
The complex shear modulus is determined from 
G*=1/J*. 

As a result of the subtractions mentioned there are 
two situations in which the results become uncertain. 
With a sample of low mechanical impedance (for 
example, PIB at high temperatures) the total imped- 
ance measured is chiefly due to the mass m of the 
driving tube; at high frequencies the impedance of 
the driving tube itself (~wm) predominates and com- 
pletely masks the influence of the sample. On the 
other hand, a sample of high impedance (for example, 
PIB at low temperatures) will result in strong coupling 
between the driving tube and suspended mass so that 
the two will oscillate as a single unit whose motion is 
independent of the sample properties. This coupling will 
decrease at high frequencies as the impedance (~wM) 
of the suspended mass increases. Consequently, to main- 
tain maximum precision over a range of frequencies 
and temperatures a number of sample sizes are used to 
provide optimum sample impedances (thin samples of 
large diameter at high temperatures and thick samples 
of small diameter at low temperatures). Wherever the 
subtractions give differences so small as to produce an 
uncertainty greater than +2 percent, measurements on 
a particular sample are discontinued. 

A detailed description of the experimental method, 
temperature control system, and measuring apparatus 
has been given elsewhere. 


EXPERIMENTAL RESULTS 


Measurements from 9.8 to 99.9°C were made on 
sample 8. Four separate runs by two observers were 
made at 25.0°C; the results agreed to within 2 percent. 
After completing measurements at 99.9°C a check run 
was made at 25.0°C. The values of J’’/J’ (dimension- 











ya 
‘a A 
| 
fF, sinwt £ gz 
3 


Fic. 1. Mechanical circuit diagram for transducer with sample. 
Zm?® is the mechanical impedance of driving tube and support 
wires; Zm’ is the mechanical impedance of the sample disks; 
Zm” is the mechanical impedance of the suspended heavy mass 
and its support wires. 


less) were unchanged, and values of J” and J’ were 
found to be the same as those initially determined 
(within less than +2 percent). Measurements were 
made on sample 17 at 25.0 and 19.9°C and agreed with 
those on sample 8. To establish firmly the results at 
25.0°C a third sample, No. 18, with the same approxi- 
mate dimensions as No. 8, was measured at 25.0°C, 
and again the results agreed with those on Nos. 8 and 
17. A thick sample, No. 19, was measured at tempera- 
tures from 25.0 to —28.5°C. Unfortunately this sample 
was compressed greatly in the apparatus, and consider- 
able bulging occurred. From a determination of the 
radius of curvature of the bulge (assuming it to be 
circular) a corrected value of sample coefficient was 
determined,’ and the values of J’ and J” were then 
found to be about 3 percent higher than corresponding 
values determined at 9.8, 14.8, 19.8, and 25.0°C for 
samples 8, 17, and 18 (values of J’’/J’ were the same). 
Since the determination of the bulge radius is inexact, 
the data presented for sample 19 were actually em- 
pirically corrected to agree with that of the other 
samples; the same correction, of course, sufficing for 
all temperatures. Samples 25 and 26 were thicker and 
of smaller diameter than the others and were used to 
obtain data at 4.9, —9.9, and —19.9 to —44.6°C. In 
order to avoid the uncertainty resulting from bulging 
owing to high compression, these samples were com- 
pressed only 5 to 6 percent, which proved to be sufficient 
to prevent slipping. Some slight degree of bulging 
occurred, however, and an empirical correction of 3 to 
4 percent was made in the sample coefficients to obtain 
agreement with samples 19 and 19a at 4.9, —9.9, and 
—19.9°C. (While the basis for these empirical adjust- 
ments of sample coefficients is well founded, it should be 
pointed out that even without them the results on 
samples of different dimensions agree to within 3 per- 
cent). The measurements on sample 26 checked those 
on No. 25 within 2 percent. After measuring No. 26 at 
4.9, —9.9, —19.9, — 25.0, — 29.8, and —34.7°C, the tem- 
perature was raised to —19.9°C and measurements at 
that temperature taken again ; these agreed with the ini- 
tial values. Measurements were then made at —44.7°C, 
checking those on sample 25, and then repeated at 
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Fic. 2. Variation of the real part of the dynamic shear com- 
pliance J’ with frequency for polyisobutylene (M,=1.35X 10°) at 
22 temperatures as indicated. 


—19.9°C, whereupon it was found that the values of 
J’ and J” were again the same as those initially deter- 
mined at that temperature. 
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Fic. 3. Variation of the imaginary part of the dynamic shear com- 
pliance J” with frequency for the polyisobutylene of Fig. 2. 





10 10.000 


The variation of the real part of the complex shear 
compliance J’ with frequency at 22 temperatures is 
shown in Fig. 2. The values of J’ vary from about 
3.1X 10-7 cm?/dyne at 99.9°C to 1.0X10~-” cm?/dyne 
at —44.6°C. At both of these temperatures the varia- 
tion of J’ with frequency is not very marked; the 
sharpest dispersion occurs in the region 0 to —15°C. 
The variation of the imaginary part, J’’, of the shear 
compliance with frequency at 22 temperatures is 
given in Fig. 3. Here the values range from a maximum 
of about 1.0X10~7 cm?/dyne obtained at 25.0, 30.2, 
34.9, 40.0, 50.0, and 59.8°C to a low value of 3.0X10-" 
cm*/dyne at —44.6°C. The variation of the real part 
of the rigidity G’ with frequency is shown in Fig. 4, 
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Fic. 4. Variation of the real part of the dynamic rigidity G’ 
with frequency for the polyisobutylene of Fig. 2. 


while the real part of the shear viscosity n’ as a function 
of frequency is adduced in Fig. 5. 

The variation of mechanical loss tangent J’’/J’ with 
frequency is shown in Fig. 6 for some of the tempera- 
tures at which measurements were made. The loss 
tangent passes through a broad maximum of about 1.7 
between —15 and 0°C, but of particular interest is the 
second maximum, or definite plateau, that occurs in 
the curves at low temperatures. Since the same effect 
was observed for three samples of different dimensions 
(Nos. 19a, 25, and 26), this must be taken as a real 
dispersion region and not a result of some peculiarity of 
the experimental apparatus. This conclusion is also 
strengthened by the fact that the loss tangent-frequency 
curves for two plasticized polyvinyl chloride composi- 
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tions*® and for polystyrene’ showed only a single 
maximum when determined with this same apparatus. 
In each case measurements extended into regions of 
very low sample admittance where stray instrument 
effects are most likely to be present; only in the case of 
polyisobutylene did a second maximum appear. 

The temperature variation of the real part of the 
shear compliance J’ and the loss tangent J’’/J’ at a 
constant frequency can be determined as in Fig. 7, 
where values at three frequencies are plotted against 
temperature. Here again a second maximum in J’’/J’ 
appears at low temperatures. , 

A summary of values of J’ and J” at 22 temperatures 
is given in Table II in the Appendix. 


DISCUSSION 


There are no results previously reported on polyiso- 
butylene with which all of the curves in Figs. 2-5 can 
be compared. However, the results at 25.0°C have been 
compared with some obtained by Hopkins and by 
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Fic. 5. Variation of the real part of the dynamic shear viscosity 
n’ with frequency for the polyisobutylene of Fig. 2. 


5J. D. Ferry and E. R. Fitzgerald, J. Colloid Sci. (to be 
published). 

*L. D. Grandine, Jr., and J. D. Ferry, J. Appl. Phys. (to be 
published). 

t Note added in proof: Dr. T. W. DeWitt recently reported 
a similar second maximum in the mechanical loss tangent vs 
temperature curves for a polyisobutylene of molecular weight 
two million, measured at 20, 50, and 100 cps from —60 to +20°C. 
His results, obtained at the Mellon Institute, are in general 
agreement with the date given here. (T. W. De Witt, discussion 
following paper GB2 at the American Physical Society Meeting, 
North Carolina, March 26, 1953.) 
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Fic. 6. Variation of mechanical loss tangent J’ /J’ with fre- 
quency for the polyisobutylene of Fig. 2. To avoid confusion 
results are given for only 9 .of the 22 temperatures at which 
measurements were made. 


Marvin and Weiss for this same sample of PIB and 
found to be in good agreement.’ The general shape of 
the rigidity and viscosity curves as functions of fre- 
quency and the effect of temperature are also compar- 
able with earlier results? obtained for a different sample 
of polyisobutylene of viscosity-average molecular 
weight 1.2 10°. 

The dispersion region for polyisobutylene as de- 
scribed by the curves of Figs. 2 and 3 is much broader 
and the variation of compliance with frequency more 
gradual than has been previously found for plasticized 
polyvinyl chloride compositions or for polystyrene. The 
appearance of a second maximum in the loss tangent- 
frequency curve (and the loss tangent-temperature 
curve) as shown in Figs. 6 and 7 is also in marked con- 
trast to results for other linear polymers.*:*.® 

An attempt to describe the effect of temperature on 
mechanical properties is sometimes made by plotting 
values of shear compliance (or rigidity) at a constant 
frequency against temperature as is done in Fig. 7. 
While such a plot does indicate the effect of tempera- 
ture, it also includes a frequency dependence. This can 
best be illustrated by considering the effect of tempera- 
ture on the distribution of retardation or relaxation 
times in the polymer. If all relaxation times depend 
identically on temperature, then it has been demon- 
strated’? that a temperature change is practically 
equivalent to a frequency shift ; experimental results on 
a number of linear polymers including polyisobutylene® 
have confirmed this view. The observed change in J’, 
for example, at 1000 cps in going from 0 to 20°C will be 
a result of the temperature dependence (i.e., the change 
in magnitude of relaxation times from 0 to 20°C) but 
also the degree to which the corresponding equivalent 
frequency change happens to affect J’. Where the 
effect of frequency on J’ is slight (for example, at —45 
or 100°C) the temperature effect will be predominant ; 
at other points the change in J’ may result primarily 
from a very pronounced dependence of J’ on a shift of 
relaxation times rather than from any great change 
in the relaxation times themselves. A much more in- 
structive separation of the temperature and frequency 
dependence of mechanical properties can be obtained by 

7J. D. Ferry, J. Am. Chem. Soc. 72, 3746 (1950). 


8 Ferry, Fitzgerald, Grandine, and Williams, Ind. Eng. Chem. 
44, 703 (1952). 
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Fic. 7. Variation of 
the real part of the dy- 
namic shear modulus J’ 
and the mechanical loss 
tangent J”/J’, with 
temperature for the 
polyisobutylene of Fig. 
2, at 100, 400, and 1000 
cps as indicated. 


superposing data at different temperatures. This treat- 
ment as well as a more detailed discussion of the experi- 
mental results presented here will be given in a sub- 
sequent paper. 
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L. S. BARTELL AND L. O. BRocKWAy th 
Department of Chemistry, University of Michigan, Ann Arbor, Michigan R 
(Received February 6, 1953) ti 
be 
A procedure for calibrating photographic emulsions has been devised which measures the deviation from ra 

linearity of the curve relating electron exposure to optical density. The experimental application of this ‘ 
procedure is found to give results consistent with a very simple model of the exposure process. It is also mn 
noted that the sensitivity of a photographic plate increases with increasing distance from the center of the gI 
plate. Measurements of this effect are given. fr 
: co = © th 
MPROVEMENTS in experimental technique and __ resulting calibration plot is as’sensitive for small as for la 
analysis of data in the field of electron diffraction by large optical densities, and that in many cases the con- pl 
gas molecules, most notably in the development of the _ version of density to exposure can be accomplished very de 
rotating sector-microphotometer method, have made _ simply analytically, much faster than by graphical mM 
possible both more reliable and more detailed informa- _ procedures. This last advantage is especially important m 
tion about the location of atoms in molecules. Since in converting the hundreds of individual values en- bee 
electron diffraction patterns are recorded on photo- countered in molecular structure determinations. di 
graphic emulsions, it is essential for the most precise The calibration procedure is as follows: Two gas T 
work that the response characteristics of the emulsions diffraction patterns a and 6 are prepared so that the pe 
to exposure by fast electrons be accurately known. It is exposure of a is twice or somewhat more than twice that di 
necessary to have a simple procedure for routine cali- of 6. The optical density D of each pattern is measured - 
bration of emulsions to allow for possible fluctuations in as a function of the radius, 7, by a recording micro- th 
photographic materials. photometer while the pattern is being spun rapidly a 
A calibration method has been devised by Karle and about its center of symmetry to average out irregular- pl 
Karle’ for measuring the variation of optical density ities in the emulsion. It is desired to find the relation be 
with exposure to electrons which relies upon the assump- between D and E/D, where E is the exposure, the prod- pi 
tion that two gas diffraction plates taken under identical uct of intensity and time. If F(D)=£/D, it is seen that fo 

conditions except for exposure time have radial inten- the departure of F(D) from constancy is a measure of 

sity distributions of exactly the same shape. A closely _ the deviation from linearity of the D vs E curve. Both K 
related method has been developed at the University of _Dand Eare functions of the parameter r. The condition al 
Michigan which depends upon the same assumption that the radial intensity distributions of @ and 6 are de 
but studies the deviation from linearity of the optical identical in shape is that E,(r)=RE,(r), where R is the th 
density versus exposure curve. The main advantages ratio of the total exposures of the patterns. Figure 1 ti 
of the Michigan method are that errors are more easily shows how Da, Ds, E., and E, vary with r in a typical hoe 


recognized and uncertainties averaged out, that the 
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RADIUS OF PATTERN so 


Fic. 1. The radial variation of optical density and exposure 
in a typical pair of calibration diffraction patterns. 


1 J. Karle and I. L. Karle, J. Chem. Phys. 18, 957 (1950). 


pair of sectored calibration patterns taken with argon 
gas. At small D, D« E approximately. For convenience 
the arbitrary proportionality constant is taken to be 








unity ; so to the first approximation F)(D) = 1. Since this ™ 
is a better approximation for 6 than for a, D, being less 1 
than D,, an improved approximation F(D) can be found th 
by noting that E.(r)=RE,(r)~Fo(D»)RD» and sub- a 
stituting this information into the defining equation for by 
F(D). The result is that F,;(D.)=Fo(Ds)RD,2(r)/Da(r). af 
This procedure for improving F(D) can be carried out de 
indefinitely, for F,(Ds)=Fn—1(Ds)RDs(r)/Da(r). In si 
practice this series of approximations converges about g 
as rapidly as the geometric series }>,R-*. F.. can be th 
found graphically or, if F, can be fit by a simple function, m 
analytically. For instance, if RD»/Da=1+cDa, it ti 
follows that sh 

E cR 22 /R°+1 = 

—21+— p+—( )> 

D (R-1) R?\R-1 


a (a) Degard, Pierard, and van der Grinten, Nature 136, 142 
ey (b) Karle, Hoober, and Karle, J. Chem. Phys. 15, 765 
1947). 
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Figure 2 shows how the F,(D) were found to vary 
with D for the patterns in Fig. 1: It is to be emphasized 
that it is not necessary to know the ratio R in advance. 
R can be found by extrapolating the experimental func- 
tion D.(r)/D»(r) to D=0, but even this is not necessary 
because it is only the shape of the function F(D) in the 
range of D covered in the diffraction investigation that is 
important. Knowledge of the shape of F(D) for D 
greater than D,, requires knowledge of Da.(r)/D,(r) 
from D, greater than about D,,/2. 

In order to determine F(D) completely it is necessary 
that the density of both diffraction plates vary over a 
large range. On the other hand, it is desirable from 
photometric considerations regarding accuracy that the 
density of a pattern to be measured vary between as 
narrow limits as is possible. A carefully shaped rotating 
metal mask known as a rotating sector is therefore 
employed to modify in a known way the intensity of 
diffracted electrons reaching the photographic plate. 
The intensity of an -unsectored electron diffraction 
pattern falls off roughly as r~*5, which is too rapid a 
drop to be suitable for calibration purposes, and the 
r sector used at Michigan to record molecular diffrac- 
tion patterns gives too flat a pattern. For these reasons 
a special calibration sector with an angular opening 
proportional to r°(ro—r) has been constructed that can 
be easily placed over the regular sector. The diffraction 
patterns obtained with this sector have the convenient 
form illustrated in Fig. 1. 

It is assumed in the procedure described by Karle and 
Karle! that F(D) is constant from densities of zero to 
about 0.25 for contrast lantern slides. The method 
described above does not require this assumption, and 
the results obtained by it indicate that such an assump- 
tion will lead to an error of several percent in the cali- 
bration curve at optical densities less than 0.5. For 
contrast lantern slides it appears that F(D)=1+cD, 
with c~0.3, for optical densities up to 0.5. It is inter- 
esting that this is just the form that would be expected 
at small D for the following highly simplified model of 
the exposure process: (A) The photographic emulsion 
contains grain domains which are completely blackened 
by the impact of one fast electron and which are un- 
affected by further impact. (B) The impact of an inci- 
dent electron affects only one domain. The optical den- 
sity, which is proportional to the number of blackened 
grains per unit area, increases less rapidly than 
the number of electron impacts per area because of 
multiple impacts upon some of the grains. The relaxa- 
tion of either condition A or B can result in a decreasing 
slope for F(D) as D approaches zero. These considera- 
tions suggest the possibility of applying this type 
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Fic. 2. The variation of F,(D) with optical density, The circles 
represent experimental values of RD,/D, computed from data 
plotted in Fig. 1. 


of investigation to the study of the mechanism of ex- 
posure processes. 

Another property of photographic plates that must 
be taken into account in intensity measurements is that 
the sensitivity of the emulsion varies with position on 
the plate. The edges of the plates are more sensitive than 
the centers. It is well known that mechanical disturb- 
ances can render an emulsion more sensitive; cutting 
and packing the plates with spacers at the edges may 
account for the variation. In order to get a measure of 
the magnitude of the effect, some Kodak 3} in. X 4 in. 
lantern slide plates were given uniform photon exposures 
varying from 0.2 to 1 in optical density and spun 
rapidly about their centers while being microphoto- 
metered on a Leeds and Northrup recording micro- 
photometer. The traces were remarkably smooth but 
not flat. The variation of sensitivity with the radius r 
could be expressed by the same relationship for all of the 
exposures to within several parts per thousand for 
radii smaller than 3} cm. If this were not true, the 
calibration method just described would not be valid. 
The sensitivity was taken to be the ratio of the apparent 
exposure E’(r) at r to the apparent exposure at r=0, 
where E’(r)=D(r)F(D). The variation was approxi- 
mately E’ (r)/E’ (0)=1+0.004r? with r in cm. For radii 
greater than 3} cm, E’(r)/E’(0) increased more rapidly 
than (1+0.004r?), and the experimental points started 
to scatter. 

Although this sensitivity variation is important in the 
study of scattering of electrons by atoms (to be pub- 
lished), fortunately it does not affect electron diffraction 
investigations of molecular structure, since such investi- 
gations are concerned with the ratio of molecular to 
atomic intensities rather than with direct intensities. 
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Titanium Replica for Electron Microscopy 
SHIGETO YAMAGUCHI AND TADAYUKI NAKAYAMA 
Scientific Research Institute, Lid., Hongo, Tokyo, Japan 
(Received February 9, 1953) 


SMALL piece of pure spongy titanium coiled in tungsten 

wire (diameter: 0.2 mm) heated by electric current flowing 
through it was melted and evaporated in vacuum to form a thin 
film of the metal on a glass plate. When -the “mirror” thus ob- 
tained was dipped in water at about 15°C, the thin film (thickness: 
200-S00A) was readily freed from the glass. It should here be 
remarked that the metallic film deposited on the cooler domains of 
a glass plate can be more easily freed than the deposit on the 
warmer domains nearer to the hot tungsten filament. 

The metal film prepared in this way was studied by means of 
electron microscopy and microdiffraction [see Figs. 1(a) and (b) J. 
These two figures show that there is no granular coarseness in the 
metal film and that the film is composed mainly of titanium metal 
along with a small amount of tungsten and titanium dioxide 
(rutile). 

The metal film of Fig. 1 was oxidized in air at about 300°C for 
about 10 hours. The oxide film thus obtained is shown in Figs. 
2(a) and (b). It is seen from Figs. 2(a) and (b) that oxides com- 
posing the film are not granular, although some wrinkles have 
appeared here, and that the film is now composed mainly of,ti- 
tanium dioxide (rutile). 





Fig. 1. (a) Titanium film formed on a glass plate and removed. The film 
is not granular. (b) A microdiffraction pattern obtained from the film of 
Fig. 1(a). The pattern is composed of continuous rings from titanium. 
tungsten, and rutile. 





Fic. 2. (a) The micrograph of the oxide film obtained by thermally 
oxidizing the film of Fig. 1. (b) A diffraction pattern of Fig. 2(a). This 
pattern verifies the existence of rutile, whose crystallites are not granular. 
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Fic. 3. (a) The micrograph of the titanium film formed on a glass plate 
scratched with emery paper. This micrograph with straight polish marks 
implies a possibility a tien replica of optical grating with a titanium 
film. (b) Traces of scratch formed on a glass surface by polishing. 


Replica for electron microscopy.—Information obtained in the 
preliminary examination infers that a titanium film prepared by 
evaporation in vacuum might be able to reprint a glass surface. 
As a matter of fact, the titanium film formed on a glass plate and 
isolated therefrom gave Figs. 3(a) and (b). This glass had been 
scratched with a comparatively coarse emery paper (05). Figure 
3(a) infers that titanium films can be useful for making replicas of 
optical gratings for magnification measurement in electron micros- 
copy. 

Since the titanium film does not yield oxides subject to granular 
coarsening even after thermal oxidation, it may be a stable and 
heat-resisting material for replicas in electron microscopy. 

It is very difficult to divorce the thin film of titanium formed on 
an etched surface of stainless steel. This implies that the titanium 
film prepared by evaporation in vacuum is not suitable for making 
replicas of metal surfaces. 





Effect of Internal Strains on Linear Expansion, 
X-Ray Lattice Constant, and Density of Crystals 


CHESTER R. BERRY 
Research Laboratories, Eastman Kodak Company, Rochester, New York 
(Received February 16, 1953) 


N recent publications Miller and Russell? discuss the effects 
in crystals of internal strains produced by defects on the 
linear expansion, x-ray lattice constant, and density. The results 
of their theoretical analysis show, for the type of distortion which 
they assume, that it is not necessary for the lattice expansion to 
equal the macroscopic expansion produced by the defects. In fact, 
they estimate that the lattice-constant change, if it may be meas- 
ured by the change in angle of the maximum of the diffraction 
line, is just about twice as great as the macroscopic change, i.e., 
Aa/a/Al/l=a=2.0. 
The purpose of this note is to indicate that measurements 
reported in the literature allow an evaluation of a to be made 
directly for some cases and that the value is approximately 1.0 
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rather than 2.0. One such case is for the ionic crystals KBr and 
KCl in which solid solution occurs. The lattice constant as a 
function of composition is given by Oberlies.* For the addition 
of x mole percent of KBr to KCl the lattice-constant change is 
Aa/a=+0.00051x. Changes in the volume and length of such 
crystals may be obtained from the results of density as a function 
of composition as given by Tammann and Krings.‘ The density 
values lie very close to a straight line when plotted against 
composition in mole percent. Using the straight line, Al/l= 
+0.00073x; then the value of a=0.70. For additions of KCl to 
KBr the values are Aa/a= —0.00048y and Al/l= —0.00043y and 
a= 1,12. If vacancies or voids were produced in forming the solid 
solutions, the values of Al/I cited above would be somewhat too 
large without corresponding increases in Aa/a. This would tend to 
make the correct values of a more nearly equal to 1.0 in both cases. 

Similar computations may be made for a metallic crystal con- 
taining a known amount of substitutional impurity. Such a 
system involving aluminum added to silver is described by Foote 
and Jette.’ They find accurate straight-line relationships of both 
density and lattice constant as a function of aluminum content 
up to 15 atom percent. It is found that Aa/a=—0.000308x, 
Al/l= —0.000280z, and a= 1.10. 

Measurements of density and lattice constant of silver with 
zinc impurity have been made.*? Special care was taken to assure 
the uniformity and soundness of these alloys. For small additions 
of zinc the following values were found: Aa/a=—0.000446z, 
Al/l= —0.000453x, and a=0.99. 

In view of these results, it appears that the usual assumption of 
a= 1.0 may be generally applicable. 

1P. H. Miller, Jr., and B. R. Russell, Phys. Rev. 86, 650 (1952). 

2? P. H. Miller, Jr., and B. R. Russell, J. Appl. Phys. 23, 1163 (1952). 

*F. Oberlies, Ann. Physik 87, 238 (1928). 

4G. Tammann and W. Krings, Z. anorg. Chem. 130-132, 242 (1923). 
o. " oe and E. R. Jette, Trans. Am. Inst. Mining and Met. Engrs. 143, 


*D. Stockdale, J. Inst. Metals 66, 287 (1940). 
7 Lipson, Petch, and Stockdale, J. Inst. Metals 67, 79 (1941). 





Reflection Coefficients for Certain Rough Surfaces* 


V. TWERSKY 


Mathematics Research Group, New York University, 
New York, New York 


(Received February 23, 1953) 


N a recent paper! we considered the scattered reflection of 

electromagnetic waves from perfectly conducting surfaces 
composed of either semicylindrical or hemispherical bosses on a 
smooth plane. In this letter we obtain reflection coefficients for 
these surfaces by equating the scattered energy resulting from 
unit area of incident wave with the energy “missing” from unit 
area of the wave reflected at the specular angle. We then indicate 
how the identical results may be obtained analytically. We assume 
single scattering but will indicate the range of validity of the 
results on the basis of our multiple scattering treatment of the 
cylindrical case.? 

The incident wave is specified by exp[—ékr cos(@— a) —iwt], 
where a@ and @, the angles of incidence and observation, are meas- 
ured from the normal of the plane. The incident polarization am- 
plitudes are taken to be unity perpendicular and parallel to the 
plane of incidence; the corresponding scattered fields are indicated 
by the subscripts | and ||. We first consider the two-dimensional 
cylindrical problem and then the spherical problem. The acoustic 
case is also treated. 

The far-field form of the wave scattered by a semicylindrical 
boss of radius aXk™=/2z is specified by! 


Fs} = —_— {? cosa cosé 

a pod tkr q 1 
iz pe) Mee _ 12 sina sind () 
The number of scatterers excited by unit area of incident wave is 
p seca, where p is the number of bosses in unit length of surface. 


THE EDITOR 659 


Hence the normalized energy flux single scattered from unit are of 
incident wave, or the “scattering cross section of the surface per 
unit area of incident wave,” is (for either component) 


/2 
o=gpseca=psecaf | E|*rd0, 12, (2) 


where gq is the scattering cross section per unit length of a single 
boss. For p/k<1 we take @ to be the energy “missing” from unit 
area of the wave reflected at the specular angle 0= —a. Thus we 
write the reflection coefficients as 


R=1-one~, (3) 
where it is understood that ¢<1; specifically we have 
R } p . = } 

{; ‘" : ew (1+2 sin*a)/2 cosa) * (4) 


R,, of Eq. (4) breaks down near grazing incidence (a—/2) asa 
consequence of multiple scattering.* 
For the analogous problem of the hemispherical boss we have! 


{F +h HO? ne cosa (cos@ cosé cos¢+6 sing) 
E,, r ¢ cosé sing—@(2 sin@ sina+cosy¢)J ’ 
where 6 and ¢ are unit vectors; @ is the polar angle and ¢ is meas- 


ured from the plane of incidence. The scattering cross section of 
the surface per unit area of incident wave is 


(5) 


2x /2 
o=Qp secCa=p seca def" | E|*r? sinéde, (2’) 


where g is the scattering cross section of a single boss and p is the 
number of scatterers in unit area of surface. The reflection 
coefficients are thus 


{ih (44 sienna (6) 


where p/k*<1. R,, breaks down as a—x/2. 

We now consider the corresponding acoustic problems. For the 
cylindrical cud, E,, of Eq. (1) are the velocity potentials 
for a free and surface respectively ; consequently, the results 
of Eq. (4) apply. For the spherical case this correspondence does 


not hold; instead the scattered velocity potentials for the single 
bos are given by! 


{¥1\ Boar 2 cosa cosé } (7) 
Vr r (—2—3 sina siné cos¢)/3J ° 


Consequently, 


Ry = _ 8x (ka)® cosa 
i, =e h33 toe sin’a ]/3 cosa)’ 8) 


where p/k*1; R, breaks down as a—x/2. 

The intuitive procedure we used above can be justified and 
generalized analytically for a large class of nonabsorbing surfaces. 
Consider the two-dimensional problem of a wave incident on an 
arbitrary configuration of identical (not necessarily circular) 
bosses on an infinite plane. We calculate the total time-average 
Poynting flux for a particular surface (i.e., a particular configura- 
tion) and average the flux over the ensemble of surfaces. If the 
distribution is uniform, then the normalized average reflected flux 
to lowest order in p (actually p/k cosa) is 


={1420Re| £,* [B0/dy'| kno f 1B rds’, (9) 


where p is the average number of elements in unit length, E(y’) is 
the single-scattered wave of a boss located at x=0, y=y’, and 
E, is the wave reflected from the plane in the absence of the 
bosses.‘ n=icosa—j sina is a unit vector in the specular direc- 
ton, and ro’ =i cos#’+ sind’ is a unit vector from x=0, y=’ to 
the observation point x, y. We now show that the interference 
term of Eq. (9) equals o of Eq. (2) for a boss of arbitrary cross 
section. 
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Since the component of the reflected flux normal to the surface 
must equal cosa for a nonabsorbing surface, we obtain from Eq. 
(9) the relation 


2 cosaRe| E,* : Ey)ay'|= f |E(y’) |? cosd’dy’, (10) 


where cos6’=x/r'=x[2*+(y—y’)*}*. We now make use of 
dé’ = —cosé'dy'/r’ and change to the variable 6’ on the right side 
of Eq. (10); then, if the limits in the integrals of Eq. (10) are 
infinite, we obtain 


-2 cosaRe| E,* S207 |= f Ee) \7'de’'=g. (11) 


Thus the terms arising from interference of the specular and 
scattered waves in Eq. (9) are equal to —p seca times the scatter- 
cross section of a single boss, i.e., to o. [We have also proved 
theorem Eq. (11) directly for a single boss without recourse to 
probability considerations. ] 

For the special case of a circular boss we employ the complete 
form of E(y’) and find that either the left or right side of Eq. (11) 
equals 


{es _8 > |A,|? sin’n(a+2/2) A, |t= J # 
Gud B nae \|Bal?costn(atx/2)J? '°"' “FT B+N’ 
tam 
IBal*=Fay yn? (12) - 


where the argument of the cylindrical functions is ka and where 
the prime indicates differentiation with respect to ka. The above 
- may be readily extended to the three-dimensional case. 

We now show that Eq. (3) is a consequence of Eq. (9) and Eq. 
(11). We may apply (J) of Eq. (9) to a practical set-up, provided 
that p/k cosa<<1 and provided that the width and height of the 
bosses are small compared to p~'; the range of integration is to be 
taken as the illuminated region. If the incident beam width, say d, 
is very much larger than all wavelengths involved, then we may, 
in general, use infinite limits in the nm component: because of the 
exponent of E(y’) the main contribution of the integral arises 
from the immediate vicinity of the specular or stationary point and 
is consequently practically independent of the width of the 
illuminated region.' Hence for the n component we may use Eq. 
(11) and the definition «= gp seca to write the leading term of Eq. 
(9) as (l—e)n. For the ro’ component (the “incoherent scatter- 
ing”), however, the integrand is slowly varying, and the integration 
should be taken only over the illuminated region. If this region 
is small compared to the distance r of the observation point from 
its center (i.e., if d seca/r<1), then we may write this term as 
pd seca| E(r,0)|*7o. The function | £(r,0)|? is the normalized 
scattered energy flux of a boss at the center of the illuminated 
region, Yo is the unit vector from this boss to the observation 
point, and pd seca is the number of illuminated bosses. (For small 
circular bosses | E|? may be obtained directly from Eqs. (1), (5), 
and (7).] 


Hence we may write 
(I) = (1—0)n+pd seca| E |*ro. (13) 


This expression is to be used as follows: at the specular angle we 
ignore the term in | £|? (i.e., the energy scattered into the re- 
flected beam), since it is only of the order of d/r times a; thus we 
have 

():n=1—c=R, 0=—a. (14) 


We have therefore justified the use of Eq. (3), provided that 
p/k1 and a+>x/2. On the other hand, if @ is not near —a, we 
ignore the first term of Eq. (13) and use 


(I): To~ pd secac| E|*, (15) 

i.e., outside of the reflected beam we consider only the incoherent 
scattering. 

We note that the results can be extended to the case of ab- 

sorbing bosses by replacing o by o+o4=(qg+Qa)p seca, where 
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ga is the absorption cross section. However, it is simpler for this 
case to obtain R directly from the n component of Eq. (9). Thus 
if we write E(y’) = (2|ixkr)te**r’—v’ sina) £(6’a), where f(0’,a), is 
a slowly varying function of y’ compared to the exponent, then? 
S E(y’)dy' = E,(2/k cosa) X f{(—a,a). Consequently, we have 


(I)-n~1+ (4p/k cosa)Re[ f(—a,a) ]=R, (16) 


where f(—a,a) is the value of the scattering amplitude at the 
specular angle. (Most generally we express f(@,) as an integral 
over the surface of the boss.) It can be shown that R of Eq. (16) is 
identically 1—(¢+o,). The leading term of R of Eq. (16) in- 
volving ka (or an equivalent parameter) is of the lowest order of 
magnitude found in E, e.g., R,,=1—O(ka)* for the circular cylin- 
drical case, etc. [Compare with Eq. (14).] 

We have assumed in the above that the incident beam is 
perfectly collimated and also that the pick-up is highly directional. 
In practice, one would take into account the radiation character- 
istics of both the source and pick-up. Note also that since our 
expressions are averages they should be compared with the average 
of measurements over a large number of appropriate surfaces. 


* This work was performed at Washington Square College of Arts and 
Science, New York University and was supported in part by Contract No. 
AF-19(122)-42 with the U. S. Air Force through sponsorship of the Geo- 
physics Research Directorate of the Air Force Cambridge Research Center, 
Air Research and Development Command. 

1V. Twersky, J. Appl. Phys. 22, 825 (1951); see also J. Acoust. Soc. Am. 
22, 539 (1950); 23, 336 (1951) for the acoustic case. 

2V. Twersky, Multiple Scattering of Waves by Planar Random Distribu- 
tions of Parallel Cylinders and Bosses. Mathematics Research Group, New 
York University (to be published). 

3 We found (see reference 2) that both Ry and Ry-1 as a—-*/2; further- 
more, the total intensity -O0 as —@ =a—+2/2 regardless of polarization. We 
used the probability distribution functions of liquid state theory to define 
the ensemble of surfaces, the “randomness” of the distrubition being 
specified by the ratio of the average separation of two scatterers to their 
minimum separation. We found the behavior at —@=a-—+2/2 to be inde- 
pendent of this ratio (and also of the dielectric properties of the bosses and 
of the value of ka), provided that the minimum separation was large com- 
pared to A and a. : 

4 Note that for the circular boss, the n component of Eq. (9) yields the 
results of Eq. (4), provided that terms to the order of (ka)‘ are retained in 
E(y’) and provided that the limits on the integral are infinite. We did not get 
the present result in reference 1 since we kept only the (ka)? terms of 
E(y’), i.e., the results of reference 1 are, in general, correct only to the order 
of (ka)? or (ka)?. 

5 If this condition is not fulfilled, then we may use the radial energy fluxes 
of reference 1 for the finite distributions to the order of (ka)? or (ka). For 
this case the flux may show a minimum at the specular angle,! i.e., the width 
of the “interference beam"’ is narrower than the width of the specular beam 
represented by 1 in Eq. (9), and consequently, the value at @ = —a may be 
smaller than the values in the immediate vicinity of —a. 





Growth of Cadmium Sulfide Crystals 


M. E. Bisuop anp S. H. LiesBson 
Naval Research Laboratory, Washington, D. C. 
(Received February 23, 1953) 


ADMIUM sulfide crystals are generally grown by two me- 
thods, one conceived by Frerichs' and the other recently 
described by Czyzak et al? 

Frerichs’ method of growing cadmium sulfide crystals consists 
in the passage of Hy,, essentially a vehicular gas, over molten 
cadmium, the mixture combining at an orifice with a concentric 
gas flow of HS to react to form cadmium sulfide crystals. 

The method described by Czyzak ef al. produces thicker crystals 
and involves their growth from powdered cadmium sulfide and 
HS in a sealed tube heated to 1000°C for several days and then 
slowly cooled. We have modified the Frerichs’ technique to provide 
more effective conversion of the cadmium and H.S into cadmium 
sulfide crystals (see Fig. 1). 

The first modification consisted in the replacement of H, by 
argon as a vehicular gas. The vehicular gas flow is adjusted to low 
velocities of the order of 1 cm per second to prevent back diffusion 
of H2S of sulfur from the reaction area. The cadmium was 
maintained at 650°C, which for the physical arrangement used 
delivered cadmium to the reaction area at the rate of approxi- 
mately 6 grams per hour. The H,S flow was adjusted until no 
cadmium appeared in the exhaust of the growth tube to provide a 
more effective utilization of the cadmium charge. For concentric 
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Fic. 1. Crystal growing apparatus. 


quartz tubes of greater than 2.5-cm diameter is was found ad- 
visable to use baffles at both sides of the crystallization area to 
minimize concentric currents. 

The best crystal growths occurred when a dense yellow fog of 
sulfur appeared in the exhaust tube, lending support to the 
belief that the improvement of crystal growth obtained by the use 
of argon instead of H; is due to the greater density of sulfur 
available in the reaction area. 

Another method of growing cadmium sulfide crystals which we 
have successfully used is illustrated in the accompanying figure. 
Argon is passed over molten cadmium sulfide from one side and 
molten sulfur from the other to combine in a quartz balloon 
flask, with exhaust going out a third tube. The reaction area is 
maintained at close to 1000°C, the crystals forming inside the 
flask. 

The use of H,S in the right arm to replace the sulfur and argon, 
also proved equally effective. 

This arrangement suffers from the lack of adaptability of the 
growing apparatus to commercial furnaces but has theadvantage 
that the cadmium temperature can be maintained more constant 
by auxiliary heating coils around the quartz tube and is difficult 
in the Frerichs method because of the necessity for concentric 
tubes to surround the cadmium boat at this point. 

Crystals grown according to this method ranged in size up to 
several square centimeters in area, one millimeter thick, and did 
not differ in shape, color, fluorescence, or electrical properties 
from crystals grown by the method described by Frerichs or the 
modifications noted herein. 

The purity of all gases used was 99.8 percent or better; the 
cadmium was spectroscopically analyzed as 99.98 percent pure, 
with less than 0.002 percent Fe, 0.010 percent Pb, and 0.005 
percent Cu. 


1R. Frerichs, Phys. Rev. 82, 594 (1947). 
2 Czyzak, Craig, McCain, and Reynolds, J. Appl. Phys. 23, 928 (1947). 





Comments on Louis A. Pipes’ Letter’ 
H. S. KirSCHBAUM 


Ohio State University, Columbus, Ohio 
(Received January 8, 1953) 


ROFESSOR Pipes in his comments upon my letter of August 

4, 1952 dismissed the experimental evidence showing that 4, 
does not equal i, and that (i:+-42) does not contain a sustained uni- 
directional component by implying that in some way this amplifier 
is special. That is, that it does not meet “the symmetry of the 
configuration of the circuit on which the analysis is based.” That 
the experimental configuration is symmetrical is borne out by the 
similarity which exists between i; and i; that the amplifier is 
special is perhaps true to the extent that Ry/Rz is considerably 
less than would be found in practice. If practical leakage fluxes 
were responsible for such extreme discrepancies between experi- 


mental and analytical results, it is apparent that any analysis 
which does not consider leakage flux is of doubtful value. The 
author in his reply to my letter still has not dispelled the air of 
confusion surrounding the two aforementioned points. I would like 
to take each of these points up in turn. 

The author concludes that i; equals i2 by using Eqs. (2-2) and 
(2-3) without any assumption of “symmetry” to start with. The 
conclusion is based upon a process which makes no use of the 
manner in which ¢, and ¢» depend upon i; and iz. This in itself 
should be sufficient to show the fallacy of the analytical procedure 
which could be applied in the same formal manner to a linear 
circuit in which N¢a= Let; and N¢y= — Lotz. If Rw were zero, the 
only valid conclusion which could be drawn in this linear case 
would be that L,(di,/dt) equals L»(di2/dt), which certainly does 
not mean i;=%2. The new analytic formulation used by the author 
in his letter does not dispel the fallacies of his original procedure. 
It is stated in Eqs. (6) and (7) of the letter, 


._ (+k) Fi—F: 


RP” (6) 
._ (+k) FF 
- ae (7) 


The author correctly recognizes that as k approaches zero, F; 
and F2 must approach each other in order to satisfy the condition 
that i; and i; be finite. A common value F is substituted in Eqs. 
(6) and (7) for F; and F2, and then i; and i, are solved for, letting 
k approach zero. This procedure yields i;:=i2=F/2. That this is 
incorrect can be seen as follows. Equations (6) and (7) can be 
rewritten as 


= i— Fd [kt Fr 


= OE) (6a) 
__ (Fx—F,)/k+ Fr 
ae. om ; (7a) 


Now if we let & approach zero, i; and iz will approach each other 
if and only if (F,;— F2)/k approaches zero. This is an indeterminate 
form (being of the form zero over zero). There is nothing in the 
physics of the problem to warrant throwing this term away as 
Professor Pipes has done. Consequently, the conclusion that 4; 
equals 72 is unwarranted. 

With regard to the presence of direct current in the load, the 
quotation of Helmholtz’s “Theory of Combination Tones” hardly 
seems relevant. Of course, sustained direct components are found 
in many nonlinear instances (a most trivial example is offered by 
the direct component of current flowing in the secondary of an ac 
transformer whenever a nonlinear resistor of the rectifier type is 
in series with a linear load resistance). But this fact does not 
exclude the possibility that there may be many other nonlinear 
situations in which rectification does not occur. We can see that 
there is no direct current in the load by considering Eqs. (2-2) and 
(2-3) of the original paper. Let us define steady-state operation as 
being characterized by the fact that each cycle of operation is 
exactly like the preceding one. With the amplifier operating under 
steady-state conditions, if Eqs. (2-2) and (2-3) are added and 
integrated over a complete cycle, it is immediately verifiable that 
the integral of (#:+72) over one cycle is zero—hence no direct 
current can be found in the solution. 


1 Louis A. Pipes, J. Appl. Phys. 23, 1279 (1952). 





Correction to “A Mathematical Analysis of 
Parallel-Connected Magnetic Amplifiers 
with Resistive Loads” 


Louts A. Pipes 
University of California, Low Angeles, California 
(Received March 3, 1953) 


ROFESSOR Kirschbaum and Mr. A. C. Sim of Standard 
Telecommunication Laboratories Limited, Enfield, Middle- 
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sex, England, have clearly pointed out that the argument on 
which the analysis of the paper, “A Mathematical Analysis of 
Parallel-Connected Magnetic Amplifiers with Resistive Loads,” is 
based is fallacious. The correct evaluation of the indeterminate 
form encountered in the analysis indicates that the difference 
(i:—%s) is an arbitrary quantity and not necessarily zero as was 
taken in the paper. 

The author wishes to thank Professor Kirschbaum and Mr. Sim 
for pointing out this error. He deeply regrets the inconvenience 
and trouble this matter has caused. 


1 Louis A. Pipes, J. Appl. Phys. 23, 625 (1952). 





A Method of Preparing Replicas for Electron 
Microscopic Examinations 
W. S. Smita anp W. G. KIRCHGESSNER 


Bausch and Lomb Optical Company, Rochester, New York 
(Received January 23, 1953) 


N the present paper a modification of the Formvar process' for 
making replicas of specimens for electron microscopic examina- 
tion is described. The proposed method is based on a rapid two- 








(b) 


Fic. 1. Electron micrographs of a scratched glass surface at 15 000X 
nification (areas identical). (a) Prepared from Formvar-chromium 
replica. (b) Prepared from chromium-silica replica. 
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step process which results in improved replicas for the examination 
of surface characteristics. 

In preparing replicas of solid surfaces the specimens are first 
coated in the usual manner with a layer of Formvar which is then 
stripped onto specimen screens and placed under vacuum. 
Following the evaporation of a shadowing metal? (chromium), a 
silica film is deposited on the replicas from a filament mounted 
directly above them. This material has been used previously in 
the preparation of replicas and was first reported in a paper by 
Heidenreich and Peck.’ 

During the evaporation of both the chromium and the silica the 
pressure in the evaporating unit is maintained below 10-‘mm Hg. 
Silica in the form of quartz splinters placed in a coiled tungsten 
filament 4 inches above the replicas is evaporated at 15 amperes 
for 10 minutes. The resulting silica layer is thick enough to resist 
tearing and thin enough for the electron beam to penetrate. As 
measured by a Michelson interferometer this film was found to be 
approximately 100A in thickness and is simply controlled by 
timing the evaporation at a given amperage. 

After evaporation the silica coated replicas are removed from 
the evaporating chamber and are immersed in a bath of ethylene 
dichloride for 30 seconds. The Formvar layer is dissolved in this 
bath, leaving the shadowing metal and the substituted silica layer 
adhering to the supporting screen. Thus the detail in the surface 
of the Formvar layer which was in contact with the specimen is 
preserved in the shadowed silica film, while any artifacts*-* 
associated with the use of Formvar are eliminated. 

The method herein presented lends itself readily to a reliable and 
rapid examination of surface contours. This conclusion is sup- 
ported by the examination of the photogrpahs in Fig. 1, which 
show that an appreciable gain in photographic detail may be 
realized through the use of the proposed technique. 


1V. J. Schaefer, and D. Harker, J. Appl. Phys. 13, 427 (1942). 

2R. C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 15, 712 (1944). 
?R. D. Heidenreich, and V. G. Peck, J. Appl. Phys. 14, 23 (1943). 

4 Deacon, Ellis, Cross, and Sennett, J. Appl. Phys. 19, 704 (1948). 

$ J. Trotter, Nature 164. 227 (1949). 

*I. W. Fischbein, J. Appl. Phys. 21, 1199 (1950). 





Fourier Representation of Buerger’s Image-Seeking 
Minimum Function 
WIturaM J. TAYLOR 


McPherson Chemical Laboratory, Ohio State University, Columbus, Ohio 
(Received March 2, 1953) 


UERGER' has shown that Patterson syntheses in which the 
peaks are sufficiently well resolved may be solved for the 
atomic positions (and, therefore, the phases of the structure 
factors) by image-seeking methods. These methods depend on the 
definition of a suitable function of the Patterson values at the 
vertices of an image polygon such that, as the polygon is translated 
over the unit cell, the function assumes a peak value when the 
polygon is in an image position and has a low value otherwise 
(except possibly for accidental coincidences which become less 
probable as the number of vertices in the polygon is increased). 
The most useful type of image-seeking function, at least in the 
early stages of an analysis, seems to be the line image function, 
which depends on the two Patterson values at the end of a line or 
vector. This vector is chosen to correspond with a principal 
interatomic vector, as judged from a preliminary study of the 
Patterson synthesis or its projections, and a knowledge of the 
symmetry of the crystal. In the ideal case of perfectly sharp 
Patterson peaks (i.e., points) the use of the line image yields the 
atomic positions directly (plus a mirror image for noncentrosym- 
metric structures). The only theoretical limitation on the method 
is that it will not separate so-called homometric structures.? 
The most effective image-seeking function introduced by 
Buerger'*¢ is the minimum function, defined as follows (for a 
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centrosymmetric structure) : 


M wow(,y,2) = Min{ P(x+4u, y+ 40, 2+4w), 
P(z—4}u, y— 40, 2—4w)}. (1) 
The right-hand side of Eq. (1) represents the minimum of the two 
Patterson values indicated, if they are unequal, or their common 
value, if equal. The values of the Patterson function and therefore 
of M ww(x,y,2) are inherently positive (or zero). The present note 
is concerned with a Fourier series representation of the function 
M wew(x,y,2) of Eq. (1). Buerger, in his application of the minimum 
function, has used a visual shifted-Patterson technique. It is 
possible to represent M yow(x,y,z) conveniently as the difference of 
two Fourier series in the following way. Define the sum and 
difference functions, 
Swow(x,y,2) = 4[P(x+4u, y+-40, 2+ 4w) 
+P(x— }u, y—}, s—4w)], (2) 
Dwvw(x,y,2) = 4[P(x+4u, y+40, +4) 
— P(x—4u, y—40, z—4w)); (3) 


M wow(2,y,2) on Suvw(,y,2) “saad | Duvw(,y,2) | ° (4) 


The Fourier series for Suvw(x,y,z) and Dusw(x,y,2) are easily found 
by substitution in Eqs. (2) and (3) of the Patterson expression, 


P(x,y,2)=Z | Fru|* cos2e(hx+ky+lz). (5) 
het 


then 


Thus, 
Suvw(2,¥,2) = Z {| Faut|? cosx(hu+kv+lw)} 
Aki 


Xcos2x(hx+ky+lz), (6) 
Duvw(x,y,2)= Z {| Fre|? sinw(hu+ko+lw)} 
hkl 


Xsin2x(hx+ky+lz). (7) 


The Fourier coefficients in Eqs. (6) and (7) are the entire expres- 
sions in brackets and depend on the components of the chosen 
vector (u,v,w). 

It is also possible to express the Fourier coefficients of 
M ww(x,y,2) directly in the form, 


(1/V) ff exp(—2xi(hx-+ky-+l2)(S— | D|)dxdyds 
= | Fax|? cosr(hu+ko+lw) 
—(1/V) f D exp[—2ai(hx-+ky-+ls) Wdxdydz 
(D 20) 


+(1/V) f Dexp[—2mi(hx+ky+lz)dxdydz. (8) 
(D <0) 


It is not yet clear that these expressions provide a practical basis’ 


for the calculation of Buerger’s minimum function. However, the 
writer has been informed in a private communication from Pro- 
fessor R. Pepinsky that there is a possibility that they will prove 
adaptable to computation on the Pennsylvania State College 
high speed computer (X-RAC).3 

1M. J. Buerger: (a) Acta Cryst. 3, 87 (1950); (b) Proc. Natl. Acad. Sci. 
U. S. 36, 376 (1950); (c) Proc. Natl. Acad. Sci. U. S. 36, 738 (1950); (d) 
Acta Cryst. 4, 531 (1951). 


2A. L. Patterson, Phys. Rev. 65, 195 (1944). 
*R. Pepinsky, J. Appl. Phys. 18, 601 (1947). 





R-PAC: Analog Recorder-Playback Computer 
for Crystal Analysis 


RAY PEPINSKY AND PAUL JARMOTZ, 


Department of Physics, The Pennsylvania State College 
State College, Pennsylvania 


(Received January 13, 1953) 


| pe the analog recorder-playback computer for crystal 
analysis, has been discussed briefly previously.* This 
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machine was conceived as an extension of X-RAC and S-FAC and 
is used in conjunction with these machines.!> 

Although designed for a variety of purposes, the chief use of 
R-PAC is for the interpretation of Patterson functions. When 
applied in the examination of a two-dimensional vector map, an 
X-RAC signal for two cells of a Patterson function is recorded as 
an intensity-modulated pattern on photographic film wrapped 
around a transparent Lucite drum, rotating on its axis and simul- 
taneously displaced in the axial direction. Recording is accom- 
plished by a fast facsimile system. After photographic processing, 
accomplished by removal of the drum from the rotating mecha- 
nism and without removal of the film from the drum, the drum is 
placed on the playback section, which is separate from the record- 
ing section in order to release X-RAC for other computations and 
in order to simplify various constructional details. 

The signal is played back by illuminating the rotating, trans- 
lating drum from within, and picking up transmitted light with 
suitably placed optical probes, consisting of small lens systems 
coupled to photomultipliers. Positioning of the probes, corres- 
ponding to a Buerger image polygon? and suitable electronic 
combination of the resulting photomultiplier signals permit 
application of any one of a number of image-seeking methods. 
The final signal is presented as a contour map on a long-persistent- 
screen oscilloscope, as in the X-RAC presentation.’* This contour 
map can be observed while probes are repositioned in any desired 
manner and can of course be photographed. The resultant play- 
back signal can also be fed back to the recording machine, in case 
it is necessary to obtain linearly-undistorted maps or to re- 
combine R-PAC maps subsequently. 

When three-dimensional computations are desired, Patterson 
sections at fixed intervals in a direction perpendicular to the sec- 
tions are separately computed on X-RAC, recorded on individual 
drums, and photographically processed. These are then examined 
by subsequent placement on the R-PAC playback system in 
suitable combinations, the machine being constructed to accom- 
modate several coaxial drums. 

It is a particularly simple matter to compute Buerger’s minimum 
function* for image-seeking with this instrument. The individual 
photomultiplier signals, at a low impedance level and at voltage- 
division levels, established according to required weighting values, 
are fed to separate cathodes of a corresponding number of diodes, 
the plates of which are tied together. A signal corresponding to the 
minimum of all of the probe photomultiplier voltages is imme- 
diately obtained at the common diode plates, since higher signals 
on the cathodes of the other diodes serve to cut these off. This 
minimum signal is amplified, contoured, and presented on the 
persistent-screen CR tube. 

T. Noguchi has suggested that when the intensity-modulated 
maps are scanned by the several optical probes and only the signal 
which is the minimum of all those observed at any instant is passed 
by the diodes’ circuit to the amplifier, nonlinearities between 
film-density and true Patterson map density can be compensated 
for in the contour-generating circuit. This is certainly true if the 
atoms of the density function all have the same or very similar 
electron-density distribution, and thus the probe outputs are 
closely similar in weighting. When the electron densities of the 
atoms differ significantly, the necessity for different weightings of 
the probe outputs (by simple adjustable voltage-dividers at these 
outputs), in order to apply Buerger’s function properly, pre- 
vents application of Noguchi’s simple nonlinearity compensation 
scheme. Thus in general a good degree of linearity between the 
true Patterson map density and the optical probe outputs must be 
attained. This is the most critical requirement of the R-PAC 
system, and it must be satisfied both here and in some other 
applications of this machine. Amplifier circuits must also be 
accurately normalized, at proper dc and gain levels. 

The final model of R-PAC is being constructed with highly 
linear sweep circuits, similar in accuracy to those utilized in 
X-RAC and S-FAC. These provide low linear distortion and are 
particularly important if playback functions are later to be re- 
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combined via the recorder section. For proper operation of both 
machines, sweep duty cycles must also be very high, as in present 
X-RAC and S-FAC circuits; and the quality of the R-PAC circuits 
must match that of the other machines. 

Validity of values of atomic coordinates deduced from. the 
Buerger patterns obtained from the playback machine can be 
very rapidly examined by calculations on S-FAC, which computes 
x-ray scattering factors. When a reasonable approximate atomic 
distribution appears, combined use of X-RAC and S-FAC then 
permits rapid application of the iterative process for convergence 
on the complete structure.’ 

R-PAC was originally designed as a device for recording non- 
distorted X-RAC maps," for instrumentation of extension of 
range of X-RAC’* and rapid computation of three-dimensional 
electron density and Patterson maps,' and for application of 
vector convergence density methods of Patterson map interpre- 
tation.’*'« The recording of contour maps alone does not require 
the amplitude linearity essential in general applications of image 
seeking methods, extension of range, and three-dimensional 
function computations. R-PAC recording of contour maps will be 
carried out in all cases where high fidelity of mapping is essential. 

The applicability of R-PAC in computations of “difference” 
functions, and particularly Fo—F, density maps, in conjunction 
with both X-RAC and S-FAC is obvious. The machine should be 
useful as well in examination of Patterson maps from isomorphous 
crystals containing some atoms of known positions and different 
densities. 

The use of magnetic drum recording and playback, in place of 
the optical method here presented, has long been considered. The 
optical procedure directly provides permanent records. A magnetic 
system, utilizing frequency modulation for signal amplitude 
fidelity, has many advantages in other respects, however, and 
viewing could be achieved by a simultaneous oscilloscope presenta- 
tion. It is likely that a final model of the machine will involve 
both optical and magnetic recording-playback schemes, the choice 


between these, for any computation, depending on the nature of 
the computation. 

The playback machine, with its associated probes, minimizing 
and contouring circuits, and presentation oscilloscope, is the 
simplest component of R-PAC, and it can be duplicated in other 
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laboratories, in cases where investigators wish to apply image- 
seeking methods without journeying to the Pennsylvania State 
College. The use of X-RAC in preparation of the Patterson func- 
tions is of course not essential; but their preparation on X-RAC 
will certainly be the most rapid technique. The power of the three 
machines, X-RAC, S-FAC, and R-PAC, in combination does 
render their integrated use most advisa)le. 

The playback section of R-PAC could also be utilized in the 
construction of somewhat simplified X-RAC and S-FAC machines, 
in that the H,; and 1000 H; X-RAC sin and cos waves!® could be 
drum-recorded and utilized to eliminate some sections of the 
X-RAC frequency generators. This possibility should be con- 
sidered by anyone desiring to duplicate our machines. 

Recognition by Pepinsky of the ease with which Buerger’s 
minimum image-seeking function could be introduced into 
R-PAC was catalyzed by a private communication from W. J. 
Taylor of Ohio State University, who had carried out an ingenious 
mathematical analysis of Buerger’s functions, and suggested 
another procedure for evaluating the minimum function on 
X-RAC. The entire development has profited from several 
discussions with A. L. Patterson over the several years during 
which it has been under consideration. The advice of M. J. 
Buerger on the computation of his image-seeking functions has 
also been very useful to us. 

The assistance of A. F. Moodie, T. Noguchi, and C. W. Brouse 
of the School of Chemistry and Physics Shop, The Pennsylvania 
State College in the mechanical design of a very preliminary 
model of the playback system is appreciated. Moodie and Noguchi 
also assisted in some aspects of electronic design of the preliminary 
model of the playback section. Support of this entire development 
by the Physics Branch of the U. S. Office of Naval Research is 
very gratefully acknowledged. 
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Crystal Analysis (X-Ray Crystal Analysis Laboratory, The Pennsylvania 
State College, 1952), pp. 273-274; (b) tbid., pp. 167-318; (c) ibid., pp. 177 
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O. 16, November 1, 1949; see also Computing Methods, pp. 294-299; (f) Com- 
puting Methods, pp. 251-253; (g) Proposal to Office of Naval Research, Con- 
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